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ADVERTISEMENT. 



A Treatise of Analytical Geometry, with the Proper- 
ties of the Conic Sections, being required for immediate 
use in this Institution, it has been found convenient 
so far to depart from the original arrangement as to 
publish a work under that title alone. The following 
Treatise must, therefore, be considered as the fourth 
of the series which is to constitute a General Course 
of Mathematics for the use of the gentlemen cadets 
and the officers in the senior department ; and the 
Course, when completed, will now comprehend the 
subjects whose titles are subjoined: — I. Arithmetic 
and Algebra.* II. Geometry.* III. Plane Trigo- 
nometry with Mensuration. * IV. Analytical Geome- 
try with the Properties of Conic Sections. * V. The 
Differential and Integral Calculus. VI. Practical 
Astronomy and Geodesy, including Spherical Trigo- 
nometry. * VII. The Principles of Mechanics ; and 
Vni. Physical Astronomy. 

Royal Military College, 
1846. 



Published. 
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PREFACE. 



The properties of straight lines, as well as of plane figures 
bounded by straight lines or circles, and of solids bounded by 
planes, or by surfaces produced by the revolutions of straight 
lines or circles, have, in a part of the course already published 
for this Institution (Elements of Geometry), been demon* 
strated by the synthetical method of the ancient geometers ; 
but in the present work, which contains investigations re- 
lating to the properties of curve lines and surfaces of more 
complex kinds, processes of an analytical nature have been 
employed. For such subjects the analytical method has great 
advantages over the other, both from the simplicity with 
which the steps occurring in the researches may be repre- 
sented, and from the comprehensiveness of the results ob- 
tained ; this last being such that the solutions of the different 
cases of a proposition are usually included in one general 
formula, 

Descartes was the first who applied the processes of algebra 
to geometrical propositions : he observed that lines, straight 
or curved, and the curved surfaces of solids, afford relations 
between the co-ordinates of points in those lines and surfaces ; 
and he was led to express lines and surfaces by algebraic 
equations ; those which involve two variable quantities being 
capable of representing the positions of an infinite niunber of 
points in a straight line, or a plane curve, while equations 
involving three variables are capable of representing the 
positions of an infinite number of points in a line or surface 
of any kind, and situated in any manner in space : he, also, 
first arranged curves in orders according to the degrees of the 
variables in the equation. These discoveries gave rise to the 
branch of science called analytical geometry, which, in its 
actual state, is of the highest value as a means of investigating 
the properties of curve lines and surfaces. 

In the present work it has been attempted to render the 
investigations as easy as possible for students who, in 
mathematics, are familiar with the processes of elementary 
geometry and algebra only ; and it will, perhaps, be thought 
that, in some cases, this has been attended with a sacrifice of 
elegance. It is hoped, however, that the reason here givea 
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will be considered as a sufficient excuse for that which other- 
wise might appear to be a defect. 

The work consists of three sections, the first of which, 
designated Analytical Geometry of Two Dimensions, contains 
explanations of the manner of forming equations for straight 
lines, with the more useful propositions concerning such lines, 
and the transformation of co-ordinates in one plane. In the 
second, a general equation of the second degree with two 
variables being assumed, the positions of the co-ordinate axes 
corresponding to its different transformations are shown ; the 
particular equations of the ellipse, the hyperbola, the para- 
bola, and the circle are found ; and the most useful properties 
of those curres are investigated in a series of propositions. 
The third section, entitled Analytical Geometry of Three 
Dimenidons, contains the equations of straight lines and planes 
in space, with expressions for the inclinations of lines and 
planes to one another : the relations between plane figures 
and their orthogonal projections are determined, and formula 
for the transformation of co-ordinates in space are investi- 
gated. It contains, also, the equations for surfaces of re- 
volution, and for curve surfaces which are not such, together 
with the equations for the curve lines formed by planes 
intersecting the surfaces. 

The Appendix is a short tract on Descriptive Geometry, 
containing a series of the principal propositions relating to 
the intersections of straight lines and planes in space, the 
solutions of which are performed graphically by orthogonal 
projections of the lines, on two co-ordinate planes ; and there 
are added the projections of the three most useful forms of 
stones for vaults of masonry. 

The art of cutting stones into the forms required for the 
purposes of architecture and engineering is designated 
Stereotomy ; and the representations, on two co-ordinate 
planes, of the projections of wrought stones, with the deter- 
minations of the figures of the sections made, when such 
stones are cut by planes passing through them in assigned 
directions, are among the many practical applications of 
descriptive geometry. 

The author takes this opportunity of acknowledging his 
obligations to his friend and colleague. Professor Scott, who 
has liberally contributed the part which constitutes the first 
section of tibis Treatise. 
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ANALYTICAL GEOMETRY- 



SECTION I. 

ANALYTICAL GEOMETRY OF TWO DIMENSIONS, 



CHAPTER I. 

POSITION AND CO-ORDINATES OF A POINT IN A PLANE. 
DISTANCE BETWEEN TWO POINTS. 



Article 1. Analytical Geometry is the name given to 
that branch of mathematics in which Algebra is made the in- 
strument of geometrical investigation. It is divided into 
two parts — Analytical Geometry of Two Dimensions, and 
Analytical Geometry of Three Dimensions, according as the 
objects of investigation are situated in the same plane, or 
in any manner in space. 

A mathematical question which admits of a limited num- 
ber of solutions only, is said to be determinate ; and indeter- 
minate, if the number of solutions is unlimited. 

Determinate problems have relation to the magnitude and 
position of geometrical quantities; indeterminate, to their 
figure. 

In analytical geometry of two dimensions, 
the points of a line or of the contour of a 
figure are usually referred to two given 
straight lines, as x'ox, yoy', which inter- 
sect in a point o. x'x, yy' are termed 
axes. According as XOY is a right angle, 
or not a right angle, the axes are termed 
rectangular, or oblique. 

Sometimes also the points of a line or of 
the contour of a figure are referred to their 
distances from a given point, and the an- 
gles which the straight lines on which these distances are 
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2 POSITION AND CO-OUDINATES OF Sfxtt. I. 

measured moke with a straight line the position of which is 
given. 

2. The position of a point is given if the lengths of two 
lines drawn from it parallel to two axes, whether rectangular 
or oblique, are given. 

Let ox, OY be two axes at right 
angles to one another in the first figure, 
and oblique to one another hi the second, 
and let the point p be in the same plane 
as the axes : then, if the lengths of the 
lines PA, PB drawn from p parallel to 
OY, ox respectively, be given, the po- 
sition of p is given. For, by construc- 
tion, the %ure OP is a parallelogram x^ 
whose sides are all given, o A being equal 
to PB, and OB to PA ; and it is evident 
that, except p, no point (within the angle xoy) can be at 
once at the distance pa from the axis ox, and at the dis- 
tance PB from the axis OY. 

3. The segment OA which is cut off from the axis ox is 
called the abscissa ; and P A which is drawn parallel to the 
axis OY, the ordinate of the point p. When mentioned to- 
gether, and not distinguished from each other, OA, ap are 
called the co-ordinates of the point P. 

The axis ox, produced if necessary towards x^, is called 
the axis of the abscissas ; the axis OY, produced if necessary 
towards y', the axis of the ordinates ; and o, the point in 
which the axes intersect each other, the origin of the co- 
ordinates. 

If the position of a point P is either unknown or variable, 
the abscissa is denoted by a:, and the ordinate by y. The 
co-ordinates of a given point are denoted by those letters 
which are usually employed to represent known quantities, 
or by the letters x and y, accented (as x', y' ; x"y y'') in such 
a manner as to be distinguishable from x and y when repre- 
senting unknown or variable co-ordinates. The symbol 
(x, y) is employed to denote that the abscissa and onlinate 
of a point are lines of unknown or indefinite length ; the 
symbol (a, V) to denote that the abscissa of 
a point is a given line a, and the ordinate 
another given line ^. 

If a point is situated in the axis of x, 
then y =z o : if in the axis of y, x = o : if 
it coincides with the origin, x = O, y = o. 

4. It is explained in Article 3. of the 
Treatise on Plane Trigonometry and Mensuration, that if the 




Chap. I. A POINT IN A PLANE, 3 

values of lines measured along or parallel to ox, OY are 
supposed to be positive, the values of lines measured along or 
parallel to ox', ox' must be considered negative. 

Thus, if the co-ordinates of the point p, in the angle xot, are (x, y), 

the co-ordinates of the point p', in the ansle x'ot, are ( — ar, y), 
the co-ordinates of the point p'^ in the an^e x'ot', are( — x, — y), 
and the co-ordinates of the point p''^ in the angle xot' are (of, — y). 

The signs of the co-ordinates of a point indicate in which 
of the four angles formed by the intersection of the axes 
that point is situated. 

Employing these conventions, the expression (0, b) denotes 
a point in the axis OY, at a distance b, from the origin: 
( — c, o), a point in the negative axis of a:, at a distance c, 
from the origin : ( — .r', — y'), a point in the angle x'oy', at a 
distance a/y from the axis of y, and a distance y', from the 
axis of X. To determine the position of the point (—a:', — y')> 
for example, it is necessary to take along the axis ox', a 
distance OA, = x', and from a to draw ap" parallel to oy' 
and equal to y' : p" is the point required. If the numerical 
value of a/ is 5, and that of y', 2, it will be requisite to make 
OA = 5, and ap" = 2 times the length of the unit of linear 
measure. 

5. The position of a point is also determined, if its distance 
from a given point and the angle which a straight line join- 
ing the given point and the point which is to be determined, 
makes with a straight line given in position, are given. 

Let the straight line x'x, and the point o, in x'x, be 
given in position; then, if an angle equal 
to the angle XOP, and the length of the 

straight line OP which joins the given 2L 

point o and the required point P, are 
given, the position of the point P is given. For making the 
angle xop equal to the given angle, and the length of OP 
equal to that of the given line, it is evident that the point P 
is determined. 

The point o is called the pole; the line ox, the initial 
line; the distance OP, the radius vector of the point P; and 
the angle xop, the angle of revolution; also, the line op 
and the angle xop are called the polar co-ordinates of the 
point P. 

The radius vector and angle of revolution, when indeter- 
minate quantities, are represented by r and d respectively. 

Admitting that r may be of any length from to oo , and 
that B may have any magnitude from to •+ 360° or from 
to — 360°, it is evident that the polar co-ordinates (r, d) are 
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cApahlc of in<Iicating any point in a plane passing through 
the initial line x'x. 

(I. To express the distance between two points in terms of 
the co-ordinates of these points. 

Let !•', r''lK» two given points whose co-ordinates are (x^,^), 
{x'\ y") respectively : p', i*'' being joined, it b required to 
express the <listance P' p" in terms of x', y, x", y". 

1st. Let the axes ox, oy be rectan- 
gular. From p', p" draw p'a, p^'d, 
|K!ri>endicular to ox; and from v' draw 
p^c, parallel to OX: 

Then, since p'cp" is a right angle, 
p'p"^=p"c^4-p'c^ (Euc. I. 47.) 

Now p'c; = ABr=OIl — OA = j/' — x', 

and p'' c = p" n — c B = p" B — p'a = y " — y ' ; 

substituting these expressions for p'c, p^'c, and denoting 

p' I''' by J>, 

The ambiguous sign ( ± ) is not prefixed to the radical, 
because the al)soIutc distance only, between the two points, 
is required. 

If the iH)int P' is supposed to be situated in the axis ox, 
at a distance 3/ from the origin, the co-ordinates of p' are 
(x', o), and 

If in the axis OY, at a distance y^ from the origin, the co- 
ordinates of v' are {y\ 6) ; and 

If in the origin, the co-ordinates of p' are (0, 0) and 

D=-v/[x^"^+y2j 

Let P' be situated in the angle yox', at distances oc^^y' 
from the axis oy, ox' respectively. In this case, the co- 
ordinates of P' arc (— x', y'). ^ 

The figure being constructed as before, 

P'C=rAB=:OB + OA =x''-|-x', Plcrr.-r:r.: 

p''c = P''B — CB = P''B— p'A=y''— y'; j 
P'P'', or D, = a/ f (a?'' + x^y + (y '' -yj ] . ^^^~i ? 

If {—a/y y') be substituted for (x', y') 
in the expression d= V[(a?"— a;')2 4-(y''— y')^], the result is 

Dr=V[[x--.(-xO?-h(y''-yO'], 

or D= V{{x''-\-xy^{y''-^yy}. 
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From this result it follows that the signs of direction are 
subject to the ordinary rules of Algebra, when the quantities 
which are affected by them are connected by the signs which 
are employed in Algebra, and these signs are used in the 
algebraic sense. 

a. The angle which the line joining the points P^, p", 
makes with the axis x x' may be expressed in terms of {x\ y), 
(x", 3/"), the co-ordinates of p', p". For, since p'c is parallel 
to x'x, the angle p^'p'c is equal to the angle which p^p'' 

p"c 
makes with x'x (Euc. I. 29.). Now -7- = tan. p^'p'g 

(Trigon., Art. 17.); or, replacing p"c, p'c, by their values, 
and putting fl for the angle p'^p'c, we have 

X — X 

This formula is applicable to the line p'p" in both figures, 
x* being considered as negative for the position of p' in the 
second figure. 

7. 2nd. Let the axes x'x, yy' be oblique, also let the 
angle xoy (which is supposed to be given) be denoted by co^ 

Draw p'a, p"b parallel to oy, v, ^ 

and p'c parallel to ox; also draw >/ .^--^/l 

p"d perpendicular to ox, meeting ^^ oy^ ^..-~-~7f --b 
p'c produced in D. Then, as in the 
case of rectangular axes, "i* 

and (Euc. i* 29.) the angle p"cd=xoy: 

but (Euc. II. 12.) p'p"^ = p'c2-hP"c2 + 2 p'c. CD; 

whence (Trigon., Art. 56,) p'p"* = p'c* + p"c* + 2 p'c . p"c cos. p''c d, 
or p" * {x"^x'f + (y"—i/y + 2 (x" — x') {y"—y') cos. « ; 
therefore d = V{(^" -ar')« + iy"''y'y + 2 (x''-^) (y"-yO cos. «}. 

If the co-ordinates of p' are (— x', y), 
D = v/ {(ar" + xj + (y" -i/f + 2(a-" + y ) (y"— yO cos. «} ; 
and if the co-ordinates of p' are (o, o), 

D= >v/(x"2-|-y'2^2 X'Y COS. Ctt). 

a. The angle (— P'Vc) which the line joining the points 
p', p" makes witn the axis xx' may be expressed in terms of 
(j/, y'), (y, y") the co-ordinates of those points and of w, the 
inclination of the axes. For in the triangle p"p'c we have 
(Trigon. Art. 57.) 

sin. p'^p'c p"c 



sin. p'p"C p'c, 
B 3 
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in which, putting i for the angle p"p'c, the angle p'p"c = 

that is, ^!":-* ,-=y',;— ^; or, developing sin. («-«)• (Tri- 

iron. Art. 31.) 

8in. ». -!^'-y'., 

sin. » COS. d— COS. w sin. Q ar" — x' 

or, again, dividing every term in the first member by cos. B, 
and substituting tan. B. for ?^^.- (Trigon. Art. 19. c.) 

COS. V 

tan.ji =yjry'; 

sin. CO — tan. i cos. eo x" — x^ 
whence, after reduction. 



tan 



«_ (/^-y) sin, g. _':'-^ 



9" -if • 
^ -' sin. a> 




(x"-:r') + (3^"-y) COS. » J +r-zy:co8. «, 

x"— x' 

When o) is a right angle, in which case the co-ordinate axes 
are rectangular, either of these expressions for the value of 
tan. d becomes identical with that which 
was found above. (Art. 6. a.) ^'a-—":^^ 

8. 3rd. Let the co-ordinates be polar, 
and let {f, V\ {r^', 9") be the co-ordinates /y 

of p^ p'^ respectively. x' o 

Join Y'y y"\ then OP' =:r^, o p" = r'', 
and the angle p'op"' (= xop"— xop^') =*'■"*''• 

But P'p'^rr ^/(OP'^H-OP''^— 2 OP'. OP" COS. P'OP''); 

therefore, by substitution, 

D= ^(r^ + r''2_2 r' r" cos. (S'-^) ). 

In analytical investigations, rectangular axes commonly 
lead to the most simple results ; for which reason they are 
generally employed. If oblique axes are used, the circum- 
stance is always mentioned ; and in this case, the inclination 
of the axes is either given, or left to be assumed at pleasure. 

When polar co-ordinates are employed, the initial position 
of the radius vector is either given, or left to be assumed at 
pleasure. 
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CHAP. IL 

OF THE EQUATION OF A STRAIGHT LINE IN A PLANE. 

9. An equation which expresses, in a general manner, the 
constant relation between the ordinate and abscissa of a line, 
is termed the Equation of that line. Conversely, the line is 
termed the Locus of the equation. 

Let L l' be a straight line ; and first, let L l' pass through 
o, the origin of the co-ordinates on the axes x'x, yy^ In 
ll' take any point P, and draw PA parallel to OY. 



Fig. I. ^y^u 7 i Fig. 2, 





Then, if from any other points taken in ll', straight lines, 
parallel to the axis of y, are drawn to meet the axis of jp, the 
parallels to the axis of y are the ordinates, and the portions of 
the axis of jc, intercepted between o and the feet of the ordi- 
nates, are the corresponding abscissae of these points. 

But the ratio of each ordinate to its abscissa is expressed 

by the ratio — . (Euc. vi. 4.) Wherefore the ratio — ex- 
•^ OA ^ ^ OA 

presses a constant relation between the ordinate and abscissa 
of every point in the straight line ll^ 

PA 

If the axes are rectangular (Fig. 1.) — =tan. XOP, (Trigon. 
Art. 17.) ^^ 

and PA=:OA. tan. XOP. • . . . .1 

If the axes are oblique (Fig. 2.) -- = ^ , (Trigon. Art. 57.) 

^ "^ ° ^ OA sm, OPA 

, sin. XOP o 

and PAzz- . OA . . . , A 

sin. OPA 

Denoting OA by ar, ap by y ; the angles XOY, XOL by 
o), 9, respectively; and therefore apo (=yop=xoy— 
xol), by w— d, formulae 1, 2, become 
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y = tan. 5 xx 
ein. 5 



3 

4 



isin. (« — 5) 

By giving the angle 5 ever}' value from to+ 360^^ or fitMn 
10—360^9 the fomiulie 3 and 4 may each be made to 
express the relation of the co-ordinates of any straight line 
which is in the plane of the axes x% YY', and passes 
through the point o. 

The C4iefiicient of x in formula 3, in which the axes are rect- 
angular, is different fn»m the coefficient of x in formula 4, in 
which the axes are oblique ; but both «H)efficient8 are generally 
denoted by the letter a ; and the two equations are thus 
comprehended under the more general formula, jf =a x. 

Since ( Arts. 6. a. and 7. a. ) \„ -_ \f is the equivalent of tan. d. 



x"-x 



or of 



sin. 9 



according as the co-ordinate axes are rect- 



sin. (» — 5) 
angular or oblique, and that either of these trigonometrical 



tt 



terms is denoted by a ; we have, on substituting a for ^-y, — ^ 

in the last value of tan. 9 (Art. 7. a.\ when the axes are 

oblique, 

^ . a sin. fti 

tan. 5=-, . 

1-f- a cos. » 

10. 2nd. Let the straight line ll' cut the axis of ^ in any 
point B: through B draw bd parallel to the axis of x. In 
ll' take any point f; draw PC parallel to OY, and let PC 
cut BD in £. Since bd is parallel to ox, and PC to oy; 
BE=:OC, EC=on ; theangleEBP = 9, andBPE = PBY=«— d. 



Flff.S. 



Fiff. J. 




Y 




X ^ 


B 


^ 


....„>- ■ 

T n 

• 


<r' 


Y/ 


O 


C X 




Then, if the axes are rectangular (Fig. 1.), 

PB=:BE tan. PBE = OC tan. PBE, 

and PC=oc tan. PBE-hEC = oc tan. pbe + ob, 
ox yzzx tan. fl + o b . 

If the axes arc oblique (Fig. 2.), 



PE := 



sin. PBE 
sm. BPE 



XBE =-. 



sin. PBE 



sin. (dby— dbl) 



— V xoc. 
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, sin. PBB . sin. pbe 

and pc=-^ — -7 ^XocH-EC=-. — t v X oc-|-ob, 

sin. (dby — DBii) sm. (dby — dbl) 

sin. fl 
or, y=-: — 7 T^ Xa:' + OB .... 6 

^ sin. (co — 6) 

The line ob (which is called the ordinate of the origin) is 
usually denoted by h. Representing the coefficient of x^ as 
in equations 3 and 4, by a, equations 5 and 6 are reduced to 
the general expression, 

If L \J cuts the axis of y below the origin, the sign of o b, 
or ^, will be negative. 

11. If to ^ are given all values fro^i to + oo , and from 
to — Qo , and if to the angle 5 are likewise given (as in the 
1st case) all values from to + 360° or from to — 360°, it 
is manifest that the formula y=-oL x-^-h (or yzn^a x±h)\^ 
rendered sufficiently general to express every relation which 
can subsist between the ordinates and abscissae of all straight 
lines in the plane of the axes x'x, y'y. 

If a is constant and h variable, ^ = a ar + 5 is the equation 
of all straight lines parallel to that straight line which passes 
through the origin, and makes an angle d with the axis of r. 

If J is constant and a variable, yr=.0Lx-\-h is the equation 
of any straight line which cuts the axis of ^ at a distance h 
from the origin, and which may, consequently, make a com- 
plete revolution round that point (as a centre) in which it cuts 
the axis of ^. 

If a = 0, ^=:^, a result which shows that when a=iO, no 
relation can be established between x and y. But when 
a = 0; — 

If the axes are rectangular, tan. 9 - ; consequently the 
angle d=0. Whence ll' makes an angle =0 with the axis 
of X ; that is, L \! does not cut the axis of or, and is therefore 
parallel to it. Also : 

If the axes are oblique, and « = 0, -. — ^r-— :^v = 0.'.8in. drzO, 

^ sin.(a)— ») ' 

and the angle d=:0. Whence ll' makes an angle =0 with 
the axis of ar, or is parallel to the axis of or. 

Consequently, whether the axes are rectangular or oblique, 
yzzOxar-f-Jis the equation of a straight line which cuts the 
axis of y at a distance h from the origin, and is parallel to the 
axis of X. 

If a = 00, the result V = oo xa:-f^, or^^ =ar, or 0=ra:, 

00 

shows that also, when ol-=- oo^ no relation can be established 
between x and y. 
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But when a = 00 ; — 

If the axes are rectangular, tan. 9 = oo = tan. 90°. Whence 
I. \J is perpendicular to the axis of x^ or parallel to the axis 
of y. And : 

fll V% mm 

If the axes are oblique, . — 7-^ — rr = 00 ; wherefore 

* sm. (» - fl) 

sin. (co— fl)=0 

or sin. co cos. 9 — cos. co sin. d=0 
. * . sin. o) cos. 9 =cos. co sin. t 

, sin. » sin. d ^ ^ ii 

and = i or tan. a}=:tan. 5. 

COS. 60 COS. 9 

Whence the angles co, 9, arc equal to one another : and ll^ is 
parallel to the axis of ^. Consequently, when a = Qo,y= 00 x + * 
is the equation of a line which is parallel to the axis of y. 

If ^ = 0; the line ll' passes through the origin: and if 
b=co , the line ll' cuts the axis of y in a point, which is at 
an infinite distance from the origin. 

From the preceding observations it is evident that the 
values of x and t/ are different for every point in the same 
straight line : that the values of a and b are constant for every 
point in the same straight line, but different for different 
straight lines which are referred to the same axes : that the 
value of <x is the same, but that of b different, for all straight 
lines which make the same angle with the axis of x : and that 
the value of a is different, but that of b the same, for all the 
straight lines which pass through the same point in the axis 
of y. 

By the different values, therefore, of a and b are different 
straight lines, which are referred to the same axes distin- 
guished from each other. 

In the remaining part of this chapter, the expression 
y=otx-\-b (in which a, by may be positive, negative, equal to 
zero, or equal to infinity) is employed to represent the equa- 
tion of a straight line generally ; and y = a' x + i'5 y = a'' a: -f ^', 
&c., the equations of particular lines. 

12. To trace a straight line from its equation. 

Let y :=icf! X -\-y be the equation of a straight line. The 
values of a^ V (which are given) are numbers. If in the 
indeterminate equation y^za!x-\-b' two arbitrary values, x\ 
a/', are given to or, the results y\ y'^ are two corresponding 
determinate values of y (Alg. Art. 92.). 

ijxfy y% (x", y"\ are therefore two points in the line. The 
positions of these points being fixed (Art. 2.), the strught 
line traced through them is that which is required. 




Chap. II. EQUATION OP A STRAIGHT LINE. 11 

Example. Given ^ = ^x -I- 2^ to trace the straight line. 

Let x'=l .-. y=^x 1 + 2^ = ^ + 2^=3, 

Leta?^' = 2 .-. 3/''=^ x 2 + 2^=1 +2^zz3^. 

Let ox, OY be the axes : from ox 
cut off oc=l, and through draw 
CP parallel to OY, making it=3. P is 
the point (^, y'). Again, from ox 
cut off 0D=2; and through d draw 
dp' parallel to OY, making it=3|^. p' 
is. the point {a/\ y^). Through pp' 
draw the straight line L p' P L'. L p' P l' 
is the straight line whose equation is y=i^x + 2^, 

A straight line may be also traced by finding the points in 
which it cuts the axes, and drawing it through these points. 

These points are found by making successively a:=0, y=0 
in the equation of the line ; thus : If in the equation t/ = 
a'x-\-b% x = 0; y=b' 

and if ?/ = ; a: = — _ . 

(0, J') and (— — , 0) are consequently the co-ordinates of the 

points in which the straight line y = a' x -h ft^ cuts the axes ; 
and the straight line traced through these points is that 
which is required. 

When the equation is y = cl'x^ if x = ; y = 0. Making, 
in this equation, ar = l ; y = a'. Whence (0, 0), (1, a') are 
the co-ordinates of two points in the line. 

13. The indeterminate equation of the first degree involv- 
ing two variable quantities x, y, is a or + By + C =1 0, in which 
A, B, G, are constants. The locus of this equation is a 
straight line. 

Transposing the terms of this equation, By=— Ax— c. 
Dividing by B . . . y = '^^^— x — ^. 

B B 

Making - — = a, and =5, this equation is reduced to 

B B 

y =z aar + ft. 

Hence it appears that the equation Aar + By + c = 0, may 
in all cases be made to coincide with that of a straight line. 
But an equation is said to represent a locus when it is of the 
form, or is reducible to the form, of the equation to that locus : 
whence the locus of the equation Aar-|-By-fc=0, isa straight 
line. 
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I'BOBLKMS RELATING TO THE STRAIGHT LIXE. 

14. Vnoii. 1. To find the equation of a straight 
lifi*' which passes through a jriven point {x\y) and 
inak^'S a given angle, 5, with the axis of jr. 

Ijci L i/ \)C the line, and v' the point, the co-ordinates of 
which, referred to the axes ox, OY, 
are (jc", 7jy 

Through v' draw p' F parallel to 
i) X and |)r(xluce c v'^ the ordinate of 
the given [K>int, to G. 

Let p l>e any other jK)int in ll'. ^^ 
From P draw the ordinate pd, and y' 

let o i>, P i>, the co-ordinates of the 
iiuleterminate fx>int P, be denoted by x^i/y respectively. 

Then the angle EP'g = w; EP'Lrrfl; LP'orrp^PErrco — fl; 
alm> PK = Pl> — I>E = PD — p'c =y — y; 

p'e =:CD = OD — OC = X — j:'. 

But PE = tan. pp'e x p'e = tan. 9 x p'e = a' x p'e, if 

the axerf are rectangular ; 

sin. pp'e , sin. fl , ,/-/., 

orPE-r . -; XPE = -.— 7 r. XP E = a'XP E,lf the 

8H1. P PE 8m.(60 — d) ' 

axeH are oblique. 

Wheucje Mul>Htituting for PE, p'e, their values, 

a. If tluj angle 4 is supposed variable, a' becomes a ; whence 
// 11'^-'^ (x^x') is the equation of every straight line which 
eari W*. <lmwn through the given point (x', y'\ If the co- 
ord! riaten of the j^ivcn i)oint are (0, V\ the equation becomes 

y — //= a' (z— 0), or ^ = a'a: -h ft'. 

h» Kiri'M? the e(|uation of every straight line which passes 
ihroti^^h the given |H)int (^, y) is y'^y'=.a{x — x'); and, the 
'^•>o-'ordinute axcM l)eing rectangular, the tangent of the angle 
which the ntraight line passing through the two given points 

(j/f ij')i (x"^ y") makes with the axis of a: is 7^ — ^,=a(Art. 

^S. a.); it follows that the equation of the straight line which 
[mmdH through two given points is 






.y-y'=!77— !-'(^-:r'). 
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The same expression denotes the equation of a straight 
line passing through two given points (j/, y'), (x'^, y") when 
the co-ordinate axes are not at right angles to one another ; 

but, in this case, the coefficient^,, — -^ of (or— a/) is equi- 



valent to 



sin. d 
sin. (w — l))' 



15. Prob. 2. To find the equation of a straight 
line which passes through a given point {x\ y) and 
is parallel to a given straight line y'^^a! x"'\'b'. 

Since the required line passes through the point (y, y\ its 
equation is of the form y—y'-=.a (^— :f'). (Art. 14. a.) 

Also since it is parallel to the given line y = a' x^' + Vy 
the angle which it makes with the axis of x is equal to the 
angle which the given line makes with the axis of x, 
(Euc. I. 29.) Whence cizza' 

and y —y' =.aJ {x — x'\ 

is the equation of the straight line which passes through the 
point {x'^ y'\ and is parallel to the given straight line 
y^'-af x"^-V. 

16. Prob. 3. Let y ■=. ax + h\ and y = ol'x H- I/* 
be the equations of two straight lines which cut each 
other : it is required to find the co-ordinates of the 
point of intersection of these lines, and the angle 
which they make with each other. 

Since the point in which the straight lines cut each other 
is common to both the lines, the values of the co-ordinates of 
that point are the same in the equations of both tne lines. 
Whence, for the point of intersection, and for that point only, 
the y and the x of the equation y= a' a: + ^' are simultaneously 
equal to the y and the x respectively of the equation 
y=a'^x-\-V\ 

To obtain the expressions of these particular values of x, y, 
in temis of a', h', (x!'y h'\ the given quantities in the equations 
of the two lines, 

from yizctfx-vV subtract y = a'' ar -h h" 

,',{oL''^oJ)x^y-}y\ 

h' -^h" 
Whence x •=.-,- is the abscissa of the point of inter- 

section. 
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PROBLEMS RELATING TO 



Sbct. L 



Substituting „ , for x^ in the equation of the first line. 



a ' — a 



"V-a.'h" 



y=- -// 



OL — OL 



Wherefore the co-ordinates of the point of intersection are 

Next, to find the angle (p) which 
the straight lines make with each 
other. 

If the axes are rectangular, 

a' =tan. PDX or tan. V (Art. 9.) 
a" = tan. PC X or tan. ¥' 
But CPi>=PDX— PCX. (Eucl32.) 
or (p = d - «'' 

//»/ At/\ tan. S' — tan. 9" ,r^ . * . «»- \ 
...tan. ^=tan. («'-«")=!., t-„7fl'-x tanT«"'^^"g^°'^^37.) 




a — a 



// 



or tan. (p= ,, . 

1 4" a a 



(«) 



If the straight lines are parallel, p = . • . tan. p =z . • . a' = 
a'', as in Art. 15. 

It ^ = 90°, tan. (p=: 00 .-. 1 -ha'a"=0, and a'' = -. 

a 

This is the condition which must be satisfied, in order that 
two straight lines may be perpendicular to each other. If 
the first Ime is perpendicular to the axis of a:, a' = oo , and 



.// 



= ; a result from which it follows that the 



00 



second line is parallel to the axis of x. 



OL Sin. o) 



If the axes are oblique, tan. S' =:; j-^ (Art. 9.) 

^ l4-a cos. w ^ ' 



tan. 9"= 



a" sin. w> 
1 H- of' COS. w 



Whence 

tan. («' - d'O or tan. (f = .^l^lll^ ;-- - 

^ 1 + a cos. CO 1 -h a^ COS. co 



OL' sm. CO 



a" smc otf 



. , a sm. CO 

\+T~. 7 X 



a" sm. CO 



or tan. ^ = 



1 + a' COS. CO 1 -f- a" COS. CO 

g — g ) sm. « ^______ 

1 + g'g" (cos." » + sin.* «) + (a:' + o") cos. «* 
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(ci!--.a!'\ sin. CO . s. 

If the two straight lines are at right angles to each other : 
tan. 9 zz: tan. 90° = oo : whence the denominator of the value 
of tan. 9 is equivalent to ; 

that is, 1 + a' «" + («' 4- ol") cos. w = 
-, 1 + a' COS. w 

oC H- COS. CO 

If, also, the axes are rectangular, w = 90° and cos. co = 0. 

Whence, in this case a" = 7 > as before. 

a. It follows, the co-ordinate axes being rectangular, that 
if the equation of a straight line is y-zz-a! x-\-h\ that of a 
straight line at right angles to it will be 

^ a 

17. Prob. 4. To find the equation of a straight 
line which passes through the given point (a;\ y) and 
makes a given angle, cf>, with the given straight line 

Since the required line passes through the point (a/, y) , 
its equation is of the form y—y'= a (x^x^) (Prob. 1. a.). 

The only quantity, in this equation, which it is necessary 
to determine is a. 

If the axes are rectangular, a denotes the trigonometrical 
tangent of the angle which the required line makes with the 
axis of X, 

If this line is L^c (see fig. of Prob. 3.), a=tan. L'cx=: tan. fl; 
LD being the given line, a' = tan. LDX=itan. Q\ 

Whence, also, cpd=9. 

But L'cx = LDX-CPDor 9 = fl'— (p (Euc. I. 32.) 

. tan. S' — tan. <p .^ . * «^ v 

.-. tan. 9=-r—— J- — 7 -. (Tngon. Art. 37.) 

I + tan. fl' X tan. p ^ ^ ^ 

or, denoting tan. p by ^ and writing a, a' for tan. i, tan. d', 
respectively, 

1 -{-a't" 
Substituting this value of a in the equation y-^yi-zzoL {x—x^) 

y-^^ rS^ (^-''^- 
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This 18 the equation of a straight line which passes through 
the given point (x\ y), and makes a given angle 9, the tan- 
gent of which is ^, with the given straight line y=za! x-\-V i 
the axes being rectangular. 

If l'c is perpendicular to ld, 9 = 90°, and tan. ^ or /'= 00 . 
Whence 

a' 00 

a— if 00 QO 1 , . a! — a / ,. 

, , :.'=^-^ , = — .J and 7/ — y' -=. - -- , , ix — x) 

00 QO 

is reduced to y — y= y{x — x'). (a) 

This is the equation of a straight line which passes through 

a given point (a/, y) and makes a right angle with a straight 

line whose equation is y:=^a! x-\-V. 

If the co-ordinate axes are oblique, a or ct! denotes (Art. 14.) 

the ratio between the sines of the angles which the required 

line makes with the axes; and if this line is l'c, we shall 

have (Art. 9.) 

/» / X / \ « sin. CO 

tan. » ( =:tan. LXX)=:; ; 

^ ^ 1 -h a COS. w 

also tan. »' ( = tan. ldx) = - ; . 

1 4- a' cos. w 

Therefore the angle cpd being represented by p as before, 
also a and 5 now holding the places of of' and 6" respectively 
in the equivalents of tan. ^ (Art. 16.), we obtain from the 
value of tap. 9 at (V) in that Article, 

tan. p 4- a'a tan. (^■\-{oi! -^^ a) tan. p cos. « = («'—«) sin. od : 

hence 

a {sin. o)-\-{af -\- cos. w) tan. 9} =«' sin. « — (1 -|- a' cos. «) tan. p 
or 

__ a' sin. 60 — (1 + a' cos. co) tan. (f- 
(sin. 60 -h (a' -I- COS. co) tan. 9 

It follows that, when the co-ordinate axes are oblique, the 
equation for a straight line which passes through a point 
{x\ y'\ and makes a given angle (f with the straight line y — 
afx-\-V\a 

. ex! sin. CO — ( 1 + a' cos. 60) tan. « , ,v 
^ ^ sin. 60 -h (a' + cos. 60) tan. p ^ ^* 

If (p = 90°, tan. (p= 00 and a becomes equal to . — —^ 

a' + COS. 60 

as above (Art. 16.): also 

, 1 + a' COS. 60 . ,. 

^ -^ a' + COS. 60 ^ '^ V / 



a = 
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This is the equation for a straight line which passes 
through a given point {x\ y') and makes a right angle witii 
the straight line y=za!x-\-h^\ the axes being oblique. 

18. Prob. 5. Given the equation of a straight 
line, y = aa! + b'j and a point (a?', y) without it, to 
find the length of the perpendicular drawn from the 
given point to the given straight line. 

The equation of the straight line which passes through the 
point {x\ y) and makes right angles with the straight line 
y=:a'x'\-b\ is 

y—y'^zi ? (x— af\ if the axes are rectangular, and 

, 1 4- a' COS. CO . ,v .p , ,,. 

y— y'rr -. {x^x\ it the axes are oblique 

^ ^ a' + COS. w ^ V ^ 

(Prob. 4.) 

1st. Let the axes be rectangular. 

Then x\ y^ being the co-ordinates of one extremity of the 
line whose length is required, if the values of jr,, y^, the co- 
ordinates of the point of intersection of the two lines are 
determined, and the differences x^—x'y Vt^V' ^^^ substituted 
for x'—xf' and y'—y" in the formula d= ^ ^x'—x"^-\- 
{]/"'y"Y) (Art. 6.), the result will be that which is required. 

Since x^^ y^, the co-ordinates of the point of intersection, 
are common to both lines, the equations of the lines for that 
point are 

y/-«'^/ + ^' 1 

y,-/=~l(z,-xO ...... 2 

Multiplying the terms of eq. 1. by a^ the terms of eq. 2. 
by — a^ and adding the results, 

ay=(«'2^lX— x' + a'ft' 

afy' + x'-a'V 

Substituting this value oi Xj—x' in equation 2. 

Substituting these values of x,—x'^ Vf—y* i^ ^^ formula 
which expresses the distance between two points, in terms of 
the co-ordinates of these points, it is found that the length of 

c 
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the perpendicular from the point (x', y') on the straight line 
y=a'jr + y, is 

^^l •'«+l 3 ^ V(«'« + l) • 

As the value of d is positive, it is necessary to take the 
upper sign when the numerator y^— a' x'—^' is positive, and 
the lower when it is negative. 

If the point {x^y j/) coincides with the origin, a/=0, ^^=0, 
and 

± >/(«'«+ ly 

2nd. Let the axes be oblique. 

Putting the equation of the given line, y,=a'ar^ + ^, under 
the form 

and combining it with the equation 

, 1 + a' COS. fitt , «v 

^' ^ a'-hCOS.a> ^ ' ^ 

the following results are obtained, 

(a^ + COS,c.)(y-aV-y) . 
' H-«'2^2a'COS.c« ' 

_ (l-fa^cos.«)(y--aV-^0 
•^' ^ l+a'^ + 2a'cos.a) 

Substituting these values of x,— ar', y^—y' in the formula, 

l>=^/[(^/-^7 + (y/-yO' + 2(ar,-a/)(y,-/)co8.«](Art7.) 
and making the necessary reductions, it is found that 



_ (y—ttV— y) sin, tt) 
^"-V^[l + a'«-f2a'co8.»}' 
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CHAP. in. 

TRANSFORMATION OP CO-ORDINATES. 

19. The general equation of a straight line is y=ax + A, 
and the equation of a straight line which passes through 
the origin of the co-ordinates, yzza x ; the quantity denoted 
by a in both equations being different, according as the line 
is referred to rectangular or oblique axes, and more compli- 
cated in the case of the latter. 

It is hence evident that the same line may be represented 
by an equation which is more or less simple, according as its 
position with respect to the axes is more or less simple, and 
also according as the axes are rectangular or oblique. 

Consequently, if the position of a line on a plane is already 
determined by means of an equation, and it is observed that 
this line is in a more simple situation, with respect to two 
new straight lines than with respect to the primitive axes, it 
becomes of importance to deduce the equation of the line 
referred to the new axes, from the equation of the line referred 
to the primitive axes. Thia is the object proposed in the 
transformation of co-ordinates. The problem wiU be resolved 
if, for any point of the line, there are knoWn the values of the 
primitive co-ordinates in functions of the new ; for if these 
values are substituted in the equation proposed, the result 
gives a relation between the new co-ordinates of each of the 
points of the line under consideration. 

Let ox, OY be the primitive axes, and oc=ar, pc=y, the 
co-ordinates of any point p, referred to these axes : also let 
o,x,, O^Y,, be the new axes, and let o,E=x,, PE=y,, be the 
co-ordinates of the same point p, referred to the new axes. 

Through o, let bo,y'' be drawn parallel to OY, and o,x" 
parallel to ox; also through E let egh be drawn parallel to 
OY, and ef parallel to ox. 

Then there are given OB=ar', o^B=y', the co-ordinates of 
O,, the new origin ; 

xoY=a), the angle made by the primitive axes ; 

x''o,x^=«)', the angle made by the primitive arid the new 
axes of X ; and 

c 2 
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TRANSFORMATION OF CO-ORDINATES. 



Sect. L 



x''o,Y,=a'', the angle made by the primitive axis of x and 
the new axis of y ; and that 
which is required is to express 
X and y, the primitive co-ordi- 
nates of any point p, in func- 
tions of the given quantities x^y 
y\ ooy od\ a", and of x^, y^, the 
new co-ordinates of the point p. 

Because ox, o^x'', ef are 
parallel lines, and o Y, B y'', he x 
and € P are also parallel lines. 




.// 



^/' 



X'O.Y' zrXOYzrw. 



0,EG=EO,Y' 



'' = X'' O, Y'' - X" O, X, = «) - «)'. 

o, G E = 1 80** — x'' o, y'' = 1 80^ - CO, and therefore sin. o, Q e = 
sin. CO. 

FPE = Y^O,Y''=x"O^Y''— X''0,Y,=«— co^'. 
PFE = 0,GE.*.sin. PFE = sin. O^GEzzsin. CO. 

1st, to find the expression for Xy 

X = OC=OB + BH + HC: 
OB=jr'; 

O. E sin. O. E G X, sin. (co — co') 

= 0,G=-^^ ^ — = -^ P^ ^; 

-• 1. O^GE sm. a 

PE sin. FPE y. sin. (co— a'O 

= EF= — -. =:^ P^ ^ 

Sin. PFE sm. e» 

.-. xr=x' I "^^ 8iP'(^--«>0+y/ SJP' (a>-tt>^0 

sin. CO 

2nd, to find the expression for y. 

y=:PC=:CD + DF + FP: 

_O^E sin. x''o,x^ __x, sin, »' 



BH 



HC =EF = 



DF = EG = 



Sin. O.GE 



sm. 00 



TV 



__PE sm. PEF _PEsm. X O^Y^__y^ sm. a 
"" sin. PFE ~ sin. PFE "" sin. co 



// 



, . X, sin. a' -f y. sin. »'' 
^ ^ sm. CO 

_ , , x^ sin, (co — co^)-fy^ sin. (a — co'') 



sm. CO 



. ar^ sin. oo^+y, sin. co'' 
y + 5 ■> 

y= sin. CO 

are the most general formulae for the transformation of co- 
ordinates. They are not, however, so frequently employed 
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as other less general formulae which are deducible from them, 
as particular cases. 

20. Case I. Let the primitive axes be rectangular and the 
new axes oblique. 

In this case a)z=90*' .•. sin. ett=sin. 90**= 1 ; 

sin. (»— a)')=sin. (90° — a)')=cos. cu'; 
sin. («)-«'')= sin. (90*'-c«)'0=cos. ^" 

.'. a:=x'H-^/ cos. w'+y, cos. »" 
y^=^y' -Vx^ sin. f^-Vy^ sin. »''. 

21. Case IL Let the primitive axes be oblique and the 
new axes rectangular. 

In this case x,o,Y,=90°.-. «)"=a)' + 90* 

. \ «) - 0)'^ =«-r«' + 90°) = - 90** + (o) - o)') 

and sin. (w — a'')=8in. ( — 90° -f (co— a/)) = — cos. (a»— «/) 

(Trigon. Art. 31.) 

also sin. co''=sin. (co' + 90°)=co8. »' 

sin. 0) 
- . X. sin. 0)' + V. COS. o)' 

^ ^ sm. CD 

22. Case III. Let the primitive axes be rectangular^ and 
the new axes also rectangular. 

In this case, (w = 90^; »"=90°+a)\ 
sin, (co— «'')=: sin. (90°— «)')=:cos. »'; 

fiin.(a)-6i»'') -8in,[9O°-.(9O°-h«0} =sin.(-«')=— sin.«'; 

sin, oo=sin. 90°=1 ; 

sin, fiu''=:fiin. (90° + cu') =cos. cu' ; 

.*. jrrrx' H-jr^ COS. «'— y, sin, »'; 
y—y^-h-r^ sin. »'H-y, cos. a^ 

23. Case IV. Let the primitive and the new axes be 
parallel to each other. 

In this case »'=0 and a)''=M 

,*, sin, (»— co')=8in, »; sin, (»— fitt'')=:0; and sin. -co' =0 

, . X. sin. a 

sm. w 
, , y, sin. w , , 
^ ^ sm. o) ^ • -y' 

C 3 
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24. Case V. Let the primitive and the new axes have the 
same origin, but different directions. 

In this case x^=:0 andy=:0 

sin. flo 

_ ar^ sin. cu' +y/ sin. %'' 
•^ sm. o) 

25. In applying the preceding fonnulse for the transform- 
ation of co-ordinates to particular cases, it will be necessary 
to affect the co-ordinates with the signs of direction which 
belong to their positions, and also to give to the functions of 
the angles «, »', «'', the signs which belong to them, in con- 
sequence of particular values of the angles, which, in order 
that the new may be capable of having every possible inclin- 
ation to the primitive axes, may be any whatever between 
and 360^ 

As the origin of the new axes may be situated in any of 
the angles round the origin of the primitive axes, it will be 
also necessary to consider a/, y' bs capable of having positive 
or negative signs, according to their position 
with respect to the origin of the primitive 
axes. 

As a particular case, illustrative of these 
observations, 

Let OB=ar'=3, 
o,B=/=2, 

XOY=a)=:87*' 

the reverse angle x'' o^ x^ = «' = 240** 
the reverse angle x'' o, y, = »" = 3 1 5**. 

Substituting these values of ^, y', oo, »', «'', in the general 
formulae, and observinff that from the position of o,B, the sign 
or y' IS negative, 

_„^ar, sin. (87'*-240°)+y, sin. (87°- 3 15°) 

"^-^"^ ssr87° 




« . X, sin. 240° +y/ sin. SW 

y^-^^-^ risr^y^ 

But (Trigon. Art 19.), 

sin. (87O-240O)«=sm. (-153°)= -sin. (180<5~153°)=s -sin. 27*^; 
sin. (87°-Sl5°) = sin. (-228°) « -sin. (ISQo -228^)- +sin. 48^5 
sin. 240°= —sin. (240° — 180°)= -sin. 6(P ; 
sin. 315°=*= -sin. (360° -315°) « —sin. 45°. 



Chap. III. TBANSFOfiMATION OF 00-Qit]>INAT£6. 



23 



Making these substitutions in the values of x^ y^ 

_ ^ , ^Xf sin. 27° -fy/ sin. 48^ 

sin. 87 

__ ar^ sin. 60° H-^/ sin. 45° 

26. Transformation of rectilinear into polar co-ordinates. 

A line being traced on a plane> it may be proposed to 
determine a polar equation of that line, by assuming, in a 
convenient manner, the pole and the initial line. 

Commonly, however, it is supposed that the equation of the 
line is already determined by means of an equation between 
the rectilinear co-ordinates of its points, and it is required 
from this equation to deduce another .expressed in ^tenns of 
polar co-ordinates. 

To investigate general formulae for the transformatioii of 
rectilinear into polar co-ordinates. 

Let oc or ir, and PC or y, be the co-ordinates of any point 
p, referred to the rectilinear axes ox, oy; also, let the angle 
X^OyP or fl, and the radius vector 0,p, or r, be the polar co-or- 
dinates of the same point. 

Through o, let oX'* o^y", be drawn parallel to ox, OY, 
respectively. 

Then xoY=a, the angle of the 
rectilinear axes; OB=ar', o,B=y, 
the co-ordinates of the pole o ; and 
x''o,x,=co' the angle formed by the 
axis of X, and the initial line, are 
given: 

and it is required to express a:, y, in 
functions of «', jt', y, cu, r, and J. 

Because o x, o, x'' are parallel lines, 
and OY, by", cp, are also parallel lines, 

X''0,Y''=XOY = W, 

o,pd=po,y''=x''o,y"— x"o,x,— X,O^P=«— op'— ^, 
O,DP = 180°— x''o,r''=180°-(» .-. sin. O^DP=8in. ca. 

PO,D=X''O^X, + X,0,P = «)' + J. 

1st. To find the expression for x. 




X = OC = OB + BC: 
OB=Jc' 

o . P sin. O . P D r sin. (o) — a' 

BC = O.D=-^-^ ^ = ^ 

sm. o^DP sm. (» 

,_ , r sin. (o) — cw' — fl) 

sm. CO 
c 4 
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2nd. To find the expression for y. 

y=PC=CD + PD: 
CD=o^B=y' 

_O^P sin. PO^D ___ r sin, (a/ + H) 
~~ sin. OyDP "" sin. a 

^^^ ^ r8in.(cD-a)^-<) 

sin. CO * 

, . rsin.(«' + 4) 
^ ^ ' sin. a 

are the most general formulae for the transformation of recti- 
linear into polar co-ordinates. 

27. Particular cases. 

Case I. Let the pole coincide with the origin of the recti- 
linear axes. 

In this case a/=0; y^=0, and the formulae become 

_r sin. («—«'— J) 

sm. 00 
^rsin. (co'+d) 
^ ~ sin. 00 

Case IL Let the initial line be parallel to the axis of x. 
Since the initial line is parallel to the axis of Xy the angle 

. . . r8in.(a>-fl) 

sm. 00 
, . r sin. i 
^ ^ sin. 00 

Case IIL Let the pole coincide with the origin of the 
rectilinear axes and the initial line with the axis of x. 

In this case, :r^=0; ^=0; fitt'=0 

_r sin (o) — J) 
sm. CO 

r sin. 6 

^ sm. 00 

If the axes ox, o y, are rectangular, 

sin. a>=l, 

sin. («-«'— fi)=sin. (90°— («' + «) =:co8. (»' + «> 

sm. («-«)= sm. (90** — 9) = cos. 9, 
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The general formulse become 

Case IV. x^3/-\- r cos. («'+*) 

And the formulae of Cases I. II, III. become respectively. 
Case V. 



ar=r COS. (o»'-f d) 
y=r sin. (a' + J) 



Case VI. or = jr' + r cos. d ; 

y=y^ + r sin. 6 : 

Case VII. x—r cos. J, 

y=r sin, 0. 
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SECTION 11. 

NATURE AND PROPERTIES OF THE CONIC SECTIONS, OR 

CURVES OF THE SECOND ORDER. 



CHAPTER I. 

THE CONJUGATE DIAMETERS OF A CURVE OP 

THE SECOND ORDER. 

28. Under the name of conic sections are comprehended 
the curve lines which arise from the intersections of a plane 
with the curve surface of an upright cone; the point, the 
straight line, the isosceles triangle, and the circle, which 
result respectively from the plane touching the cone at the 
vertex, or on the curve surface, or from cutting it through 
the vertex, or in a direction parallel to the base (Geom. Cor. 
Def. 7. Cylinder, &c.) not being, in general, included. But 
in the present section a general equation with two variable 
quantities is taken to denote a relation between the co-ordi- 
nates of any point in a curve line of the second order ; and 
from such equation, which is of the second degree, the forms 
and principal properties of the curves will be analytically 
investigated. It will be shown in the third section that the 
curves are identical with those which result from the actual 
sections of a cone by a plane surface. 

29. The general equation has usually the form 

A'y'2 + B'y2 ^ c'x'/ + b'y' + E V = F'. (a) 

in which each of the coefficients, A^ b', &c., represents some 
quantity differing in value in the different positions which 
the line or rectangle represented by it may have ; but in any 
particular positions such coefficients are constant, while the 
co-ordinates x and y of any point in the curve, with reference 
to them, are variable. The co-ordinate axes may be sup- 
posed to form any angle, right or oblique, with one another. 

30. This equation may, in the following manner, be trans- 
formed into one in which the origin of the co-ordinates shall 
have any position, and in which the co-ordinate axes shall 
make any angles with the original axes. 
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Let OX, OY (Fig. to Art. 19.) be the original co-ordinate 
axes^ making with one another any angle ; and let O^Xy, o, Y^ 
be other axes, whose intersection is at any point o^ ; also let 
o^x'', o,y" be axes passing through o, parallel to ox, OY. 
Again, let p be any point in a curve line of the second order, 
and let the ordinates fc, fe, eh be drawn as in the figure. 

Now, if OB be represented by a, bo' by /3 : ako if OyE=a:, 
EP = y, oc = x\ cp = y', the angle xo y = a, x'^o^x, = »', 
x''0/Y,= m" \ and if/?, y, r, t be put for 

sin. (o) — «') sin. o)'' sin. co' sin. (»—«)'') 
sin. o) * sin. co * sin. m ' sin. eo 

respectively: then the equations for x and y (Art. 19.) will 
become 

x' =^ OL +px + ty r = oc), 

y' = /3 -f rar + yy ( = CP). 

Substituting these values in the equation (a) the latter 
becomes, after arranging the terms according to the powers 
of y and x, 

+ (A'r^ -f- B'p^ + C> r) x^ 

+ (2qrA^ + 2ptB'+pqC' + rtc') xy (a') 

-f(2/8yA' + 2a^B'-fa5'C' + /3^C' + yD' + ^E')y 
+ (2/3r a' -f- 2 «j9B' + «rc' -h /3^C' + rD'i-/?E') or 
= F— , &c. 
the second member containing all the terms which are not 
multiplied by the variable x or y. This is the required 
equation, and it is manifestly of the form 

Ay2 -f Bx^ -f- Cxy -h Dy + Ex=F. (a") 

It coincides with the original equation (a) when «, /3, «>', are 
each zero, and when co=«)''; in which casej»=l, 5^=1, r=0. 

Proposition I. 

31. A straight line can cut a curve which is de- 
signated by an equation of the second degree in two 
points only. 

Let ox, OY be two co-ordinate axes, making any angle 
with one another, and let ab be a 
straight line cutting the curve ; the 
equation of this line may (Art. 10.) 
be expressed by 

y=MjrH-N: 

now at the j^oint or points in which ab cuts the curve the 
co-ordinates x and y of the straight line will be identical with x 
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and y in the equation of the curve ; therefore this value of y 
being subatituted in the equation (a) or(A"), the result will be 
an equation containing only the first and second powers of x 
with constants : it may, consequently, he put in the form 
Fa:' + Q^=T. 

This equation being resolved, the two values of x, if not 
imaginary, will denote the distances OH, OK of the ordinates 
which pass through the points of intersection; and since a 
quadratic equation can have but two real roots, the stnught 
line can cut the curve in two points only. 

If tlie two values of x in the equation should be equal to 
one another, and have the same sign, the straight line would 
meet the curve in one point only. 

32. Definition I. Any straight line which is terminated 
at each extremity In a curve line, is called a chord of the curve. 

33. Def. 2. Any strught line which meets a curve line 
in one point only, is called a tangent of the curve. 

Proposition II. 

34. If a straight line be drawn so as to bisect two 
chords which are parallel to one another in a curve of 
the second order, it will bisect all the chords which 
may be drawn parallel to these, 

Let ox, or be co-ordinate axes, making any angle with 
one another: let p'q', p"q" 
be two chords parallel to 
each other, and let them be 
bisected in u' and h" by the 
stnughtline ab; it may be 
proved in the following man- 
ner that AD will bisect any 
other chord as pq parallel to ' 
the former chords : — 

tiet p'm', m'q' be repre- 
sented respectively by + A' 
and— A'; p"m", M"Q''by + A"and— ;4"; also, imagining a b to 
intersect pq in m, let pm be represented by + A: again, the ordi- 
nates pk, p'b', &c, mh, m^h', &c being drawn parallel to ot, 
through M draw mn cutting pb in D, and through m' draw 
m'n', each parallel to os. Then, in the triangle mdp, put- 

.- e *i"- PMD 1 „ sin. HPD , — 

An. 57.) 
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and corresponding values will express the sides of the tri- 
angles p'm'd', P''M''D'^ 

Now, let the co-ordinates of M, m', m'' be as follow : — 

OH=z:y, OH^rry', OH''=r/' 

then the co-ordinates of the points p, p', p'', with respect to 
ox, and oy will become 

OR=y + wA, rp = 5H-vA, 

o R' =y' + uk, R'P^ = 8' + vk!y 

Substituting the co-ordinates of p' in place of sf and %f in the 
equation (a) the latter will become, for the point p', 

and placing double accents on y, 8, and A, a like equation will 
be obtained for the point ^\ 

In the two equations thus formed let h! and k'* be. the 
quantities to be deternnned ; then, since the equations are 
quadratic, and that the two values of each of the roots V and 
k" are, by hypothesis, equal to one another, with contrary 
signs ; it follows, from the nature of such equations (Algebra, 
Art. 121.), that the coefficients of h! and k" must be respect- 
ively zero. 

Hence, collecting all the terms which contain the first 
powers of k' and K\ we have 

2 8'wa' + 2 y'MB' + /l?C' + S'MC'-|-l?D' + ME'=0 

and {b) 

2 8''t?A'-f-2 /'wB' + /'wc' + 8''MC' + ri>' + ME'=0 

Subtracting the first of these equations from the second, 
there results 

whence ^,r-{r = - ^^'^iglTi' ' 

or, from the similarity of the triangles mnm', m'n'm'', 

yjZjY — /jrV\ __ _ ^C^ + 2i;a^ 
§/-.§V" 8''-8V "" rc' + 2MB' ' 
therefore 

(»c' + 2 «b') y + (« c' + 2»a') y = («c' + 2 »a') » + (t; c' + 2 «b') y. 

Now, imagining the co-ordinates y + m A and h + vk of the 
point P to be substituted respectively for x' and y' in the 
equation (a) the result will be identical with the equation (a), 
omitting the accents on y, 8, and k in the latter ; and conceiv- 
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incr tliii result to be resolved as a quadratic equation, in which 
A iM tlie unknown quantity, the sum of the coeflkientB of the 
first i>owcr of A will have for its numerator (coofonnahlj to 
the first member of either of the equations (b) ), 

2 8rA' + 2 yiiB'-l-yuc' + SMC' + rD'-f KE', 

the common dcnominntor being the sum of the oo-eflicients 
ofA». 

Hut the four first terras in this expression constitute the 
HCcon<l member of the last equation above; therefore those 
four terms arc equivalent to its first member: and, on com- 
paring tlie expression (after substituting in it that equiralent) 
witli tlio first of the equations (6), it will be seen that the 
expression is zero. The coeflScients of the first power of A 
iMJiiig togetlicr zero, it follows that the two values of A in 
the e(|uation (a) arc equal to one another with contnuy signs : 
that is, i*M = MQ, or the chord pq is bisected in M by the line 
A n. In like manner all other chords parallel to p^q' may be 
shown to bisected by ab. 

35. Dkf. 3. A straight line bisecting all the chords which 
are paralh^l to one another, is called a diameter of the curve. 

36. Dkf. 4. If any number of chords be drawn parallel 
to a diameter, the straight line bisecting them (which is con- 
se(|[ucntly a diameter) is said to be a diameter conjugate to 
the former. 



Proposition III. 

37. If a diameter be conjugate to another, it will 
be parallel to the chords which are bisected by the 
latter diameter. 

As in the figure to Art. 34.^ let ox, o Y be co-ordinate axes, 
making any angle with 
one another; and let uv, 
u'v' bo two chords parallel 
to A n in that figure ; also, 
let a'b' bo the diameter 
which bisects them : it may 
be proved in the following 
manner that a'b' is parallel 
to PQ: — 

Imagine the ordinates TH, 
t'h', vb, v^r' to be drawn 
parallel to ot, and the line L s through T parallel to o x. Let 
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• 

Sin* "V T s 

and in the trianscle TVS putting ^ for -r-^ and u' for 

° r "£> sin. TSV 

. 

sm. TVS 

-^ ; also representinir TV, t' v' by I and /', we have 

sm. TSV ^ & ^ J 

0R = /x-f-M7, RV=v+t?'/, 
OR'= l/J^-u'V, R'V' = /+VY. 

Substituting these values of OR, RV, and again those of 
o R^ R^v', in place of sf and y' in the equation (a); andfronj 
the two resulting equations collecting the coefficients of the 
first power of I and of V : then making the sums of the co- 
efficients separately equal to zero (since the positive and 
negative values of I and V are, respectively, equal to one 
another with contrary signs), and proceeding exactly as in 
Art. 34., there will be obtained 



V — V 



t/c' + 2t«'B' 



But the triangle TSV in the present figure is, from the 
parallelism of the lines, similar to mnm' (Fig. to Art. 34.); 
therefore 

TS : sv :: mn : nm' 

or til : v'l :: /— y : V—l\ 

whence ~ =^. 

Substituting for the last fraction its equivalent (Art. 34.) 
we have 

i7"""~l?C' + 2MB'' ^^^ 

or 2wM'B'-f-2ut?'A' = --(Mv'+i?M') C'; {d) 

whence _ = ___^-^,. (,) 

Thus £=^. 

that is, — = — ^, or PQ and a'b' make equal angles with the 

axis ox or OY ; consequently a'b' is parallel to pq. 

38. Corollary. Hence, when two diameters are conjugate 
to one another, each of them is parallel to the chords which are 
bisected by the other ; and each diameter bisects the other. 
Also, since the segments, as pm, mq, or UT, TV, of every 
chord which is bisected by the same diameter are constantly 
equal to one another, they must vanish together at each 
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extremity of the diameter; and a line drawn at each ex- 
tremity, as B, of a diameter, parallel to the bisected chords 
PQ (Fig. to Art. 34.) would meet the curve in that point 
only : such line is, consequently, a tangent to the curve at 
that point. It follows that the tangents at the opposite ex- 
tremities of a diameter are parallel to the bisected chords, to 
the conjugate diameter, and to one another. 

39. Scholium. Since the parallel chords PQ, &c. may make 
any angles with the co-ordinate axes, it is evident that there 
may be an infinite number of pairs of conjugate diameters, 
AB, A^B^ making different angles with one another; and it 
may be proved that among these pairs there is only one in 
which the diameters intersect one another at right angles. 

Thus, let ox, OY be co-ordinate axes at right angles to 
one another, and let ab, a'b', which, for 
simplicity, may be supposed to intersect 
one another in o, represent two diameters 
also at right angles to one another. Then, 
the angles corresponding to pdm and TSV 
(Figs, to Arts. 34. and 37.) being right 
angles, v^ssin. xob and u^=cos. xob; also v=sin. XOB^ 
and — M = COS. x o b' ; therefore 

-7=tan. xob, 
u 

and = — tan. xob'. 

u 

But the angle x o b' = 90** + x o B ; therefore '' 

— tan. XOB' = cotan. xob, 

and representing 

— by y, we have (Trigon. Art. 27.) cotan. xob=- : 

U V \ U 

Whence =-, or — = — a. 

u q V •* 

Now (c) id) and (e) are, each of them, an equation relating 
to two conjugate diameters ; and dividing every term in the 
second member of the equation (c) by w, the result after 

substituting— y for - may be put in the form 

0'— 2yB' _Cj-2£B' 

*■" 2A'-yc'' ^^ ?-yc'-2A'' 
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V 

whence, after reduction, 

. 2(a'-b0 , ^ 

transposing, completing the square, &c., we get 

The quantity under the radical sign is necessarily positive ; 
therefore the roots, or values of y, are real, which proves 
that a pair of conjugate diameters may be at right angles to 
one another. But the equation for zero being quadratic, 
there can be only two roots ; and the third term (which is 
equivalent to the product of the roots) being — 1, the roots 
must be reciprocals of one another, one positive and the other 

negative ; so that if one of them be y, the other is — . 

Hence the two angles which one of the diameters may make 
with ox may be expressed by 00 and 90'' + w; so that if ab 
be one of the positions, the other position will coincide with 
that of a'b', on the opposite side of o Y. Thus there can be 
only one pair of conjugate diameters at right angles to one 
another. 

40. Dep. 5. Two conjugate diameters at right angles to 

one another are called the axes of the curve : the longer is 

called the transverse^ or major axisy and the shorter the con- 

jugate^ or minor axis. Either extremity of the transverse 

axis is frequently called the vertex of the curve. 



D 
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CHAR II. 

MODIFICATIONS OF THE GENERAL EQUATION OP THE 

SECOND DEGREE. 

41. In the general equation (a^) or (a'') there are five 
arbitrary constants «, /3, w, »', and a/\ on the values of which 
depend the positions of the co-ordinate axes O^x^, o^y, 
(Fig. to Art. 19.): these equations may therefore be simplified 
by making the coefiicients of some of the terms vanish, pro- 
vided the arbitrary constants be supposed to have the values 
derived from the equations which result on such coefficients 
l>eing assumed equal to zero. It may be observed also, that 
the species of a curve of the second order will vary according 
to the relative magnitudes of some of the coefficients in (a''), 
and according as the signs of some of those coefficients are 
alike or contrary. 

Let the equation (a'') be reduced to 

K]p- + Ba:- + Gary =:F, (i) 

or let the coefficients of y and x in the equation (a') be 
separately zero ; we shall then have 

255rA' + 2af B' + a5'C'-f/3fC'-|-5rD'+fE'=0 

and 2^rA'-f 2aj9B'-|-arc'-f /3/>c' + rD'-fjoE'=zO. 

Multiplying the first of these equations by /?, and the 
second by t^ and taking one result from the other: again, 
multiplying the first by r, and the second by q, and sub- 
tracting the first result from the second, there will be ob- 
tained 

2/3A'+aC'-|-D'=0, 
and 2aB' + /3c' + E'=0. 

From these equations we get 

c'd'— 2a'e' , ^ e'c'— 2b'd' 

^=TI^i^r^' ^^^ ^ = 4a-b-^c- ^- 

which are the values of the co-ordinates OB and BO^ of the 
point o, with respect to the original axes ox, oy. (Fig. to 

Now o^x^ and O^Y^ may be the directions of any two dia- 
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meters of the curve, intersecting (and bisecting) one another 
in o^; therefore the values of a and fi become those of the 
co-ordinates of such point of section. The terms which enter 
into those values being constant; it follows that, except 
when a and j3 are infinite, all the diameters of the curve 
intersect one another in one point, which is their common 
point of bisection. 

CL If azzO, and /3=0, the co-ordinate axes ox, oy coin- 
cide with O^x", O^y". If a and j3 are infinite, in which case 
4a'b' = c'^, aU the diameters of the curve will be parallel to 
one another. 

42. Def. 6. The point in which all the diameters inter- 
sect one another is called the centre of the curve. 

a. Scholium. The equation (i) appertains to a curve of 
the second order, which has a centre, the origin o^ of the co- 
ordinates being, when a=0 and i3 = 0, coincident with the 
centre ; but, since o)' and «" remain arbitrary, the co-ordinate 
axes O^x^, O^Y^, or the diameters with which they coincide, may 
make any angle with one another. 

43. Let the equation (a") be reduced to 

Ay^ -f B j:^ + i>y + E^ =F, (ii) 

or let the sum of the coefficients o( xy in the equation (a') 
be zero : we then get 

In this equation, substituting the values of jo, q, r, t (Art. 30.), 
omitting the denominators, which are common to all the 
terms, we obtain 

2 a' sin. 4i" sin. •♦+2 b' sin.(«— «') sin.(«— •")+ [siD.(M— «') sin. «"-hsin. •»' sin. («»— «»") jc'=0. 

In which co' and co'' are respectively the angles which o^x^ and 
O^Y^ make with OX or o^x", wlule w is the angle XOY or 
x''o,Y". (Fig. to Art. 19.) 

Now if o^x, be supposed to correspond to a b or TV, and 
o, Y, to A'B' or MP (Figs, to Arts. 34. and 37.), we shall have 

BMD, orvTS=w', and PMDrzw''; also, since pdn or vsz=:ctf, 
TVSzzo)— 6o', and mpd=w— w": 

therefore, if every term in the last equation for zero be 

sin CO f sin V T 8\ 

diyided by sin.V on substituting for -^-L— (^ = -j-L__J, 

and for ^i?Z^) ( = ^^.Jl^ (Art. 37.) 

sm, ctf \ sm. vsz/ ^ ' 

D2 
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their respective equivalents v' and v! ; also, 

- sm. vt" f sin. pmd\ , ^ sin. («— o/')/ sin. mpd\ x*^ ^. ^ 

for-; I •= -s 1, and for ^^ ^1 = -^ J, (Art 34.) 

Bin. w \ sin. PDN/ sin. » \ sin. roNy ^ 

their respective equivalents v and u^ that equation becomes 

which is identical with the equation (d), Art. 37. ; and conse- 
quently it relates to two conjugate diameters. It follows 
that when, in the general equation (a''), the coefficient o{ xy 
is equivalent to zero, the co-ordinate axes, as O^x^, O^ y^, make 
angles with ox, OY equal to those wluch are made, with 
the same axes, by two conjugate diameters ; or o^ x,, o, Y^ are 
parallel to two conjugate dimeters of the curve. 

44. Let the equation (a'') be reduced to 

Ay^ -I- Bx^ + Dy =p ; (ill) 

then, since C = 0, the co-ordinate axes o^x^, o^y^ will (Art. 43.) 
be parallel to two conjugate diameters; and, since E = 0, the 
sum of the co-efficients of x in (a') is zero : whence we have 

2j3rA'-|-2ajoB' + arC' + i37?c' + rD'+joB'=0, 

or 2 /3 A' sin. m^+Sm b' sin. («>—«')+« C sin. m'-\-fi c' sin. {m—t/)-\^ n' sin. m^+b' sin. («— «')>=0. 

This equation may be verified on substituting for /3 its 
value (Art. 41.), and making a = 0, or c'd'=2a'e'; all the 
terms being brought to the common denominator 4a'b'— c'^ 
and the necessary reductions made. It follows, therefore, that 
the equation (ill) appertains to the curve when the co-ordinate 
axis o, Y^ is coincident in direction with a diameter, and O^x^ is 
parallel to that which is conjugate to it. 

a. In a similar manner, if the equation (a'^ be reduced to 

Ay^ + Bj?^ + Eajz=F, (rv) 

it may be shown that this last appertains to the curve when 
the co-ordinate axis o^x^ is coincident in direction with a dia- 
meter, and o^Y^ is parallel to that which is conjugate to it. 

For D being zero, on making the coefficient of y in (a') 
equal to zero, substituting in the result sin. a/' for a, and for 
t, sin. (co— w"), the equation may be verified on substituting 
for a its value (Art. 41.), and making /3=0, or e'c'=2b'd'. 

45, Let the equation (a^^) be reduced to 

Ay2-^Bj?^=zF. (v) 

Then, since D=0 and e = 0, on making the coefficients of y 
and X in (aQ separately zero, the resulting equations will be 
verified by making a = 0, j3 = : for, after cancelling the terms 
which are thus destroyed, we have 

d' sin. co'^ + e' sin. (w— »'^)=0, 
and d' sin. a>' + e' sin. (co — co^ )= ; 
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whence, m' and w!' being unequal to one another, d'=0, and 
e'=0. Therefore, since a=0, j3 = 0, and 0=0, the co-ordi- 
nate axes o^x^, o^y^ are (Arts. 42. a. and 43.) coincident with 
two conjugate diameters. 

46. Let the equation (a'^) be reduced to 

Ay^ + Dy + Eaj=F, (vi) 

in which both B and C, or the coefficients of s?^ and of xy in 
(a^), are zero. 

From the equation A V ^ + b'/?^ -f Q'jp r = 

we have c = — ; 

'pr 

and substituting this value of C' in the equation 

2qrA!-\-^jptTi!-^jpqQ!-\-rtQ'z^^, 

we have, after reduction, 

A'r^ 
b' »^ =^r^\ whence b' = — ^ , 

or4A'B'=4A'^-,. 

Putting A'r* for b p^ in the above value of c', we get 

, 2A'r 

V 

therefore c'*=4a'b', or 4a'b'— c'*^=0 : 

consequently, all the diameters of the curve will (Art. 41. a.) 

be parallel to one another. 

The value of c, or the coefficient of xy in (a'), being 
zero ; it would follow (Art. 43.), if the curve had a centre, 
that the co-ordinate axes o^x^, o^ y^ were parallel to two conju- 
gate diameters ; but all the diameters being, in the present 
case, parallel to one another, one of the axes will be parallel 
to the diameters, and the other parallel to the chords which 
are bisected by that diameter. 

a. If the equation (a'') be reduced to 

Ay^-fEj?=F; (vii) 

since then d=0, it will follow (Art. 44. a.) that the co-ordi- 
nate axis is coincident in direction with that particular dia- 
meter whose bisected chords are parallel to o,y^ 

47. By a modification of the general equation (a') or (a''). 
Art. 30., there may be obtained the conditions imder which 
the coefficients of the squares of the variable quantities x and 
y have like, or unlike signs. Thus, since both m' and wl' are 
arbitrary, let, first, c=0 in the equation (a^^), in which case 

i> 3 
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(Art 43.) the co-ordinate axes o^x^, o^Y^ are parallel to two 
conjugate diameters of the curve : we have then^ as in that 
article^ 

S A' sin. y »in. •'+2 b' sin. (••-«»') sin. (•»—#")=» — c'(8in. (•»—«»') sin. i/'+ sin. «* tin. (•-*»^)). 

But supposing, for simplicity, that o x, o, Y are at right 
angles to one another, in which case ctf=:90% we have 

2a' sin. «" an. cw' +2 b' cos. «" cos. taf^—d (cos. a/, sin. t»''<i-siii. m' cos. «"). 

Again Jet »'' = 90° + co', in which case the axes o^ x^, o^ Y^ are 
also at right angles to one another; then sin. C0^^=:co8. w' and 
COS. 0)'^= — sin. o)', and the last equation becomes 

2 (a'— B') sin, o)' COS. od'=& (sin. W— cos. W); 

c' 
hence, 2 sin. co' cos. «>'=: - — :(8in. W— cos. ^coO, 

or (Trigon. Arts. 34. 34. a.), 

c' . c' 

8in.2w'= ; ; COS. 2w'; or airain, sin. 2o»'——, , cos. 2«' ; 

A -B ° B' — a' 

therefore (Trigon. Art. 20. ^.), 

tan. 2 0)' = — ,■ and cotan. 2 «' = -—• 

B' — A c' 

Also, cos. • 2 ft/ f = Trigon. Art. 24. e, ?- — \ = (b^-a')» 

and 8m.«2ft»' f « Trigon. Art. 18. fc. L_- — -\^ Sl! . 

\f * '1+ cotan. »2«V (b'— a'Z + c'* 

Now with the above values of sin. w^', cos. w'' the equiva- 
lent of A in (a"^ becomes (the denominators in the values of 
/?, 5', r, and t bemg unity) 

a' cos.^ «^-f b' sin.2 »'— c^ sin. a' cos. a', 
or (Trigon. Art. 35.), 

^ A' (1 +COS. 2 c«0 + ^ b'(1 ^cos. 2 coO-i c' sin. 2 eo^ (/) 
while that of B is 

a' sin.2 co' + b' cos.2 co' + c' sin, a' cos. eo' 
or, ^ aX 1 - cos. 2 CO') + ^ B'( 1 + COS. 2 co') + ^ c' sin. 2 eo\ {g) 

But 1+ COS. 2 60^=1+ ^,^ .^'""£ , 

a/{(b'-a02 + C'2j' 
l-C0S.2a;'=:l ,, ^'""ff , 

V{(b'-aO^+c^^ 
and sm. 2 «>'= — =-. — 



^[(b'-aO^ + c^2] 
therefore, multiplying the two terms on the right hand of the 
first equation by ^ a', the two terms on the right hand of the 
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second by ^ b', and the right hand of the third by — |^ c': 
adding the results together and simplifying, we obtain from 
the equation (/), A (the coeflScient of y^ in (a'^) ) 

Proceeding in like manner we obtain, from (^), B (the 
coeflScient of x^ in (a^') ) 

= ^(A^-fBO + ^ ^/f(B'-A0^ + C'2]. 

It follows that A and B are real quantities : it follows also 
that, while A' and B^ have positive signs, the value of B is 
necessarily positive, and that A is positive only when 

A' + B' is greater than a/{(b'— a^^ + c'^], 

or a' 2 + 2 a' b'+b' 2 is greater than a'2_2 a'b^+ b'^-i-c'^; 
that is, when 2 a'b^ is greater than c^^— 2 a'b^ 
or when 4 a^b' is greater than c'^. 

a. Hence when 4 a'b^> c^^ the coeflScients o£ j/^ and x^ in 
(a') have like signs, which are positive or may be rendered so 
by changing the signs of all the terms in the equation (a) ; 
and when 4 aV< c'^ the coeflScients 0(7/^ and x^ in (a^) have 
unlike signs. 

If a' and b' have contrary signs, in which case both 4 a'b' 
and c'^ are negative in the expression 4 A^ b' — c'^; it will be 
found, on performing the like operations, that A and b have 
also contrary signs. 

48. On resolving the equation (a) Art. 29. considering y' 
as the only unknown quantity, we shall have 

now, if A and B in (a'^) Art. 30. have like signs, a' and b' 
will also have like signs; and 4 a'b^ being then greater than 
c'^ the coeflScient of x'^ in the above value of t/ is ne- 
gative ; therefore, if x' were increased indefinitely, the sum 
of the negative quantities under the radical sign would 
exceed that of the positive quantities; hence it follows 
that the value of x\ both positive and negative, is limited 
to a certain quantity, beyond which the value of y' would 
become imaginary ; and thus the curve is limited in extent 
on opposite sides of the point at which x^ is zero. If the 
equation (a) were resolved in like manner with respect to 
x'^ we should have c'^— 4 a^b' for the coeflScient o{ t/^ under 
the radical sign; and thus it is evident that the curve is 
limited in extent in every direction on opposite sides of the 
point at which ^ is zero. 

a» D£F« 7» A curve of the second order, which is limited 

D 4 
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on opposite sides of the point at which both af and y^ are 
zeroy is callcil an ellipse. 

h. If A and B in (a'^) Art. 30. have unlike siffDS, we haye, 
as above, 4 a^ii^ 1c88 than c'^ and consequently the coeffi- 
cient of x^^y in the above value of y\ is positive; it follows, 
therefore, that while xf^ whether positive or nq^tive, has any 
value beyond a certain finite quantity, the value of y^ cannot 
become imaginary. Thus the curve may extend to an infi- 
nite distance on each side of the point at which sf is zero. 
If the equation (a) Art. 29. be resolved with respect to x', it 
will be found, in like manner, that the curve may extend to 
an infinite distance on each side of the point at which yf is 
zero. 

c. Def. 8. A curve of the second order, which is un- 
limited in extent on opposite sides of the point at which both 
xf and \/ are zero, is called an hyperbola. 

</. AVhen 4 a'b'=C^^ the co-ordinates a and /3 (Art 41.) 
become infinite, or the curve has no centre : in this case the 
term (c'*— 4a'b') x!^y in the above value of y, vanbhes; 
and (c'D'— 2 a'e' being considered as positive) the value of 
y' cannot become imaginary while x! is positive, and when it 
exceeds a certain finite quantity. If x\ being n^ative, were 
to exceed a certain finite quantity, y' would be imaginary ; 
thus the curve is infinite in one direction only. 

e. Def. 9. A curve of the second order^ which may 
extend to infinity in one direction only, is called a parabola. 

49. From the value of v' in the preceding article it is evi- 
dent that, when f'=0 in tne equation (a), if jt' be made zero, 
the value of y' will vanish : it follows that, in the general 
equation (a') or (a") Art. 30., and in any of the equations 
from (i) to (vii) inclusive, when F=0 if, at the same 
time, x=0, the equation will be satisfied by making y=0, 
or by placing the origin of the co-ordinates on the curve 
line. 

50. When in the equation (v) the coeflScients A and b 
are both positive (which is the condition for an ellipse), 
should F be negative the equation would be absurd, and 
would lead to no result. Should F = 0, it is evident that the 
equation can subsist only when x=0 and y=0 ; that is, when 
the ellipse is reduced to a point. 

If in the same equation (v) A and b have contrary signs 
(which is the condition for an hyperbola), should F=0 there 

would result y=+x^ — , which is an equation for two 

straight lines intersecting one another at the centre of the 
curve, where ar=0. The positive and negative values of y 
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being equal to one another^ it folio i^s that the axis o^^^ on 
which X is measured^ will bisect the angle formed by the in- 
tersecting lines. 

When the equation (vi), which appertains to a parabola^ 
becomes Ay^-fDy=F, 

we have y= — ^r- ± 5- a/(d2h-4 ap), 

^ A ^ A 

or the two values of y^ if real^ are constant ; and the equation 
indicates merely two straight lines parallel to O^x,. Should 
p be negative^ and^ at the same time> 4 ap be equal to D^, 

y would have but one value f = — — j, and the curve would 

be reduced to a single straight line. Again^ P being nega- 
tive, if 4 AP exceed D^ the value of y will be imaginary, and 
the equation leads to no result. 

51. It has been seen (Art. 43.) that when the equation (a") 
Art. 30. becomes 

Ay^-f Bar^-|-Dy + Ear=P, 

that is, when C=0, the co-ordinate axes O^x^, O^ y, are parallel 
to two conjugate diameters of the curve, and that their 
positions with respect to Ox, OY (two co-ordinate axes 
making right or oblique angles with one another) are indi- 
cated by the equation 

2aVv + 2bVm + c' {u^v-\-v'u)—Oi 

now if ox, OY were parallel ' to some pair of conjugate 
diameters, either at right or oblique angles to one another, it 
is evident that the equation (a) Art. 29. would have a form 
corresponding to that which, in Art. 43., (a'') is assumed 
to have ; that is, it would become 

Ay* + bV* + ©y + E'ar' =p', 

or c' would become zero. It follows that, if one pair of con- 
jugate diameters be referred to another pair, as co-ordinate 
axes, the equation indicating their positions will be 

From this equation we have 

r' b'm V Bfu' 

the negative sign indicating that the angle mpd (Fig. to 
Art. 34.), or «—«>'' ( = y,o,y^ Fig. to Art. 19.), is to be 
considered as a negative quantity ; or that o^x^^ and o^Y^ are 
on opposite sides of o, y''. 
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If ox^^ OT^^ be two conjugate diameters making any angle 
with one another, and ab, a^b' be 
another pair of conjugate diameters, the 
angle x^^OB is that which is designated 
«'; x'^ob' or x'^o a', «"; and x"o y'', oo. 

Now let X, and y, be co-ordinates of 
any point P in ab, with respect to ox'^, 
o y'^ as axes ; we shall then have (Art. 9.), on putting v' and 
u' for their equivalents (Art. 43.), 

also if x,^ and y,, be co-ordinates of any point p' in a'b' with 
respect to ox", oy" we have (Art. 9.), putting v and u for 
their equivalents (Art. 43.), 

V 



Vii -^ ^/z- 



V b' n^ 



But = r-r ; therefore the last equation becomes 

__bV 
^''"" a' I?' ^''' 

Consequently, representing — by y , if the equation for any 
diameter be 

that of its conjugate diameter will be 

__ B' 

52. A diameter is in general considered as a chord passing 
through the centre, and having its extremities in the curve 
line. In an ellipse this is always the case ; but in a parabola 
all the diameters are of infinite length ; and in an hyperbola 
two diameters which are conjugate to one another do not 
meet the same branch of the curve. Thus, let the co-or- 
dinate axes be supposed to coincide, in direction, with any 
two conjugate diameters, when the equation of the curve 
wiU be (Art. 45.) 

B F 

Ay^-f Bx^=F, ory^-i — ar^=:— ; (Ji) 

•^L A. 

then, since all the diameters pass through the origin of the 
co-ordinates, y^qx may be the equation for a diameter; 
and, at the place where the curve is cut by the diameter, 
the values of y and x being the same both for the diameter 
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and the curve, this value of y may be substituted in the 
equation (A), which will then become 

Ag^ + B _F^ 

A ""-a' 

whence x^-z=. — 5— — , or :r= + 



A^2 4.b' " -A/(Ay2^By 

In like manner, eliminating x^^ we have 

2__ Fy^ __ ^ y\/F 

If A and B have like signs (in which case both of theni 
are positive or may be made so), the values of x and y will 
always be real : but when A and B have like signs, the curve 
is an ellipse ; therefore all the diameters of an ellipse cut the 
curve at their opposite extremities. 

If A and B have unlike signs (which is the condition for 
an hyperbola), the denominators of both x and y become 
\/(a5'^— b), and the values of those co-ordinates will be real 
only when Ag-^ is greater than B ; in this case, therefore, a 
diameter will cut the curve. 

But if yz^yar is the equation of any diameter, the equation 
of a diameter which is conjugate to it (the co-ordinate axes 
being coincident with any other pair of conjugate diameters) 
will be (Art. 51.) 

B 

V= X. 

Substituting in (K) the value of y^ obtained from this 
equation, we get, A and B having contrary signs, 

q \/AF 

^"■- V(B2-BAg2y 

or, eliminating ar, 

_ a/fb 

•^"~>v/(AB-A2g2)* 

these values of x and y will become imaginary when Aj^ is 
greater than B ; whereas the co-ordinates of the diameter to 
which this is a conjugate have been shown to be real when 
Ay^ > B. Therefore a conjugate diameter of an hyperbola 
does not cut the same branch as is cut by the diameter to 
which it is a conjugate. 

a. If, in the expressions for the co-ordinates of the dia- 
meters of an hyperbola, Aj'^mB, the values of x in the first 
equation and of y in the other become infinite ; therefore a 
certain diameter of an hyperbola, and one which is conjugate 



a 
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to it meet the curve at infinite distances from the origin of 
the co-ordinates. 

b. Def. 10. A line which meets a curve at an infinite 
distance from the origin of the co-ordinates, is called an 
asymptote. 

c. The equation Aq^=^B relates to an asymptote ; and from 

it we have q^ = — , or q= ±^ — . If, therefore, x, and y, 

be co-ordinates of any point in an asymptote, when referred 
to a pair of conjugate diameters at right, or at oblique angles 
to one other, we have 

for the equation of an asymptote so referred. 

53. Now, let the equation (a") Art. 30. become 

CxyH-DyH-Ex=F, (A) 

in which case a and b, or the sums of the coefficients of y 
and x^ in (a^) are separately zero. 

From the equations thus formed we have 

0'= ^-~ and C'= ■ — ^: 

qt pr 

equating these values of o' we obtain 

A'yr (pq-^rt) = B'pt (pq^rt), 
or h!qr^B!pt. (/) 

On squaring the first value of c^ we have 

c'«=a'2^'+2aV + b'2-'; 
but, from (/) above, 

A^a ^=B^«^2> andO = 2 a'b'-2b'« ^^ 
t^ r^ qr 

therefore substituting, and adding the last equation to the 
result, we get 

\q^ qr r^J 

It follows that 0'^ is greater than 4 a^b% and consequently 
that the curve is an hyperbola. 

Substituting, in the above equation (/), the values of ^, j, 
r, t (Art. 30.), omitting the denominator which is common 
to all the terms, that equation becomes 
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this (Art. 51.) is an equation for two conjugate diameters 
when referred to another pair of conjugate diameters ; and to 
two such diameters the co-ordinate axes o^x^, o^T, are there- 
fore parallel 

But the equation (A) may be put in the form 

Dy E ___ F 
^ ex C—Car' 

Ear D F 

or x-\ h— = — . 

Cy C Cy 

E 

The first, when x is infinite, gives y = ; and the second, 

when y is infinite, gives xzz . Therefore the co-ordinate 

axes are parallel to two conjugate diameters, which meet the 
curve at infinite distances from the origin of x and y : that is, 
they are parallel to two asymptotes. 

a. When the equation (a'^) is reduced to 

Cjry=r, 

the co-ordinate axes are evidently coincident with the 
asymptotes of the hyperbola. 

54. If, in the general equation (a'') Art. 30., the coefiicients 
A and B of y^ and x^ be equal to one another, that equation 
may be put in the form 

y^ + ar* + Cary + Dy + Bar=F; (a) 

and when the co-ordinate axes coincide with two conjugate 
diameters of the curve, so that c=0, D=0, and E=0, the 
equation becomes 

y^-\'X^-=iY\ 

this is manifestly the equation for a circle in which {x and y 
being, with respect to the centre, the rectangular co-ordinates 
of any point in its circumference) r represents the square of 
the semi-diameter. 

Hence if, in the general equation (a'') Art. 30., and in the 
several transformed equations in Articles 41. 43. 44. and 45. 
we have a=1 and Bz=1, those equations will appertain to a 
circle : the first, when the co-ordinate axes have any position, 
and are inclined to one another at any angle, and the three 
last when the axes are at right angles to one another, and are 
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either parallel to or coincident with two diameters of the 
circle. • 

If ox, OY be co-ordinate axes in any 
position^ making with one another an 
angle represcntol by p, c the centre and 
p any point in the circumference of the 
circle ; then a and /3 being the co-ordinates 
of the centre, we have 

r>(-cp«) = (x_o)« + (y-i8)« + 2(x-o)(y-^)co8.<^, (Pl. Trigon. Art.57. 6.) 

or y^ + a:' + 2 cos. <p.xi/—2 (j3-|-a)co8. p.y— 2(/3 + a) cos. (p. a: 
= r»— (a» + /3*-|-2a/3 cos. f): 
corresponding to the equation {a) above. 

a. In a curve of the second order each of two conjugate 
diameters is (Art. 38.) parallel to the chords which are bisected 
by the other; and (Euc. iii. 3.) any diameter of a circle is 
perpendicular to the chords which it bisects : it follows that, 
in a circle, all the diameters which are at right angles to one 
another, are conjugate diameters. 

55. The equations (a) and (a") Arts. 29, 30., with those 
which have been assumed as modifications of them, having 
the same forms, whether the co-ordinate axes form right or 
oblique angles with one another ; it follows that, when these 
axes are parallel to, or coincident with any pair of oblique 
conjugate diameters, the properties of the curves deduced 
from the relations between the co-ordinates of any point re- 
ferred to those axes, will correspond precisely to the pro- 
perties deduced from the relations between the co-ordinates 
of a point referred to axes which are parallel to, or coincident 
with the transverse and conjugate axes of the curve. There- 
fore, in the following propositions, no distinction of cases 
with respect to the oblique diameters and the axes is made, 
except when the subject relates in particular to these last. 
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CHAP. III. 

PEOPERTIES OP THE CONIC SECTIONS. 

Proposition I. 

56. To find the equations for an ellipse in terms of 
any two semi-conjugate diameters ; the origin being 
at the centre. 

The equation for an ellipse, when a point in the curve is 
referred to two conjugate drnmetcrS) is (Art. 45.) 

Ay*+Bar*=;p; wkence y'= -— - x*. 

In the figure let ab, A'B','be any two conjugate diameters, 
and o the origin of the co-ordinates : a' ■/■ r 

let OA, or OB, be represented by a, 
and oa', or ob', by b: also, P being 
any point in the curve, and the ordi-c| 
Date PR being drawn parallel to a'b', b 
let OR be represented by x, and rp 
byy. 

Each of the co-efficients a and b, and the term f remfuning 
the same, whatever values be assumed for either of the 
variables :r or y ; let, in the first place, x=0, and afterwards 
y=0 : now, when x=0, we have 

and when y=0, j:*f =- J = a*; 

, B l>^ 

hence -= -j. 

Substituting these values in the equation for y*, that equation 

becomes tf'=b' ^x', 

which may be put in the form 
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The same equation is also frequently put in the form 

1^ + |-'= 1, or a« y« + 6^ x^=a^ b\ (b) 

a. Since y=0 when x becomes either + a or— a, and x=0 
when y becomes + &> or— i; also, since y cannot become 
greater than i, nor x greater than a in the equations (a), 
without X in the one case, or y in the other, becoming 
imaginary, it is evident that the curve line returns into itself, 
and, when b is not equal to a, it has an oval form. It is 
evident also that for each equal value of x, one positive, an 
the other negative, there is a positive and a negative value of 
y equal to one another. Thus, or' being equal to or, the 
ordinate R'Q, drawn parallel to a'b', will be equal to pr; 
and OP, and OQ, being joined, the alternate angles at R and 
r', p and Q will be equal to one another respectively ; there- 
fore, OQ=OP, the angle por=qor', and OQ, OP, are in a 
straight line. Consequently, the line PQ, joining the opposite 
extremities of two equal ordinates, passes through o (where 
x=0, and y =0), and is a diameter of the curve. 

The above equations hold good, whatever be the two con- 
jugate diameters ; and, if the transverse and conjugate axes 
CE and zz' of the ellipse be taken for the axes of the co- 
ordinates, it is evident, being at right angles to one another^ 
and the ordinates Pr, Qr\ each at right angles to C£, that 
the axes will divide the curve into four parts, which are 
similar and equal to one another. 

b. If Azr B we have b=ay and the equation 

b^ 
y^ = —2 («^— ^^) [(«) above] becomes y^=a^—ar*, 

the equation of a circle of which a is the radius. 

In this chapter, where it may be necessary to make the 
distinction, a and b will be put to represent any two conjugate 
semidiameters ; t and c the semi • transverse, and semi-conjugate 
axes of a conic section. 



Proposition II. 

57. To find the equations for an hyperbola in terms 
of any two semi-conjugate diameters ; the origin being 
at the centre. 

The equation for an hyperbola, when a point in the curve 
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18 referred to two conjugate diameters, is, (Arts. 45. and 48. 
b. c,)y supposing A to be negative, 
— Ay^ + Ba:^=F; whence 

^ A A 

In the figure let ab, a'b', 
be any two conjugate dia- 
meters, o the origin of the co- 
ordinates, and P any point in 
the curve, and let the ordinate 
P R be drawn parallel to a'b' : 
then the semi-diameters being 
represented as in Prop. I., 




when 



^ = 0, f ( = --)= -P, 



and when y=0, x^ /=— jrrra^j 



hence 



P 



A^a^' 



Substituting these values in the equation for y^ that equa- 
tion becomes 

b^ 

which may be put in the form 



(«) 



also in the form 



^-^ = 1, or b^x^^a^y'^an'' 



a 



Again, if b were made negative in the first equation ; that 
is, if 

A F 

Ay^--Bar^=F, or x^ y2= ; 

B B 

we should, by proceeding in like manner, obtain 

"'*= r. (y*— **) or|- — -* =1, or a*»«— 6«a;2=a« J«, 



or again 



*" 



y=-,(^+«'> 



W 
W 



a. From the first of the equations (a) it is manifest that, 
while x has any value between zero and a ; that is, while x, 
either positive or negative, is less than OA or OB, the value 

E 
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of ^9 an ordinate to a b, is imaginary. The value of y is real 
when X is greater than a, and it beeomes infinite when x is 
infinite : also, for every value of ar, both positive and negative, 
there are two equal values of y, the one positive and the 
other negative ; and hence the curve has infinite branches, 
PEQ, p^CQ', extending from a towards x, and from b to- 
wards x'. 

The transverse and conjugate axes CE, zz', of the hyper- 
bola, being at right angles to one another, it is evident that 
the branches EP, eq, cp', cq' are similar and equal to one 
another, 

h. What has been said of the curves PEQ, p'CQ' is true 
also of the curves p"zq", v"'z'ql" \ these are designated by 
the equations {h'\ in which it is evident that ar, an ordinate to 
a'b^ is imaginary, while y is less than d, that is, less than OA' 
or ob'. 

Each of the curves last mentioned is called a conjugate 
hyperbola with respect to each of the parts PEQ, p^CQ'. If 
the transverse and conjugate axes CE, zz' of an hyperbola 
are equal to one another, the first equation (a) will become 
{t representing oe, and, in this case, oz also) 

Such an hyperbola is said to be equilateral 

The equation y^ = —^ (x^—a^)^ which appertains to either 

of the curves peq, p'cq', may be transformed into the 

equation ^^= -T2 {y^'^^% which appertains to either of the 

branches p^^zq^', ^"tIq!"^ of the conjugate hyperbola on 
putting 3^ for y^ and y^ for a:^, also c^ for h^ and h^ for a*, the 
co-ordinates x and y being on the same axes ox, OT re- 
spectively in both cases ; but it is necessary to observe that, 
in the first case, y represents pb; in the other, and also in 

the equation y^ = -^ (^^ + a^), it represents ep'' or oe'^ 

If OE^^ be represented by ar, and e"p'^ byy, the first equa- 
tion (a) may be transformed into the corresponding equation 
for tne conjugate hyperbola by simply putting a for h and h 
for a ; when we shall obtain 

c. Since, for an hyperbola, a and b have contrary signs. 
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B i^ . , 

and that — = -g, in which a and b are any conjugate diame- 

ters ; it is evident that if a^ represent the square of any semi- 
diameter, the square of the conjugate semi-diameter must be 
represented by — ^^ or the conjugate diameter itself by >/ —i^ 
or by i a/ — 1 : and thus the conjugate diameters in an hyper- 
bola are considered as imaginary. 

58. From the equation (iv) Art. 44. a., or its equivalent 

•^ A A A* 

there may be found, in terms of two conjugate semi-diameters, 
an equation for an ellipse or hyperbola when the origin of 
the co-ordinates is at one extremity B of a diameter ba; one 
of the co-ordinate axes being co-incident in direction with 
that diameter, and the other parallel to the conjugate diameter ; 
consequently (Art. 38.) a tangent to the curve. 

In this case, when a: = 0, we have y = 0, and therefore 

— = (as in Art. 49.) ; also when x = a, y = b; and when 

a:=2a, y=0. 

Substituting these two last values of x and y successively 
in the equation, and reducing, we get (a and b having like 
signs) for the ellipse. 



* Thus : Sabstituting in the equation (it) aforx^ and b for ^, that 
equation becomes, - being zero, 

A A 

Substituting in the same equation 2 a for or, and for y, it becomes 

A A 



Doubling the first of these equations and subtracting, 

2ft«— - 2a2=0 ; whence - =— ^ : 
A A a* 

also, quadrupling the first and subtracting, 

4b'i-\ — 2a =0: whence- = . 

A A a 

Substituting these values of- and- , and observing that- «= 0, the ori- 

E 2 
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The corresponding equation for the circle is (a being the 
semi-diameter) 

y^=2ax — x\ 

If A and B have unlike signs we may obtain from (iy) in 
a similar manner^ for the hyperbola (see the note), 

f=^,(2ax+x^), (J) 

But these equations for the ellipse and hyperbola may be 
obtained more readily on substituting a—x for x in the 
equation 

and a + a; for a? in the equation 

y= ^, (x«-a«). 



59. Since, in the ellipse and hyperbola — represents 3, it 



B ^ 6« 

— represents - 
A * a 

follows that the equation 

y/ = ± ^/ ^- (Art. 52. c.) 

of an asymptote referred to two conjugate diameters becomes, 
omitting the sub-accents, 

y=±-xy0rx= ±j y, 

which, when the conjugate semi-diameters are the major and 
minor axes of the curve, is 

y=±-x, ora:=±— y. 
t c 

60. Cob. The double sign prefixed to the values of y indi- 



ginal equation becomes 
whence, for the ellipse, 

In a similar manner, for the hyperbola, making the above value of 

-negative (a and b having unlike signs), may be obtained the equation 

b'i 
y2= —(2ax+x'i). 
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cates that for every value of x there are two equal values of 
that ordinate. 

Thus, let ox, OY be co-ordinate axes coincident with 
two conjugate diameters of an hyper- 
bola ; then, for every value of a: ( = o r) 
there will be two equal values (rt and 
rt') of y, the points t and t' being in 
the asymptotes oz, oz^. But for every 
value of X there are (Art. 57. a.) two 
equal values of the corresponding ordi- 
nates (rp, rp') of the hyperbola; there- 
fore, taking equals from equals, pt = 
p' t'. Thus when any chord in an 
hyperbola is produced to meet the asymptotes, the segments 
between the curve and the asymptotes are equal to one 
another. It follows also, vav^ being a tangent at A, that 
AV=:AV^ and that each is equal to b. 

Proposition III. 

61. To find the equation for an hyperbola with 
respect to the asymptotes in terms of the transverse 
and conjugate axes. 

From Art. 53. a. we have, when the co-ordinate axes are 
coincident with the asymptotes 
ox, OY of an hyperbola, 

Cory = F, 

which may be put in the form 

xy = y/ 

Now let OA be the semi-trans- 
verse axis of the hyperbola and oz, 
at right angles to it the semi-conju- 
gate axis; and let the asymptote oy be referred to these 
axes ; then the equation of the asymptote will be 

consequently, when r,=t ( = oa), y, = ± <? ( = av or av^ drawn 
through A at right angles to o A, to meet O Y and ox). Now, 
in the triangles VOA, aov', av=av', oa is common, and 
the angles OAV, OAV^ are right angles; therefore the angle 
TOV^ between the asymptotes is bisected by OA; also YOx' 
is bisected by oz. Next, ak being drawn parallel to ox and 
AH to OY, it may be proved that OK, k v, K A, OH, h v^ ha 
are equal to one another ; for the angle vo v^ being bisected by 

E 3 
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OA and the alternate angles at A being equal; the angles 
AOK, OAK (=aoh) are equal to one another, and conse- 
quently OK=KA ; in like manner OH=H a, and the triangles 
OKA, OHA being equal, OK=OH, &c. ; also OAV being a 
right angle, yak and AV K are each equal to the complement 
of aok; therefore kv=ka, and similarly'HV'=HO=HA. 
But ov2(=oa2 + av2) = ^« + c^, and OK« = iOY^; there- 
fore okS oh^ and ha^ are each equal to J (^*-f c^). Now 
OH and HA are particular values of x and y, the co-ordinates 
of the curve referred to the asymptotes; therefore, xy (=f') 
being constant, 

If the second member be represented by wi*, we have 

62. Cor. If any number of parallelograms, as op, OP', be 
formed by drawing lines, as PQ, P'Q', parallel to the asymp- 
tote OY, those parallelograms will manifestly be equivalent 
to one another ; for the angle YOX being common to all, let it 
be represented by w ; then on and ha being each represented 
by j», OQ or oq' by x, and QP or Q'P' by y, on multiplying 
both members of the above equation by sin. w we have 

xy sin. mzzm^ sin. a: 

and (PI. Trigon. Art. 75. a.) these members denote, respect- 
ively, the areas of the parallelograms op, or op' and kh: 
thus the equivalence of the parallelograms is proved. 

a. Since x and y represent the co-ordinates of any point, 
as P,P', &c., it is evident, from the equation xy^m^y that 
among the co-ordinates of points in the hyperbola, with 
respect to the asymptotes, there exist the following propor- 
tions : — 

OH : OQ :: pq : ok, oh : oq' :: p'q' : ok, &c.; 

whence 

oh. ok=oq. pq=oq'. p'q', &c., 

or OH, OQ, oq', &c. are reciprocally as ok, pq, p'q', &c. 

Proposition IV. 

63. To find the equation for a parabola in terms 
of an abscissa or segment of any diameter and the 
corresponding ordinate. 

The equation for a parabola, when one of the co-ordinate 
axes coincides with a diameter and the other is parallel to 
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one of the ordinates of that diameter^ or coincides with a tan- 
gent to the curve at the extremity of the 
diameter (the origin of the co-ordinates being 
then at that extremity of the diameter), is 
(Arts. 46. a. and 49. ), 

Let OX, OT be the co-K)rdinate axes, and x 
MON a portion of the parabolic cnrye. Let 
any segment OR, of ox, be represented by ^^^o 

a; RP, the corresponding ordinate, by b; 
that is, when jr=a, let t/=^b. Then the equation becomes, 
(e being conisidered as negative), 

Ab^=zi&a: whence — — — . 

A a 

Therefore, by substitution, 

y»=~ar. (a) 

If the origin of the co-ordinates were at A in xo produced, 
an equation for the parabola, in the like terms, might be 
obtained from the equation 

Ay^ + Ear=P; 

or, more simply (representing ao by w, and ar being y), by 
substituting a:'— w for x in the equation above for y^; which 
gives, a and b having the same values as before, 

b^ 

64. The equations for an ellipse, an hyperbola, and a* 
parabola, may be converted into proportions, in which form 
the relations between the co-ordinates x and y are frequently 
stated. Thus, 

From (a) Art. 56. we have a^ : P :: a^—x^) : y% 

or n^ : b^ :: {a-^-x) (a—x) : y^, 

or again, from (a), Art. 58. a^ : b^ :: 2 ax-^-ar^ : i/\ 

From («) art. 57. we have a^ : b^ :: r*— a^ . ^^ 

or a^ : P :: (x-\-a) (x — a) : y^ 

or again, from (b), Art. 58. a^ : b^ :: 2 ax-\-3^ : y^i 

and from (a) Art. 63. we have a \ b^ :\ x : y^. 

In the six first proportions, or those which appertain to 
the ellipse and hyperbola, the terms a^—x^ and 2 ax^-a^y 
3?--c^ and 2 ax-\'X^ denote the products of the abscissae or 
segments, between the place of the ordinate y and the two 
extremities of the diameter. Of these curves, therefore, it 

E 4 
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may be stated that the products of the abscissce of any dia- 
metery are to one another as the squares of the corresponding 
ordinates. The last proportion, or that which appertains to a 
parabola, indicates that the abscissce of any diameter are to one 
another as the squares of the corresponding ordinates. 

a. Cor. to the proposition. If a tangent at the extremity 
of a diameter, as A b of a parabola, be cut in any points T and 
T' by diameters drawn through points, as P and P' in the 
curve, we shall have 



/2 



PT : p't' :: at^ : at 

For drawing ordinates PR, P'R' to the diameter ab, these 
will be parallel to at', and the diameters 
being parallel to one another, the figures 
RT, r't' will be parallelograms; hence 
AR, ar' will be respectively equal to 
TP, t'p' and RP, r'p' to at, at'. Now 
(as above) a r : a R' :: r p^ : r' p' ^ ; 
therefore, substituting equals for equals. 



f2 




PT : p't' :: at* : at 

65. Def. 11. A third proportional 
to any diameter and its conjugate, is called the parameter of 
that diameter. 

Thus, in an ellipse or hyperbola, a being any semi-diameter 
and b one which is conjugate to it ; also, p representing the 
parameter of the former diameter. 



2a : 2b :: 2b : p; 



consequently 



p- 



2b^ 



a 



In a parabola, a, on any diameter, being an abscissa 
measured from the vertex or intersection of the diameter with 
the curve line, and b the corresponding ordinate, the propor- 
tion is 

a : b :: b : p ; 

therefore the parameter of any diameter of a parabola is ex- 
pressed by — . 

The parameter of the transverse axis of an ellipse or 
hyperbola is sometimes called the latus rectum. Also a con- 
stant line appertaining to any curve, or a term in the 
equation for any curve, which, on being made to vary, adapts 
the equation to other curves of a like kind, is called a 
parameter. 
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Proposition V. 

66. To find a point in any diameter of an eUipse, 
an hyperbola, or a parabola, through which a chord 
being drawn paraUel to the conjugate diameter, such 
chord shall be equal to the parameter of the former 
diameter. 

Let AB, a'b^ be any two conjugate diameters of an ellipse^ 
with which the co-ordinate axes 
ox, OY coincide, and let pq, 
equal to the parameter of A b, be 
a chord parallel to a^b'; it is 
required to find in ab the point 
B, in which PQ cuts that dia- 
meter. 

Let OA=a, OA!=hy and OR = 
XI then RP, or y, (equal to half 

the parameter of ab) = — . 



Fig. 1. 




a 



By the equation for the ellipse, (a) Art. 5^.^ we have 

hence a^ — a^=- ^^, or ^^ = a^ — ^2, or ^ = + *J{c^ — h^\ 

The double sign indicates that there are two equal values 
of or, OR and OR', through which chords being drawn parallel 
to a'b', each of them wiU be equal to the parameter of ab. 

When the diameter and its conjugate coincide with the 
transverse and conjugate axes EC, zz' of the ellipse, t and c 
representing the semi-axes, we have 

x'^^t^—c^, or a?= ± a/(^^--c2). (w.) 

The points r and f' on ce, at distances from o equal to 
this value of a;, are points 
through which chords p'q', 
p^'q'', drawn perpendicular to \^ ^ 
CE, are each equal to the pa- N^ 
rameter of the axis EC. 

For an hyperbola, the co- 
ordinate axes ox and oy coin- 
ciding with any two conjugate 
diameters, on using the equa- 
tion 



Fig. 2. 
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h" 



a' 



(x^— a^)=yS 



[ (Art 57.] 



M 



and substituting for y^ (=:rp^) its equivalent -, (the square 
of half the parameter of ab), we have 

hence x^^a^-h\ or x^ ( = OB^)=a^ + 6^. 

When the conjugate diameters coincide with the axes C£, 
z z' of the hyperbola, a?^ = ^^ + c», or ar = ± ^/{i^ + c*) : (») 
the two values of a; (of and OF^) are on the transverse axes 
produced ; and if at the points f and p^ chords be drawn 
perpendicular to ce, each of those chords is equal to the 
parameter of the axis. 

For a parabola, the co-ordinate axes ox, or coinciding 
with any diameter and with a tangent to 
the curve at the extremity ; on using the 
equation 

^- x=y\ [(a) Art. 63.] 

and substituting for y' (=bp^) its equiva- 
lent j-2 the square oi half the parameter 
of ox (Art 65.), we have 

- aj=:T— 5,or a?(=OB)=-r- » (p) 

When the diameter ox coincides with the axis ab of the 
curve, a like expression wiU be found for x (=af); and at 
the point F the chord p^q^ at right angles to ab> will be 
equal to the parameter of the axis. 

67. Dep. 12. A point, as F, or f', on the transverse axis 
of an ellipse or hyperbola, and on the axis of a parabola, 
through which a chord being drawn perpendicularly to the 
axis is equal to the latus rectum, or parameter of the axis„ 
is called a focus. 

It is manifest that an ellipse or hyperbola has on its trans- 
verse axis two foci, which are at equal distances from the 
centre : a parabola has but one focus. 

68. Def. 13. The distance (of, or of') of a focus from 
the centre of an ellipse or hyperbola is called the excentricity 
of the curve. The excentricity is generally represented by e^ 

69. From the equation (m) Art. 66. we have 

e^(=^^-c^)=(f-fc)(^-e). 
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or the excentricity of an ellipse is a mean proportional be- 
tween the snm and difference of the semi-axes. 

70. In an ellipse, also, since (Fig. 1. to Art. 66.) 

FZ^ ( = OF2 + OZ2)=e2 + c2^ 

and from this proposition ^=e^ + c^ it is evident that 

PZ^ = f2, or FZ=±f; 

or the distance of either focus from either extremity of the 
conjugate axis is equal to the semi-transverse axis. 

71. From the equation (n) we have e^^t^ + c^; 

and since (Fig. 2. to Art. 66. ) EZ^ ( = o E^ + o z2)= fi + c\ it is 
evident that 

EZ^ = e^, or EZssHhc; 

or the length of a line joining either extremity of the trans- 
verse to either extremity of the conjugate axis of an hyper- 
bola, is equal to the excentricity. 

72. From the equation (/?) it is evident that, on any dia- 
meter of a parabola, the distance from the extremity of that 
diameter to the point through which is drawn a chord parallel 
to the ordinates, and equal to the parameter of that diameter, 
is one-fourth of that parameter : and the distance from the 
focus to the extremity of the axis is one-fourth of the para- 
meter of the axis. 

If/? represent the parameter of any diameter of a parabola, 
the equation (a) Art. 63. may be put in the form 

Scholium. An ellipse, an hyperbola, or a parabola being 
given, the axes and foci may be found geometrically, thus : 

1. For an ellipse : draw any two chords, as ab^cdy (Fig. 1.) 
parallel to one another ; and having bisected them mp and q^ 
draw through those points a straight line to cut the curve in 
opposite points, as P and Q: this line will (Art. 35.) be a 
diameter ; and, bisecting it in o, the point o will be the 
centre of the curve. With o as a centre, and op as a radius. 



Fig. 2. 





describe the circular arc pm : bisect this arc in R, and throu^K 



N 
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OR draw the diameter CE: this will be perpendicular to a 
chord, or double ordinate, joining P and M ; therefore it will 
be one of the axes, and if the circular arc pm fall within the 
ellipse, as in the figure, it will be the transverse axia The 
diameter zoz', at right angles to CE, will be the other axis 
(the conjugate axis in the figure) : and if from z as a centre, 
with a radius equal to OC or OE, arcs be described cutting 
the transverse axis at F and f', these points will (Art. 70.) be 

the foci. 

2. By a process exactly similar to that which has been 
described may the axes CE, zz' (^Fig. 2.) of an hyperbola be 
found ; and making o F, O f' eacn equal to E z, p and f' will 
(Art. 71.) be the foci. 

3. For a parabola : draw any two chords ahy cd parallel to 
one another ; bisect them mp & ^ ^ 
and q^ and draw a line through ^^ 
those points. This line will /^^j^/ 
(Art. 35.) be a diameter. Per- pT^^_,__ 
pendicularly to p q draw a Yy l 
chord as PM, and produce it ; ^/'" | 
bisect PM in R, and through r ^ 
draw a line, as VR, perpendicularly *to pm: this will conse- 
quently be the axis. Make rn equal to twice VR, and join 
T, N, VN will cut the curve in some point as Q : draw a line 
through Q parallel to PN, cutting the axis VR in r ; then, by 
the similarity of the triangles vrn, vpq, and since rn= 
2 VR, the line fq=2vf : consequently (Art. 72.) the double 
ordinate at f is the parameter of the axis, and F is the focus 
of the curve. 

Proposition VI. 

73. The equation for a diameter of an ellipse or 
hyperbola being given, to find the equation for the 
conjugate diameter. And the equation for a chord 
of a parabola being given, to find the equation for 
the diameter which bisects it. 

It has been shown (Art. 51.), that if the equation for any 
diameter of a conic section be represented hy y^^^qx^^ the 
equation for a diameter conjugate to it, when referred to 
another pair of conjugate diameters, as axes of the co-ordi- 
nates, will be 

B 
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Now, in the ellipse, - = -^ ; or, when the conjugate dia- 
meters to which the first pair is referred are the axes of the 

B c^ 
curve, - = ^ ; therefore the equation for a diameter of an 

ellipse being 

the equation of the conjugate diameter will be, with respect 
to any other pair of conjugate diameters, 

y,,= — ^ x^^f or with respect to the axes, y^^= ""TS" *//• (^) 

In the hyperbola, B and A having contrary signs, we have 

a"" a^' 

therefore, the equation for a diameter being y,=qx^9 the 
equation for the conjugate diameter will be, with respect to 
any other pair of conjugate diameters, 

y«= -,- */„ or with respect to the axes, y,,=^ *,, • W 

In a parabola, the equation for a chord being given, the 
equation for the diameter which bisects it may be found in 
the following manner. 

Let PQ be any chord, and let QX, 
QY be co-ordinate axes, the former 
being a diameter, and the other coin- 
cident with a tangent to the curve L 
at Q, or parallel to the chords which 
are bisected by QX: also let ab be 
a diameter bisecting pq in Ai. 

The equation of the chord may be 
represented by y=qx\ 

and, jp representing the parameter of the diameter Q x, we 
have (Art. 72.) y^(=5* for the point P, PR^)=;?a?. 
From the equation of the chord we have, for the point p, 

j:=^ ; therefore substituting. 

But the ordinate (mn) of ab, with respect to QX, is con- 
stant and equal to the half of PR; therefore, representing 
that ordinate by y', we have, for the equation of the dia- 
meter ab, 
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Hence, q being equal to ^^, if the equation y^^qx^^ of a 

diameter were given, this value of q might be substituted in 
it, and we should have 

y,= ^x,ory, = 2^a:, (c') 

for the equation of the chord which is bisected by the 
diameter. 

74. Cor. In the ellipse and hyperbola, q the co-efficient 

t/ 
of X,, in the equation of a diameter, represents — , the ratio 

of the sines of the angles which the diameter makes with the 
two co-ordinate axes (Art. 43.), or it may represent the 
ratio of the co-ordinates of any point in that diameter ; and, 
when the co-ordinate axes are the transverse and conjugate 
axes of the curve, the angles just mentioned are complements 
of one another, in which case q becomes the tangent of the 
angle which the diameter makes with the transverse axis. 
Let this angle be represented by 9 : then the equation of the 
diameter bbing 

y^r=: x^y tan. 9, 

the equation of its conjugate diameter will be, (a) Art 73., 
for the ellipse. 



y// = — ^// 

n 



C^ 



^ tan. «• 

,2 



Now Tj-T -. represents the tangent of the angle iirhich the 

conjugate diameter makes with the transverse axis of the 
curve : let this angle be represented by 6^. Then, for two 
conjugate diameters referred to the axes of the ellipse. 



c^ .. c^ 



^^lanTfi "" ■"*^- *'^ or 72 = - 1^- « tan. «^ 
or, again fi sin. i sin. 6^= -^c^ cos. i cos. i\ 
For the hyperbola we have 

t^ sin. 6 sin. 9' = cr^ cos. 6 cos. i\ 

The first member of each of these equations is equivalent 
to the rectangle or product of two perpendiculars let fall 
from one extremity of the transverse axis of an ellipse or 
hyperbola on two conjugate diameters which make with that 
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axis angles equal to S and i\ and the second member of each 
is equivalent to the rectangle or product of two peri)endicu- 
lars let fall from one extremity of the conjugate axis upon the 
same conjugate diameters. It follows that the two rectangles 
are equivalent to one another. 

Pboposition VII. 

75. To find the length of any semi-diameter of an 
ellipse or hjrperbola in terms of rectangular co-ordi- 
nates. 

Let CE^ zz^ be the transv.erse and conjugate axes of an 
ellipse^ o its centre, and let oa be 
any semi-diameter. The co-ordi- 
nate axes being supposed to coin- 
cide with the axes of the curve, ar 
drawn perpendicularly to oe, will ^1 
be an ordinate to the transverse 
axis. 

Let OE be represented by ^, oz 
by c and Oa by a ; then, (a) Art. 56, 

y«(=AB*)=^(<«-:r') 

adding x^ (=0R^) to the second member, we have 

a^ (=OaO = j^ = ^ ^; (a) 

or introducing the excentricity, by putting ^^^e' for c^, and 
^ for ^2— c2 (Art. 69), we get 

a — ^2 

Or, when ^ = 1, putting e ( = —•) for the excentricity. 

For the hyperbola, in which y^ — (^r^— ^^^^ ^^^ ^i^^ 57^ 

we get 

2 if^i?) x^--t^ c^ _ ^ z^-fi {^-^) 

or when ^=1, 

a^-\^€f^-\-e'^x^. 



iP) 
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Proposition VIIL 

76. To find the length of any semi-diameter of an 
ellipse or hyperbola in terms of polar co-ordinates. 

Let the angle eoa, in the above figure, be represented by 
$ ; then a representing OA, and x being put for OR, since 
a COS. fl = j: ; on substituting a cos. 6 for x in the equation 
(a) Art. 75. the latter becomes 

/7* =: ^ • 

whence fia^=:t^c' + (t^ - c^) a^ cos.^ fl, 

or t^ a^ -(^ -c2) a« cos.« 9 = ^ c^ ; 

consequently, 

""' = ^-(^3l^)cos.«9' ^""^ 

Or, introducing the excentricity in the denominator by put- 
ting e^ for ^ — c^ ; we have 

which, when ^=1, putting then e^ for the excentricity, 
becomes, since, from Art. 69. fi^e^=c^y 

a* = 



l-e'2cos.^«' 



For the hyperbola, putting a cos. fl for ar in the first of the 
equations (b) Art. 75. the latter becomes, after reduction, 

""' " (^Hc«)cos.««-^« ' (*^ 

or, introducing the excentricity in the denominator, 

which, when ^=1, putting e^ for the excentricity, becomes 

e"^ co8.2 9-r 

The value of a in the hyperbola becomes evidently infinite 
when e^ C0B.^i = fiy or c'^ cos.^ 9=1. 

The equations (b) Art. 75. and (b) above may be derived 
from (a) Art. 75. and (a) above, respectively, by merely 
changing the signs of cK 
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The equation (a) In this proposition may be again trans- 
formed as follows : — 



a2 = 



fi (^ . t^ c 



, or — ^ . J . 2 ^-,« 2 /} > v^) 



t^-e cos.« 9 + c^ COS.2 V fi sin.« « + c^ cos.^ T 
and (J) in this proposition may be transformed into 

fl. The length of any semi-diameter as a' o of an ellipse in 
terms of its conjugate semi-diameter ao may be easily found, 
thus: 

Putting y for 6 in (a), we have in an ellipse 
hi (— a'o2^ — — - 

1, - A OJ -^,_(^a_^2) cog^2 J/ 

in which for cos.^ 9', putting its equivalent^ — 7 — ^^ (PL Tri- 
er* 
gon. Art. 24. e.) and for tan.^ 9' its equivalent rr-^- — ^-j- (Art. 

V tan. V 

74.) there will be obtained, after some reductions, 

_ ^ s in.2 Q ^ g4 (>Qg 2 5 
""f^'sin.'-^d + c^cos.^d' 

Comparing this with the value of a^ (c) we find 

^sin,2^+c*co8.2^ 



J2=a 



fi<^ 



Proposition IX. 

77.. If ordinates be drawn from the extremities of 
two conjugate diameters to any other diameter of an 
ellipse or hyperbola; in an ellipse the sum of the squares 
of the abscissaB from the centre of the curve, and in ati 
iyperbola the difference of the squares of the abscissae, 
will be equal to the square of half the diameter on 
which the ordinates fall. 

Let AB, a'b' be any two conjugate diameters, and let hk, 
MN be any other pair of conjugate diameters ; also let AR, 
b'r' or a'r'' be ordinates on hk: then, in an ellipse, 

OR^ + OR'^ or or2h-or"2=oh2. 

p 
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Let OH=a, OM=ft, OB=x, OR'ziar', AB=y and n'B'^zy'. 



Via 1 





Let the equation for ab^ when referred to KH and MN as 
axes, be yx=y ; then the equation for a'b', when referred to 
the same axes, will be (Art. 73.) 

^ *' ^ ^ 

Now, in an ellipse^ 

ya=l^ (aa^^i) and y'^ = ^{a^ ^x^) [ (a) Art 56.] ; 

therefore, for the point a, q^ x^= — ^(a^^jfl^^ 

and for the point a' or b', -^^^ = -^(a«-a<«> 
From the first of these equations we have 



and from the second. 





\^ 9fU 


' x* ' 


1 ^ 


x^ 


a«-a:2 


afi 



Equating, ^ _^^_^^ 

or a^— a2 a^-a2 ^a ^^ ^/2--^ ^2 . 

whence a2=a:2^.y2^ ^j. ^j^jg j^^ oh*=OB2+OR'*. 

It may be shown in like manner that OM*=OC* + OC'^ 
In an hyperbola, using the equation y^=— rC-^— ^*)' ^* 

will be found that a2=^«— x'*, or (Fig. 2.) OH*=OR*— 0b'« 
also that OM^=oc'^— OC^ 
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Proposition X. 

78. In an ellipse the sum of the squares of two 
conjugate semi-diameters is equal to the sum, and in 
an hyperbola the difference between the squares .of 
two conjugate semi-diameters is equal to the differ- 
ence of the squares of the semi-axes of the curve. 

Let EC, zil be the axes of the curve, ab and a'b' any 
two conjugate diameters ; it is required to prove that 

oa2H-oa'2=oe2 + oz^ 

The ordinates ar, &c. to the transverse axis CE being 

V. Fig. 2. 

Fig. 1. ^, Z 





drawn ; dnce, in the ellipse, (Fig. 1.) the semi-traBSverse and 
semi-conjugate axes being represented by t and c. 



we have 






[ {a) Art. 56.] 



and OA'2(oroB'2)=-^ (^2-a:/J)+^, 

substituting in the last equation ^^— x^ for x'^ (Art, 77.), 

Therefore 

OA^ +OA'2 = fa + c^ ( = 0E2 + 0Z»). 

In like manner, using the equation 

y2=^(^2_^2)^ [ (a) Art. 57.], 

it will be found that in an hyperbola (Fig. 2.) 
OA«-OA'2 = ^2_^2^ ( = 0E^-0z2). 



r 2 
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Proposition XI. 

79. In an ellipse and an hyperbola the parallelo- 
gram formed on any two semi-conjugate diameters, 
as sides, is equal to the rectangle formed on the two 
semi-axes. 





For the ellipse, let oe, oz (Fig. 1.) be the semi-axes, OA 
and OA', or OB, be two semi-conjugate diameters; also let the 
angle aoe = S and eoa' or eob' = 9'. 

Then [ (c) Art. 76.] 

te , . . tc 



OA = -, 



conseciuently 

OA . oa' sin. (d + ^) 



, and oa' or ob' 






V\(t* 8in.« e + c» eo8.« B) (<• sin.' e* + c« co8.« a')] ' 

and (PI. Trigon. Art. 75. a.) the first member of this equation 
is the equivalent of the parallelogram o D. 

On multiplying together the terms under the radical sign, 
the first and last terras of the product, viz. 

^ sin.« 9 sin.* $' and c* cos.* S cos.* «' 

are (Art. 74.) equal to one another; and therefore their sum 
may be considered as equal to twice the product of their 
square roots ; that is to 

2^*c* sin. i sin t' cos. S cos. fl'. 

The sum of the other terms of the product under the 
radical sign is 

^*c* sin.2 J COS.* 6' + fic^ sin.* 9' cos.* «, 

and the sum just mentioned is evidently equal to twice the 
product of the square roots of these terms. Thus the whole 
quantity under the radical sign is the square of the binomial 

tc (sin. i COS. 9'H-co8. S sin. fl'), 

and the denominator of the fraction is (PL Trigon. Art. 31.) 
equivalent to 

^c sin. (9 + 6'). (a) 
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The value of o a. o a' sin. (i + 9% that is of the parallelograin 
OD, is therefore tc^ or the rectangle oe.OZ. 

For the hyperbola, we have [ (c'), Art. 76.], Fig. 2., 

te , tc 

o A ^ —77-= i-5 — ji— : — 5-;7i , and o A = 



-v/(c«co8.«0-*«sin.«e)' -v/(c"co8.««'-(»sin.«e')' 

from which we obtain 

o A . o A sin. Qif p;- ^ ^^^ ^^ , ^_^, ^.^^ ^^ ^^ ^^, ^_^, ^^ ^^^ . 

Multiplying both numerator and denominator of the second 
member by >/ — 1 , that member becomes 

^c^n.(«'-d) v/— 1 



V[{t^ sin. 2fl-.c2 CO8.2 9) {f cos.2 9'-^« sin.^ 9')] ' 

and simplifying the denominator as above, it becomes 

tc (sin. 9' COS. 9— cos. 9' sin. 9), or tc sin. (9'— 9). 

Consequently, o A . o a' sin. (9' — 9) = ^c \/ — 1. 

The imaginary term V — 1 indicates merely that, in the 
hyperbola, the parallelogram od is on the convex sides of the 
branches of the curve. 

Proposition XII. 

80. To find, in an ellipse, the positions of two con- 
jugate diameters which are equal to one another. 

Let t and c represent the semi-axes of the ellipse, and a 
each of the conjugate semi-diameters; then (Art. 78.) we 
have 

whence «^ = ^ (t^ -f c')- 

But it is manifest, from the symmetry of the ellipse with 
respect to the transverse or conjugate axis, that two equal 
conjugate diameters must make equal angles with either of 
those axes ; therefore, if 9 represent the angle which each of 
the equal conjugate diameters makes with the transverse 
axis, we shall have [(a) Art. 79.] 

tc 
c? sin. 2i = tc; whence a^ = - — jr-x. 

sm. 2 9 

Equating, (t^ + c^) sin. 2 9 = 2 ^c, 

and sm. z fl = i^JT^* 

whence 9 may be found. 

f 3 
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a 



Or^ since siil 24=2 sin. ^ cos. i (PL Trigon. Art. 34.) 

2 sin. i COS.* f 



COS. t 



2 ta n. 9 
sec^l 



- or = 



2 tan. < 
1 + tan.* « * 



Substituting this last value of sin. 29 in the equation for 
sin. 2 if we obtain^ after reduction, 

tan. fl= — or . 
t c 

Thus the equal conju^^ate diameters of an ellipse are those 
which are parallel to lines joining the extremities of the 
tninHvers<j and conjugate axes of the curve. 

It is evident from Art. QQ. that when two conjugate dia- 
met<!rH of an ellipse are equal to one another, the chord which 
is ecpial to the parameter of either diameter onncides with 
the (Hmjugate diameter. 

Sinrx! t tan. $ = (? is the equation for an asymptote of an 
liy|H!rb()l}i, it is evident that, in the latter curve, the lines 
which correspond to the equal conjugate diameters in an 
ellipse are the asymptotes, or the two infinite diameters. 



Proposition XIIL 

81. If from one extremity of any diameter of an 
ellipse or hyperbola a chord be drawn parallel to any 
other diameter, then a straight line joining the other 
extremiticH of the chord and the first diameter will 
\)i\ punillel to tt diameter which is conjugate to that 
other diameter. 



Fig 2. 





In an ellipse (Fig. 1.), let CD, ab be any two diameters, 
and let cm be a chord parallel to ab ; then, if m, d be joined, 
MD will be parallel to a'b', which is conjugate to ab. 

Since c M is, by construction, parallel to A b, it is a double 
ordinate to a'b', which is by hypothesis conjugate to ab; 
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therefore CM is bisected by a'b^ in B. But the diameter ciD 
is bisected in o; consequently CM and CD are cut propor- 
tionally in R and o. Hence it follows (Euc. 2. vi.) that md 
is parallel to a^b^ 

In a similar manner the proposition may be proved for an 
hyperbola, (Fig. 2.) 

a. Def. 14. Each of two chords drawn from the extre- 
mities of a diameter to the same point in the periphery of an 
ellipse or hyperbola is called a supplemental chord to the 
other; and chords thus drawn from the extremities of the 
transverse axis are called the principal supplemental chords. 



Proposition XIV. 

82. To determine, in terms of rectangular co-ordi- 
nates, the length of a line drawn from one of the foci 
of an ellipse or hyperbola, or from the focus of a 
parabola, to any point in the curve. 



Fig. a. 




z/ '• 




^ X 



Let o (Fig. 1.^ be the centre, EC the transverse, and zz' 
the conjugate axis of an ellipse : let also F be a focus, and p 
any point in the curve, and imagine PR to be drawn perpen- 
dicular to E C. 

Let OE = ^, oz = c, and OP (the excentricity") = e; then 
the co-ordinate axes, being supposed to coinciae with the 
axes of the curve, we have OR=x, RP=y, and FR=i:— c; 
or if PP is on the other side of the parameter, p'q', fr= 
e+x: the upper or the lower sign being used according as p 
is on the right or left of z. 

Now, (fl) Art. 56., y'=^(''-^'); 

or since c^=:fi^e^ (Art. 69.), 






^_^2^2_^2g2^g8j.2 



T 4 



79 PBOPEBTIE8 OF CONIC SECTIONS. Sjbct. If. 

Adding to the last firaction the value of PB*, viz, 

x^ + 2ex-\-e\ or ^ , 

we have 

o/ o ox t* + 2fiex-{-e^x^ 
FP^(=FR^+RP^) = -—^ ^ ; 

whence p p = — ~ — or r + — . \a) 

When ^=1, ^ being put for the excentricity (=OP) 

FP = 1 + ^.r. 
For an hyj)erbola (Fig. 2.), using the equation 

y*=^ (-f *-<"). [(«)Art57.] 

and^ proceeding in like manner^ OF or OF^ being represented 
by e, also e^— ^S being equal to c^ (Art. 71.) we have 

PF=f^; (A) 

and when ^=1, PF = e'x:pl. 

For a parabola, let it be supposed that MEN (Fig. 2.) is 
part of the curve, f being the focus ; then^ the co-ordinate 
axes being at right angles to one another, one of them co- 
incident with EX, and the origin of the co-ordinates at E, we 
have 

ER=j; and RP=y. 

Putting p for the parameter of the axis we have (Art. 72.) 

y^ ( = RP^) = /?j-, 

But (Art. 72.) ef = ^; therefore FB = ^ —jt; or = x— ^, 

and PR2 = ^-^+a:2: 

adding, we have 

FP« (=fr2 + RpO=^ +¥ + ^'5 

and FPzz-^+ar. {c) 

a, Def. 15. A line drawn from a focus to any point of 
an ellipse, an hyperbola, or a parabola, is sometimes called a 
radius vector. 

83. Cor. In an ellipse, the sum of two lines drawn from 
the foci to any point in the curve ; and, in an hyperbola, the 
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difference of two lines so drawn, is equal to the transverse 
axis. 

For, in the ellipse [(a) Art 82.] fpz: — - — , 

V 

and F P=— : 

t ' 

therefore f' p H- F p = 2 ^. 

In the hyperbola [(J) Art. 82 ] F Pz= — - — , 

and f'pzz ; 

t 

therefore f'p — fp = 2 1 

a. K the conjugate axis zz' (Fig. 2.) of an hyperbola be 
produced in opposite directions, and if double ordinates, p y, 
p'q'y each equal to the parameter of that axis be taken, it will 
be found that f and /', the points in which those ordinates 
cut the axis produced, are each at a distance from o, the 
centre, equal to of or of'. 

For (Art. 65.),//?, or/'/?', being half the parameter of zz', 

oz : oe::oe ://? or//?'; 
whence //?, orf^ p\= - njxd fp^=—^. (a) 

c« c 

But [ (*') Art.57.], fp" = 4 (of-'^) i 
or, representing o/by e, 

Equating the second members of (a) and {b\ we have 

therefore O for o/' is (Art. 71.) equal to the excentricity OF 
or of' on the transverse axis. The points /and /' are called 
conjugate foci. 

h. If lines be drawn from /and/ to any point p' in either 
of the conjugate hyperbolae, it will be found that the differ- 
ence between those lines is equal to the conjugate axis ; 
or /p'— /p'=zz'. 

For or' being represented by y and o/or o/' by e, 

RV»[(J')Art.57.]=J(y*-c*); 

and vJfzrie — y, or R'/^=(c— y)^: 
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therefore /p^ = ^ (y«-c») + («-y)»; 

or, substitating ^--i? for ^ (Art 71.)^ and redmang 

whence fv^-=.-^- . 

In like manner fV-zi —- ; 

consequently f p'— /p' = 2 c ( = z z'). 

Scholium. On this proposition depends one of the methods 
of determining any number of points in the periphery of an 
ellipse, or in the curve of an hyperbola. Let C£ (Fig. l.)be 
the transverse axis of an ellipse ; F and F^, the two foci ; and 
between F and f^ in the same axis take any point m : then, 
with F as a centre, and a radius equal to £m, describe a cir- 
cular arc ; also, with f' as a centre, and a radius equal to c nt, 
describe a circular arc : tliis will intersect the former arc in 
some {K)int, as a. In like manner, taking other points as m\ 
and dcHcribing arcs from F and F^ as centres, with radii equ^ 
to Ktti' and cwi' respectively, there will be found other inter- 
sections, as a\ The points c, a, a\ &c. will, by the corollary 
(Art. 83.), be in the periphery of an ellipse ; and a curve line 
may be drawn through the points so found. 

Again, let C E (Fig. 2.) be the transverse axis of an hyper- 
bola, F and f' the foci ; and beyond F, or f', take any point, 
as 77/, on the axis CE produced. Then, with F as a centre, 
and a radius equal to Em, describe an arc ; also, with F^ as a 
centre, and a rndius equal to Ctw, describe an arc crossing the 
former in a. In like manner, taking other points, as m'y and 
describing arcs from F and f' as centres, with radii equal to 
K;/i' and C/n', there may be found other intersections, as a'; 
the points c, «, a\ &c. will, by the corollary (Art. 83.), be in 
the curve line of an hyperbola. The corresponding branch, 
MEN, may be formed by taking points, as tw'^, beyond F in 
the line CE produced. 

If, on zz' produced there be taken points, as fyf^ at dis- 
tances from o equal to OF or of', the branches yz^, q'ifj/ 
of the conjugate hyperbola may be described by means of 
points, as w, w', taken beyond f or f. Thus, from y as a 
centre, with a radius equal to zw, describe an arc, and from 
f' as a centre, with a radius equal to z'w, describe an arc 
intersecting the former; the point h of intersection will 
[Art. 83. &.] be in the branch qzp. 
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An ellipse may be described by setting up, in a board, pins 
at two points, as F and F^ at a distance from one another 
equal to the interval between the two foci of the required 
ellipse, and attaching to each of them one of the ends of a 
thread whose length is equal to CE, the transverse axis : then^ 
a pencil being kept in a bend of the thread, and moved while 
the two parts of the string are tight, it will describe the peri- 
phery of the ellipse. 

Proposition XV. 

84. To determine, in terms of polar co-ordinates, 
the length of a line drawn from a focus to any point 
in an ellipse, an hyperbola, and a parabola. 





Let CE (Fig. 1.) be the transverse axis of an ellipse, o the 
centre, F a focus, or pole, and p any point in the curve ; also, 
let the angle efp be represented by d, and of by e; then, in, 
the figure, 

X ( = or) becomes e-hPF cos. tf. 
Substituting for PF its value 



we have 

whence 

and 



a-=c4- 



t 



(Art. 82.) 



cos. i ; 



tx^it^ + ^t'-^ex) COS. fl, 

te + t^ COS. Q 
t-\-e COS. d 



x:^ 



Substituting this value of Ji; in that of PF, we have 



/=, ex\ 
pf( ^.-j) = 



t^-e^ 



t + e COS. i t-\-e COS. fl * 



When for 9 in this expression, 180** + 9 is substituted; since 
COS. (180** + 9) =: —cos. 9, we get 



FQ 



t'-e cos. 9 * 
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Hence pf + fq=;= — ^ t-i. 

P — «* COB.* • 

For an hyperbola, we hare (Kg. 2:) 

X (=0B)=« — PF C06. •; 

therefore, substituting the yaliie of pf, tit, — - — (Art. 82.), 

ond proceeding as above, we get 

c^— ^ c^ 



PF= ^ , or 



Z + ecos.** /+«coe.J' 

the same expression as for the radius vector of an ellipee. 

For a parabola, considering men (Fig. 2.) as part of the 
curve, we have (Art. 82.), /? being the parameter of the axis, 

FR= ^— a?; 

and the angle E f p being represented by 4, 

FB(- FP cos. *) = (^ ^X) COS. 1 

K<piating these values of F B, we get 

{ — ^ COS. 9 = jc + X COS. 9 ; 
4 4 

, W 1 — COS. J 

whence -, . .— ; .=r. 

4 1 -f COS. 5 

Hulmtituting this value of .r in ~ i-or, the equivalent of PF, 
wo have 



PF=^ +^ . 



1 — COS. 9^ 
4 "^4 ' 1 + cos. 9' 

which, reduced, gives 

P 

PF=^ /4 -~- 



2(i>cos. 9)* 
For 9 subntituting 180''+ 9, we get 

Hence P f + F q = , — ^-s-- =: ^^ . 

1 — cos.^ 9 sin.^ 9 

86. Cob. 1. If any chord be drawn through a focus of an 
ellipse or hyperbola, half that chord is a third proportional to 
the semi-transverse axis, and the semi-diameter which is 
parallel to the chord. 
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Let P Q (Figs. 1. and 2.) be a chord drawn through the focus^ 
and let A B be a diameter of the curve, drawn parallel to the 
chord : then, as above, both in the ellipse and hyperbola, 



PQ = 



2tc 



2 



^«— e^^cos.«r 



therefore, pq being bisected in b', 

^^■"^2-e2~cosT«* 

But the angle aO£ being equal to pfe, or its supplement, 
we have [ («') Art. 76.] 

^^ -^2.^2 COS. M- 



therefore — — ( = ) = tr\ 

^ \ oe / 



or 



OE : Ao;: AO : pb'. 



86. Cor. 2. Taking the reciprocals of the values of pf 
and PQ, and adding them together, we have, in the ellipse 
and hyperbola, 

1,1 2t 



and, in a parabola. 



PF 

1 



FQ 



,2' 



PF FQ p 



Thus, in the three curves, the sum of the reciprocals of the 
two segments made at the focus on any chord passing through 
that point is constant ; and is equal to the reciprocal of one 
quarter of the parameter of the axis on which the focus is 
situated. 



Proposition XVI. 

87. In an ellipse, or an hyperbola, the rectangle 
contained by two lines drawn from the foci, to meet 
at any point in the curve, is equivalent to the square 
of the semi-diameter, which is conjugate to one pass- 
ing through the point. 

Fijr. I. 
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In the clliptsc and hy|)erbola let F and T' be the foci; let 
AF and AF^ be two lines drawn to any pmnt a in die curve; 
also let A^n^ be a diameter conjugate to ab: then, o bttng 

the centre, 

AF. af'=a'o*. 

The axes of the co-ordinates being coiiicident with the 
tninsver^c and conjugate axes of the curves, imagine as, a'r' 
to be drawn i)er|)endicular to the transverse axis eg ; let 
()K=j:, ou'—x' ; then t and c representing the semi-axes of 
the curve, we have, for the ellipse [ (a) Art. 82.] Fig. 1, 

AF = - ^ , AF'=-^ ; 

t^^e^x^ 
therefore a f . a f' = — -^ — . 

Now [ (rt) Art 75.], a^o»= ' ^^'^^ "" ^"^ ; 
and putting (Art. 77.) t^—x\ for x^\ we have, after re- 
duction a o*= ^ J — - — , or = -^ — , 

which is identical with the value of af. af^ 

In like umnner may the proposition be proved for the 
hyperbola, Fig. 2. 

If AO, and A^O, coincide with the semi-axes of the curve, 
the proposition is manifest, for then (Art. 83.) af and af', 
being equal to one another, will be each equal to the semi- 
transverse axis. 



Proposition XVII. 

88. If a straight line be drawn perpendicular to 
the transverse axis of an ellipse or h3^rbola, inters 
seating that axis in a point at a distance from the 
centre of the curve, which is a third proportional to 
the excentricity and the semi-transverse axis; the 
length of a line drawn from a focus to any point in 
the curve is, to the perpendicular distance from that 
point to the line first drawn, as the excentricity is to 
the semi-transverse axis. Also, if a straight fine be 
drawn perpendicular to the axis of a parabola, at a 
distance from its extremity equal to the distance of 
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the focus from the same point ; the length of a line 
from the focus to any point in the curve is equal to 
the perpendicular distance from that point to the line 
first drawn. 



Kig. u 





Let EC (Figs. 1. and 2.) be the transverse axis of an ellipse 
or hyperbola, o its centre, P a focus, and p any point in the 
curve ; also in C E, produced if necessary, let a point D be 
taken so that 

OP : oe::oe : on, 

• 

and through D a line MN be drawn perpendicular to CE ; then 
joining F, P, and drawing PQ perpendicular to mn, it will be 
found that 

OF : oe::pp : pq. 

Let t represent the semi-transverse axis, e the excentricity, 
and X the abscissa OR corresponding to p; then (Art. 82.) 

in the ellipse, pp= — - — : 

but by hypothesis, e : t :: t : — (=od), 

and consequently rd, or pq, 

fi^ fi + ea^ 

=— + x, or : 

e e 

the negative sign being used when PR is between o and E, 
and the positive sign when it is between o and c. 



Therefore 



or 



1 1 
pp : PQ :: --- : -, 
t e 

FP : TQ :: e : t. 



The like result will be obtained for the hyperbola, on 

BX jT ^ 

putting — J— for PF (Fig. 2.), the equivalent of rd being 



ex -\- fi 



e 



• In this curve the line MN falls between o and E ; 
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and, in both curves there is ako a line cogrB y ooJmg to xir 
on the oppoeite side of o. 

a. For a parabola, supposing HEK C¥ig» 2.) to be part of 
such a curve, eb now representing x, Vd p being tbe par»- 

njcter of the axis, 



pf((c)82.) =^+x: 



^P . 



but by hyiKithesis, de = EF and (Art 72.) ef = ^ ; 

therefore dr, orQP, = ^+x; 

4 

consequently fp = pq. 

89. J)kf. 16. A line drawn perpendicular to the trans- 
verse axis of an ellipse or hyperbola, or to the axis of a 
[mralxJa, and at such a distance from the vertex of either 
curve, that lines drawn from a focus to any points in the 
curve, and others from those points perpendicularly to the 
first line liave a constant ratio to one another, is called a 
directrix. Such is the line mn in the above figures. 

«. Coil. Let P and p' be any two points in the curve of 
an ellipfu;, liyi)crbola, or parabola, and let them be joined by 
ft line, jiH p'PT, which, being produced,^ will cut the directrix 
in Notne iK>int as T ; also let p'q' be drawn perpendicularly to 
the directrix. Then, since by the proposition, 

fp : PQ :: fp' : p'q', 

( r.fi : t m the two first curves, and a ratio of equality in the 

parabola) 

or FP : fp' :: PQ : p'q', 

an<I by the similarity of the triangles ptq, p'tq, 

pq : p'q' :: pt : p't; 
it follows that, in all the three curves, 

FP : fp' :: pt : p't. 

Scholium, On Art. 88. (a), depends the method of finding, 

feometrically, any number of points in the curve of a parabola, 
jct VN bo the direction of the axis 
of a j)arabola, v the vertex, and F 
the focus; also, vd being made 
equal to VF, let dq, drawn perpen- 
dicularly to VN, be the directrix. 
Take any number of points, as m, m 
on V N, and through them draw lines 
perpendicularly to VN: then, with/ 
F as a centre and radii equal to Dm 
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and Dm', respectively, describe arcs intersecting those lines 
in a and a', b and b\ The points v, a, b, a\ &c. will be 
in a parabola, and through them the curve may be drawn. 

If a focus, the position of the directrix, and one extremity 
of the transverse axis of an ellipse, hyperbola or parabola be 
given, the curve may be described. For, let F (Figs, to 
Art. 88.) be the focus, e one extremity of the axis, and mn 
the directrix cutting the transverse axis, produced or not, 
in d; then (Art. 88.) for the ellipse and hyperbola. 






ED : ef :: CD : cf; 



therefore 

ED — EF (or EF— ED) : EF W CD — CF (or CF — CD) : CF. 

Thus CF, and consequently ce, the transverse axis, is found; 
and the ellipse or hyperbola may be described by the Scho- 
lium Art. 83. 

The parabola may be described by the Scholium to this 
Article. 

Proposition XVIII. 

90. To find thQ equation for a tangent to an 
ellipse, hjrperbola, or parabola. 



Fig 2. 



Fig. I 





Let FP' be a tangent to any one of the curves, p' being 
the point of contact: let OA, oa', any two semi-conjugate 
diameters of an ellipse or hyperbola, be the co-ordinate axes, 
and let p'q' be a diameter passing through the point of con- 
tact. Let a and b represent those semi-diameters, x', y' the 
co-ordinates of P' and Xy y the co-ordinates of any other 
point P in the tangent. 

Then, since (Art. 38.) pp' is parallel to a diameter which 
is conjugate to op', if the equation of the latter be repre- 
sented by qxf-=iy^ ; the equation for pp' will be (Art. 15. and 
(a) Art. 73.), for the ellipse (fig. l.)> 

-- ^ (^'-^)=/— y> or ^2^ (or'— a?) =y— y. {a) 

G 
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Substituting in this last the value of q from the preceding 
equation, we have 

hence ^y — 6'x'a;=ayy— a^y% 

or a?y y' -\-h^xif •=ic?y^-\'V^x'^\ 

but the second member of this equation is [(i) Art. 56.] 
equivalent to d^h'^. Therefore the required equation for the 
tangent to an ellipse, when referred to any two conjugate 
diameters, is 

a^yy' ^rh^X3f-a^h\ {a!) 

In an hyperbola (fig. 2.) the equation for pp' will be 
(Art. 15. and (h) Art. 73.) 

-^(a/-x)=/-y: {h) 

and, substituting in it the above value of y, there is obtained 
the equation, 

V^ xf^ —h^ x' X T=. a}y'^ — ^y'Vi 

or [(6) Art. 57.] a^y'y-Vx'x- -- a^b\ ^ {V) 

In a parabola, mam (fig. 2.) being considered as a portion 
of such curve, since pp' is parallel to a chord which is 
bisected by a diameter passing through p', the equation for 
that tangent will be (Art. 15. and (c') Art. 73.), 

whence ^* x' — 6^ j; = 2 ay'' — 2 ayy^ : 

or, substituting for y'* its equivalent — x^ [(a) Art. 63.], 

or again, since — =p (p representing the parameter of the 

diameter passing through a) 

px'-{-px=2yy\ (</') 

91. Def. 17. A straight line as P' N drawn from any 
point in a curve perpendicularly to a tangent at that point is 
called a normal. 

92. Cor. to the Proposition. To find the equation for a 
normal to an ellipse, an hyperbola, or a parabola ; the co-ordi- 
nate axes being rectangular. 
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A normal being at right angles to a tangent to the curve 
at the point of contact ; from the equation (a) for the tan- 
gent, we have [(«) Art. 17. and (a) Art. 73.], the co-ordinate 
axes ccnnciding with the transverse and conjugate axes, for 
the equation of the normal, in an ellipse, 

in this equation x^ and y are co-ordinates of the point of 
contact, and x, y are co-ordinates of any point as P'' in the 
normal. 

Substituting ~ for j, this equation becomes 

From the equation (i) we have [(a) Art. 17.] for the 
equation of a normal in an hyperbola, the co-ordmate axes 
coinciding with the axes of the curve, 

and substituting the value of j as before, the equation be- 
comes 

From the equation (c) we have [(a) Art. 17.] for the 
equation of a normal in a parabola, the co-ordinate axes 
being rectangular. 

or 2f/^-2f/.r'=zcY-cV; (/) 

or again 2y'x^2y'x' znp (/ — y) : (/') 

p being the parameter of the axis. 

Proposition XIX. 

93. If a tangent be drawn at any point in the 
curve line of an ellipse or hyperbola, and be pro- 
duced both ways till it cut two conjugate diameters, 
also if ordinates be drawn from the point of contact 
to both diameters, the semi-diameter on which each 
ordinate falls will be a mean proportional between 
the distances, on that semi-diameter produced, of the 
ordinate and tangent from the centre of the cuyn^- 

G 2 
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Let T t' be a tangent to the curve, at P', meeting the 
conjugate diameters ab and a^b^, either of them, being pro* 





duced, if necessary, in T and x' ; and, the co-ordinate axes 
coinciding with these diameters, let p'r, p'b' be the ordi- 
nates ; then, o being the centre of the curve, in both figures, 

OB : OA :: oa : ot, 
and OR' : oa':: oa' : ox'. 

For both curves let the conjugate semi-diameters be repre- 
sented by a and h\ let o R, R P' be represented by af and y', and 
let JT, y be co-ordinates of any other point P in the tangent. 
Then [(a') Art. 90.] the equation for the tangent to an 
ellipse (Fig. 1.) is 

d^yy' + h^xaf = a^ J' ; 

but at the point t, where y = 0, the equation becomes 

h^xaf = c^h^^ or xgf = a*. 
Hence x \ a w a \ x^ ox or : OA :: oa : ot; 

and OT=:-. 

X 

At the point t' we have j* = 0, and the equation then be- 
comes 

cfyy' = c? b^y or yy' = h^ : 

whence y' : b :: b : y, or or' : oa' :: oa' : ot'; 
and ot' = -;. 

For an hyperbola (Fig. 2.), the equation being [(b>) Art. 90.] 

b^xx' — d}yy'-=.d^b^ : 
on making first y =0 and afterwarda 4: = 0, we have respec- 
tively, 

xxf = c? and — yy' = 6^ ; 

whence x' \ a \\ a \ Xy ox x ^=1 -j ( = ot), 

X 

b^ 
and y' \b \\b \ — y, or y = -( ot'). 

y 
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94. Cob. 1. It follows from this proposition that^ in the 
ellipse. 



-— 4:,or 

X 



~- -7— , = aT, and -, — y', or f— , =r't' j 



and, in the hyperbola, 

a: — - , or -, — ,= rt, and y + -7, or - — 7— ,««r V. 

XX y y 

95. Cob. 2. From the above values of ox and ot' for the 
hyperbola (since x' in the one and y' in the other may be 
infinite) we have, when the point of contact is infinitely 
remote from the origin of the co-ordinates, o T = 0, and o t'zh 0. 
That is, in an hyperbola, when the point of contact is so 
situated, the tangent, which then [Art. 52. 6.] becomes an 
asymptote, will pass through the centre of the curve : such a 
tangent is, therefore, one of the infinite diameters of the 
curve. 

96. Cob. 3. The equation for an asymptote, when referred 
to any pair of conjugate diameters, is (Art. 59.) 

± ~x=zy; 

and, when jp=a, y=±6. Now y is an ordinate to one of 
the diameters (as ab, fig. 2., above), therefore it is parallel 
to p'b, or it is then a tangent to the curve, at A or b : thus, 
and on account of the double sign prefixed to i, if a tangent 
be drawn at either extremity of a diameter of an hyperbola, 
the four segments, as, as', B5, b^', intercepted between the 
points of contact A and b, and both the asymptotes, are equal 
to one another : each segment being equal and parallel to the 
diameter, which is conjugate to ab. See Art. 60. 

97. Cob. 4. In an ellipse and an hyperbola, if p'b and p' b' 
be produced to Q and q', it is manifest, since both OB and 
Ob' remain the same, and p'b=:bq, also p'b'=:B'q', that a 
tangent drawn from Q, and one from q', would meet the dia- 
meters B A and b' a' respectively, either of these being pro- 
duced, if necessary, in T and t'. 

98. Cob. 5. If any number of ellipses or hyperbolas be 
formed on the same axis, as EC, and if points, p, p', &c. in the 

Fig. 

Fig J. 




o 
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curved be taken in the direction of the same ordinate rp to 
that, axis, the straight lines touching the curves at those 
points will all meet in one point T on that axis. 
For in the ellipses and hyperbolas (Art. 93.), 

OB : oe:: oe : ot; 

and the three first terms being constant, the last is constant. 

If one of the curves, as C p"e (Fig. 1.), be a semi-circle, the 
line touching it at P^' will also meet C E, produced, in T. 

For if the tangent at p'' do not meet ce in T, let it meet it 
in some other point, as v: then, the triangle OP"v being 
right angled at p", and p''r being perpendicular to OV, we 
have (Euc. Cor. 8. vi.) 

OR : op''(=oe)::op'' (=oe) : ov; 

but, by the proposition, OR : oe::oe : ot. 

Therefore ov — ot, or the tangent to the circle meets oe 

produced in T. 

99. Cor. 6. In ellipses and hyperbolas formed on the same 
axis, as CE, the circle cp''e being included among the former, 
the several ordinates PR, p'r, &c. are to one another in the 
same proportions as the semi-axes which are parallel to them. 

For the equations of the ellipses are [(a) Art. 56.1 

y- |(<'-ar7, y = ^ (<'-aj7> &c- 
and that of the circle cp'^e may be represented by 

y' =\{t^-x'y ', 

in which equations all the quantities, except those represented 
by y, and by the numerators of the fractions, which are co- 
efficients of {f^ — x^y, are constant: thus the seyeral ordi- 
nates vary with the semi-conjugate axes. 

100. Cor. 7. If a tangent be drawn at any point p' 
(figures to the Proposition) in an ellipse or hyperbola to meet 
any two conjugate diameters ab, a'b' of the curve, and if 
ordinates, p'b, p'b', be drawn to those diameters from the same 
pointy 

AB . bb = ob . BT. 

For OB put a, for oa' put i, for OB or b'p' put jc, and for 
BP' or ob' put y ; then we shall have 

AB=a — ^, and BB = a + :r; 

therefore ab . RB=a^— a;^ 



Chap. III. PROPERTIES OF CONIC SECTIONS, 87 



c^ a^ — x^ 
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Again, OR=a;, and (Art. 94.)rt=: — x, or 

JP X 

therefore or . RT=a^— j?^ 

Thus AR . RB = OR . RT. 

In like manner it might be proved that 
a'r' . r'b'=or' . r't'. 

101. Cor. 8. If a tangent be drawn as before, 

or . ot=ao^ and or' . ot'=oa'2. 
For 

OR=ar, and (Art. 93.)ot= - ; therefore OR.OT=a^(=AO^). 

Also OR'=y, and ot'= - ; therefore OR'.OT'=i^(=: a' o^). 

102. CoR. 9. If a tangent be drawn as before, 

BR . at = ar . BT. 

T^ - a^ a^^ax a(a—x) 
For BR=a + ar, and at= a, or , or — ^^ ^: 

XXX 

therefore br . at=: — ^^ . 

X 

A • J ^^ . ^ (« + ^) 
Agam, AR=:a— Jp, and bt= - + «, or — ^^ ^ ; 

X X 

therefore ar . btzi— ^^ ^. 

X 
Thus BR . AT = AR . BT. 

103. Def. 18. The space on any diameter of a curve be- 
tween the points at which that diameter, produced if neces- 
sary, is intersected by a tangent, and an ordinate drawn from 
the point of contact, is called a subtangent. 



Proposition XX. 

104. If a tangent be drawn at any point in the 
curve of a parabola so as to cut any diameter pro- 
duced, also if an ordinate to that diameter be drawn 
from the point of contact, the distance on the dia- 
meter, from the ordinate to the extremity of the dia- 
meter, is equal to the distance from that extremity to 
the tangent. 

Q 4 
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Let p't be a tangent to the curve, at p', meeting the 
diameter ba produced in T ; also, the 
co-ordinate axes coinciding with that 
diameter, and with a tangent at at A, 
let p'b be an ordinate dmwn from p' ; 
then 

RA = AT. 

Let y, y', be the co-ordinates of p', 
and X, y those of any other point 
in the tangent ; also let p represent 
the parameter of the diameter ab: 
then [ (c'') Art. 90.] the equation for 
the tangent is 

and at the point T, where y =0, 

x' 4-^=0, or .r= —a/: 

that Is, AT=AR, or rt=2ab. 

It is manifest that, if p'b were produced to Q, since ar 
remains the same, and rp^=rq, a tangent drawn from Q 
would meet ba produced, in t. 

105. Cor. 1. If any number of parabolas be formed on a 
common axis, EC, and if points D, d', l>'', &c. in the curves 
be taken, in the direction of the same ordinate hd to that 
axis ; the straight lines touching the curves at those points 
will all meet in one point t' on the same axis. 

For, by the proposition, in all the parabolas, 

he=et'; 

and H E is constant ; therefore e t' is constant. 

106. Cor. 2. In all the parabolas, on the same axis, the 
several ordinates corresponding to any one abscissa are to one 
another as the square roots of the parameters. 

For y, y, &c. being the ordinates, x the common abscissa, 
and JO, jt?', &c. the parameters of the axes for the different 
curves; we have (Art. 72.) 

y=jo* jr*, y =jo'* a:*, &c. 

in all which equations, x being constant, y varies with /?*; 
therefore, &c. 

107. Cor. 3. If a tangent be drawn from any point, as d' 
in a parabola, to meet the axis of the curve produced, as in T' ; 
the distance of the focus from the point of contact is equal 
to the distance, on the axis, from the focus to the point in 
which the tangent meets the axis. 

Let p be the focus; then fd'=ft'. 
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For p being the parameter of the axis^ and eh ( = et') being 
represented by x, 

F D' [ (c) Art. 82.] -^^— ; 

also F E=v ; therefore FT— v + x, or — ^ - . 

4 4 4 

Thus FD'iuFT'. 

It follows that the angle pt^d'=fdV. 



Proposition XXL 

108. A line drawn from the focus of a parabola, to 
any point in the curve, is equal to one quarter of the 
parameter of the diameter passing through that point. 

Let AB be the axis, f the focus, p any point in the curve, 
and PQ the diameter passing through p; 
then, if jE>' be the parameter of PQ, 

Draw the ordinate pb to the axis, and let 
ft be a tangent at p meeting ba pro- 
duced in t; also draw ab^ an ordinate 
to PQ, from a the vertex. Let p be the 
parameter of the axis, and let ab be 
represented by x: then (Art. 104.) btz= 
2x, and (Art. 72.) bp*=/?x; 
therefore, pt*, or b'a^=/?xH-4j:^, orzzx (/?-h4x). 
But (Euc. 34. 1.) B'p=AT=:(Art. 104.) ab, or x; 
therefore (Art. 72.), b'a^^jo'x. 

Consequently, p'x z:z(p + 4x) Xy or p^ =p + 4 x. 

But [ (c) Art. 82.] f p = ^J^ ; therefore FT=^f. 

109. Cob. If a double ordinate, as mn, of any diameter, 
as PQ intersecting pq in B^', be equal to the parameter of 
that diameter, it will pass through F, the focus. 

For (Art. 72.) pb''=:^/; 

and^ by this proposition, ^jo'=fp 
also (Art. 107.) fp=ft ; 

therefore p b'^ = f t. 

But MN, being a double ordinate of the diameter PQ, is 
parallel to pt ; therefore mn passes through f. 
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Proposition XXII. 

110. If a normal be dra\\Ti at any point in the 
curve of an ellipse, or h)T)erbola, to cut either of the 
axes, and if an ordinate be drawn from the point to 
that axis, the square of the semi-axis on which the 
normal falls will be to the square of the conjugate 
semi-axes as the distance of the ordinate fix)m the 
centre of the curve, on the first axis, is to the dis- 
tance between the ordinate and the normal. 



Fig. s. 





Let p'nn', np'n', be, respectively, an ordinate to an ellipse 
and an hyperbola at the point P', meeting the axes EC, zz' 
in N and n', and let the ordinates p'r, p'r' be drawn to diose 
axes: then 

OE^ : oz'::OR : rn, 
and oz^ : oe^::or' : rV. 

The co-ordinate axes coinciding with OE and OZ, let ar', y 
be co-ordinates of p', and x, y those of any point in the 
normal p'n ; also representing OE and OZ, respectively, by 
t and c : then the equation for a normal to an ellipse will be 
[ {d!) Art. 92.] 

but, at the point N, where y=0, and jtzzon, the equation 
becomes 

t'^ (x' —x):=.c^x! \ whence j/— j:=-2.a:': 

c^ 
that is, NRrz-j^, or t'^ : c'^wa/ (=or) : NR. (a) 

%/ 

In the equation for the normal making a:=0, in which case 
— y=ON', that equation becomes 

t ^y V •^c'^x'y^—c^x'yy 

or ^y'zuy'^y; 

whence we have 

c^ : /2;:y (zzor') : j/'— y i^ino-Rf -vo-s'^^^k'n'. 
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The equation for a normal to an hyperbola is [ (c') Art. 92.] 

from which, when y =0 we get 

a: — ^ ( = NR)=:t2^': W 

or, on making ;r=0, 

y-y'( = RV)=z^-^/. 

111. Def. 19. The part of either axis of an ellipse or 
hyperbola between the points at which the axis is intersected 
by a normal drawn from any point in the curve, and by an 
ordinate to the axis, drawn from the same point, is called a 
subnormal. 

112. Cor. 1. A tangent and a normal being drawn from 
any point in an ellipse or hyperbola, to meet the transverse 
axis of the curve in points, as T and N, we have 

ON , OT = OE*Toz* ( = (Art. 69.) the square of the excentricity.) 

[Note. The upper sign is for the ellipse, and the lower for 
the hyperbola.] 

For, t and c being put for the semi-transverse and semi- 
conjugate axes, respectively, of either curve, and e for the 
excentricity, 

ON=«'+-^, or=-^2— ^^ 

and OT (Art. 93.)= -\ 

therefore on. ot = ^^ + c^ = e^. 

113. COR. 2. A normal being drawn from any point y' in 
an ellipse or hyperbola to cut the transverse and conjugate 
axes of the curve in points, as n and n' ; 

OE^ . p'n=:OZ^ . P'N^ 

For -« . or'=r'n', or -«= — ,; 

c^ c^ OR' 

but, from the similarity of the triangles p'r'n', NON', 

R'N' p'N' 

___^^ -^p» * 

OR' ~ P'N ' 

therefore -,= —r- , or eo*^ . p'n = oz^ . p'n'. 

c^ p'n 

114. Cor. 3. A tangent and normal being drawn as in the 
first and second corollaries ; 

NR . OT=oz^ and n'r' . OT'=oie?* 
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For NR= ^ OR, and OT= -- ; 

^ OR 



therefore nr . ot=c^ (=oz^). 

« or', and ot'= - 
c^ * OR 



Also n'r'= ,j or', and ot' = ^^,; 



therefore n' r' . o t' = f^ ( = o E^). 

115. CoR. 4. A tangent and a normal being drawn as 
before, and a perpendicular ov let fall on the former from the 
centre of the curve ; 

p'n' . vo=^^ 
and p'n . vo=c^: 

For, from the similarity of the triangles p'n'r', tov, 

p'n' : p'r'::ot : ov; 

whence p'n' . ov=:p'r' . OT 

=OR . OT=(Art. 101.) fi. 

Also, from the similarity of the triangles p'nr, tov, 

p'n : nr:: ot : ov ; 
whence p'n . ovzznr . ot=: (Art. 114.) c\ 

Proposition XXIII. 

116. If a normal be drawn from any point in a 

Earabola to cut the axis, and if an ordinate to the axis 
e drawn from the same point, the distance on the 
axis between the points in which it is cut by the 
normal and ordinate is equal to half the parameter of 
the axis. 

That is, if G E H (secondfigure to Prop. XXII.) be considered 
as part of a parabola, rn is equal to half the parameter of the 
axis EX. 

For p representing the parameter of the axis, and a?', y' the 
co-ordinates of p' ; also a?, y the co-ordinates of any point in 
p'n, the origin being at the vertex E, the equation of a 
normal at p' is [ (f) Art. 92.] 

hence, at the point N where y vanishes, and a^ becomes EN, 
we have 

x—x^ (=NR)=:^/7. 
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Pboposition XXIV. 



117. If lines be drawn from the foci of an ellipse 
or hyperbola to meet at any point in the curve ; also, 
if a line be drawn from the focus of a parabola to any 
point in the curve, and a diameter be drawn through 
that point ; these lines shall make equal angles with a 
tangent to the curve at the same point. 



¥iA' i. 




Fig. 2. 




For an ellipse or hyperbola, let pt be a tangent meeting 
the transverse axis EC, produced, if necessary, in x, and let 
p, p' be the foci ; join r, p and p', P, and imagine pm, p'm' 
to fall perpendicularly on pt, produced, if necessary ; then 

the angle ppm— f'pm^ 

The ordinate pb being let fall on ce, if the semi-axes of the 
carve be represented by t and c ; also, o being the centre, if 
the excentricity op be represented by e, and OB by a:, we 
have for the ellipse, 

P'P = — 7^, andpp= "/^ [ (a) Art. 82.] ; 
also, since (Art. 93.) OT= - , and op or op'=^, 

p T = — }-€. or , 

X X 



and 



PT= e, or 



X 



X 



Now 



— - — sm. p'pm'=: sm. ptp, 

t X 



each of these being equal to p'm' ; 

« V ^"^ c X m L ex • 
aleo — - — sm. ppm=: sm. ptp, 

t X 

each of these being equal to p m. 
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Therefore sin. f' p m' = - sin. ftp. 

and sin. FPM=- sin. ftp: 

consequently the angles f^pm^ and fpm are equal to one 
another. 

And, in like manner, using [(6) Art. 82.] — - — for f' p, 

6 X —~ u 

and — 7 — for fp, may the proposition be proved for the 

hyperbola. 

Also, if a normal pn be drawn from p, the angles fpn 
and f'pn in the ellipse, likewise the angle fpn, and the 
supplement of f'pn in the hyperbola, will be equal to one 
another. 

For a parabola, if the branch hek (fig. 2.) be considered 
as part of such a curve, f the focus, and pa a diameter passing 
through p, we shall have (Art. 107.) fp=ft; and ftp 

= FPT. 

But the diameter pa being parallel to axis £X, 
the angle ptp=apm'' : 

consequently F p T = A p m'^ 

Also, PN being a normal, or perpendicular to PT, 
the angle fpn=npa. 

118. Cor. If a line be drawn from the centre of an 
ellipse or hyperbola to the point in which a line drawn from 
either focus perpendicularly on a tangent to the curve meets 
that tangent, it will be equal to the semi-transverse axis. 

Let FM meet f'p, either of them being produced, if neces- 
sary, in Q ; then the triangles fpm and QPM will be equal to 
one another. For the angles at M are right angles, the 
angle qpm=:f'pm'=:MPF, and pm is common. It follows 
that PQ = PF, and that F'Q=F'p + PF = (Art. 83.) 2eo, or 
f'q=2^ (^ representing the semi-transverse axis). 

Again, if 0,M be joined by a straight line, OM will be 
parallel to f'q, and equal to OE or t For f'o=:OF, and FM 
=MQ; therefore f'f and FQ are cut proportionally in o and 
M; and 

f'f : FO:: f'q : om; 

or, e being the excentricity, 

2e : e::2t \ OM {=t). 

In like manner om'=^. 
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Fig. 1, 




Since OE, DC, OM, om' are all equal to one another^ a 
circle, described upon the transverse axis of an ellipse or hyper- 
bola as a diameter, will pass through the intersections of any 
tangent with the perpendiculars let fall upon it from the two 

foci. 

Scholium. A tangent to an ellipse, an hyperbola, or a para- 
bola, may be drawn through any given point in the following 

manner. 

1. For an ellipse, CE, fig. 1., being the transverse axis, and 

F and f' the foci, if the 
given point be in tie peri- 
phery, as at F, draw fp 
and f'p, and produce one 
of these lines, as fp, to- 
wards H : then, bisecting 
the angle f' p H by a line, 
as p'PT, drawn through 
p ; p't making equal an- 
gles with PFandPF', will, by the proposition, be the re- 
quired tangent. If the given point, as p', be not in the peri- 
phery : with p' as a cen- 
tre, and a radius equal to 
the distance from thence 
to one of the foci, as f', 
describe an arc, as f'h ; 
and from f the other fo- 
cus as a centre, with a ra- 
dius equal to CE, describe 
an arc intersecting the 
former arc, as at h. Join f,h by a straight line intersecting 
the curve in some point, as p : then a line drawn through 
p' and p will touch the curve in the latter point. For 
the lines being drawn as the figure, p'f'=p'h by construc- 
tion, pf'=:ph, since Fp-f ph and fp + pf' are each equal 
to the transverse axis, and p'p is common to the triangles 
p'pH and p'pf'; therefore the angle p'pf=p'ph, or 
f'pt=tph: consequently, by the proposition, p'pt is a 
tangent. If from p' as a centre, with a radius equal to 
p'F, an arc be described, and from f' as a centre with a 
radius equal to c e, an arc be described to cut the former 
arc In h' : then, on joining f', h' by a line cutting the curve 
in p^', a line drawn through p'p'^ will be a tangent to the 
ellipse at p". 

2. A construction precisely similar to that which has been 
given may be used (fig. 2.) for an hyperbola. 

3. For a parabola. Let F, fig. 3., be the focus, v the 
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vertex, and kh the directrix : then, if the given point P be 
in the curve line, join p, F, and draw 
KP parallel to the axis vp ; the line 
pp', drawn to bisect the angle kpf, 
will, by the proposition, be the re- 
quired tangent. If the given point 
p' be not in the curve line, join p', f, 
and with p' as a centre, and a radius 
equal to p'f, describe an arc cutting 
the directrix in K or k' : then, drawing kp and k'p^' paraUel 
to VF, the points P and p" will be the points of contact, and 
the lines p'p, p'p'^ will, by the proposition, be the required 
tangents. For the lines being drawn as in the figure, kp= 
PF (Art. 88. a.) kp'zhp'f by construction, and pp^ is com- 
mon to the triangles pkp', pfp^; therefore the angle ppp' 
= KPP' or MPN. In like manner it may be shown that the 
angle fp''p'=p'p''k^ 

Proposition XXV. 

119. To find the value of a perpendicular let fall 
from one of the foci of an ellipse or hyperbola, or 
from the focus of a parabola, upon a tangent drawn 
through any point of the curve. 

The angle ftp (figs, to Prop, xxiv.) is equal to npb, 
since the triangle npt is right-angled at P, and PR is per- 
pendicular to n T ; therefore 

sin.^FTP=sin.^NPB. 

NR^ . , c* 

Now 8in.2NPR= — 5, in which expression nr^ = -^ a? 

((a) Art. 110.) 

andNp2(=PR2 + RN2)=^2 (^2_^)^:^ ^2. 



= ^K^+7^-i^ 



= (since fi—c^ -e" (Art. 69.) ) i (^ - ^2 ^a) . 
therefore sin. ^ npr, or sin.^ ftp = 



c^x^ 



But in the ellipse (Art. 93.) ft = ^, or y 

X X 



and 



t^ . t^-\-ex 
F T = h ^5 or . 

X X 



Chap. IIL PROPERTIES OF CONIC SECTIONS. 97 

Multiplying the square of one of these values into the values 
of sin. * FTP, we have 

for the value of pm^ or f'm'^ 

In like manner, for ft using , for f't, — and 

X X 



FM^ or f'm'^ = c^ — =z 



for PR^ ^(^^~'^) it will be found that, in an hyperbola, 

ex^i^ 

Scholium, Putting r for PF, we have (Art. 83.) for f'p in an 
ellipse, 2t — r, and in an hyperbola, 2^4- r. Thus the square 
of a perpendicular let fall from either of the foci upon a tan- 
gent may be represented by 



T 



2fTr* 

the upper sign being used for an ellipse, and the lower for an 
hyperbola. 

For a parabola, since — denotes the tangent of the angle 

ftp or (Art. 107.) fpt; on substituting the values of the 
squares of those lines, we have (Arts. 72. and 104.) 

T) X J} AiX 

4— oi or ~,=:tan.^ fpt; and — =cotan.^ fpt: 
4r*, 4a: p 

4 ^ w "4" 4 X 

hence (PI. Trigon. Art. 26. c?) H or ^ =cosec.2FPT, 

and — ~7- = sin.* fpt. 

7? + 4a: 

Now FP =^ + :r, or ^^^ [ (c) Art. 82.1, and fp* = (?±lf)' 

Multiplying, we get 

p (j)-\-^x) 
16 

(the square of a perpendicular let fall from the focus upon 
the tangent). 

Putting r for — r — (= fp) we have 

r^ = FM-*. 
4 

H 



= FM* 
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120. CoR« The rectangle or product of the perpendiculars 
let fall from the foci upon a tangent to an ellipse or hyper- 
bola is equivalent to the square of the semi-conjugate axis. 

That is FM.F'M'rrZO^ 

From the proposition we have, for an ellipse, 

FM=c^-5 and F'M' = c^ 

^ r — ex ^ 1 

consequently, fm.f'm'z: c^ 



i?-\-eV 



A like result will be obtained for an hyperbola. 



Proposition XXVL 

121. If from any point in an ellipse or hyperbola 
two lines be drawn to the foci, one of them being 
produced if necessary; the segment of either line, 
intercepted between the point and a diameter which 
is conjugate to one passing through the same point, 
is equal to the semi-transverse axis of the curve. 



Fig. 1. 





Let F and F' be the foci, and a any point in the ellipse or 
hyperbola ; let also A b be a diameter passing through a, and 
a'b' be conjugate to it ; and again, let AF and af', either of 
them produced if necessary, meet a'b' in H and H'; then 

AH or AH' = OE (the semi-transverse axis). 

Draw FG parallel to a'b'; this line will consequently be 
parallel to a tangent at A; whence the angles afg and agf, 
being equal to the angles which af and af' make at A with 
the tangent, will be equal to one another, and we shall have 

AG=AF. 

But, since ff' is bisected in o, f'g will be bisected in h'; 
consequently 

ah'=|(af'+af) = (Art. 83.)^CE: 
that is, AH'zrOE. 
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Also, FG being parallel to a'b', ah and ah' are cut pro- 
portionally in F and G (Euc. 2. vi.); but ag = af; there- 
fore 

ah=ah', =OE. 



Proposition XXVII. 

122. At any point in an ellipse or hyperbola let a 
tangent be drawn to meet any diameter produced, 
and from the point of contact let an ordinate to that 
diameter be drawn, also from the centre and the two 
extremities of the diameter let lines be drawn paraUel 
to the ordinate ; then, if these lines be taken in 
order, the first will be to the second as the third is 
to the fourth. 



Fig. 2. 




Let AB be any diameter of an ellipse or hyperbola, npt a 
tangent at any point p ; let pb be the ordinate, and am, oq, 
BN, be lines parallel to it, so that o a' may be a semi-diameter 
conjugate to ab and am, bn may be tangents to the curve 
at A and b ; then 

AM : PB :: OQ : bn. 

Let OA=a, OB = a?; then, the tangent meeting the dia- 
meter ab in T, 

OT(Art. 93.)=-; 

consequently, for an ellipse, 

a^ — ax a' — a^ , a^-\-ax 
AT= , TBz= and TB = . 



Hence 



X 



TA : TB :: 



X 



c? — ax CL^ — x*^ 



X 



X 

H 2 



X 
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or 


TA : TR :: 


a 


: a + ar; 


and 


TO : TB :: 


a} 

X 


^ a}-\-ax 

X 



or : : a : a 4- X. 

Thus TA . TB :: to : tb: 

consequently, from the similarity of the triangles tam, tbp, 

&c. AM : PB :: OQ : bn. 

In like manner may the proposition be proved for an 
hyperbola. 

123. Cob. 1. If a tangent be drawn at any point P in an 
ellipse or hyperbola, and other tangents be drawn from the 
extremities A and B of any diameter, to cut the first tangent, 
as at M and N ; the rectangle of these two tangents is equiva- 
lent to the square of the semi-diameter which is conjugate to 
that diameter; that is, 

AM.BNrzOA'^. 

Let the semi-diameters OA, OA' be represented by a and 
h ; then, from the similarity of the triangles as in the pro- 
position, 

TB : BP ;: ta : am, 

or, for the ellipse, 

a^ — x^ h f ^ «., a^ — ax . . fa — ar\*v 

: — (a^—j^y:: : am (=.5 ( — — - I ); 

X a ^ ^ X ^ \a-\-xJ ^ 

also, TB : BP :: TB : bn, 

a^— ar^ ^ a^^ax _ , , fa-\-x\\ 

or : — (a^ar^y :: : bn (=b I I ): 

X a ^ ^ X ^ \a — xy ^ 

consequently am.bnii:^^(=:0 a'^). 

The like proof will serve for an hyperbola. 

124. Cob. 2. If a tangent be drawn at any point p in an 
ellipse or hyperbola, and others be drawn from the extremi- 
ties of any diameter, as ab, to cut the first tangent as before ; 
the rectangle of the segments of that tangent, between the 
point of contact and the two intersections, is equivalent to 
the square of a semi-diameter which is conjugate to the one 
passing through the point of contact ; 

that is, OK being a semi -diameter conjugate to OP, 

PM. PN=:OK^ 
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Imagine kb^ to be an ordinate to ab at the point K^ so 
that KB'' is parallel to bn, oa', &c.; also imagine QH and pd 
to be drawn parallel to ab: then, from the similarity of the 
triangles, 

OB'^ : OK^ :: qh^ (rrOB^) : qn^ (= — j^.ob^); 

O B 
OK^ 

also ob'* : ok^ :: pd^ ( = oBr) : pq2 ( = — j^ OB^). 

\ / ^ OR^ ^ 

But (Art. 77.) ob^ = ob^-ob'^; 

OK^ 

therefore pq*= — ^jj (ob^— ob'*). 

Subtracting, we get 

QN^-"PQ^ = OK^ 

But, since ab is bisected in o, and am, oq, bn are parallel 
to one another, mn is bisected in Q ; 

therefore (Euc. 5. ii.) qn^--pq'^=mp.pn; 

and consequently m p . p n = o k^. 

Pboposition XXVIIL 

125. When two chords intersect one another in an 
ellipse or hjrperbola, the rectangle contained by the 
segments of one will be, to the rectangle contained 
by the segments of the other, as the square of the 
semi-diameter which is parallel to the first is to the 
square of that which is parallel to the second. Also, 
in a parabola, the rectangles of the segments of two 
intersecting chords are to one another as the squares 
of the parameters of the diameters to which they are 
double ordinates. 

Fig. 2. 
Fig. 1. K p p/ 





In both figures, let pq, p'q' be two chords intersecting 

H 3 
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one another in M ; also let o a be a semi-diameter parallel to 
PQ, and OQ one parallel to p^q^: then 

PM.MQ : p'm.mq' : : oa^ : og\ 

Let oa', og' be semi-diameters conjugate to OA and OG 
respectively ; the chords pq, p'q' being consequently bisected 
by those semi-diameters, and the former in the point r. 
Through M draw the semi-diameter ok, and draw kt parallel 
to AO. 

Let OA'ma, OA =by OR =a^y RP =y; 
also o t z=x% t k = y^ 

Then ( (a) Art. 56.) in an ellipse, 

i! (a•^-x2) = y^ or b^^ ^1 x^^y\ (1) 

and ^2—-^ af^-y^ (2) 

By the similarity of the triangles okt, omr, 

OM_^ OR / ^\ __MR^ 
OK~" OT \"~a?V ""kt ' 

and, for the point M, each of these ratios is constant; let 
either of them be represented by m. Then, 

from the equation — = m we get MR^ = wi^ktz 
^ kt ^ 

OR 1. ^ 

— =: wi we nave - 

OT X 

Now, in the equation (2) multiplying ^^^ in the first term, 
and y''^ by m^, and the second term of the first member by --p^ 
(the equivalent of rr?) that equation becomes 

1,2 m^ 0^ = my ^ (3) 

And subtracting this last equation from (1) we have 

But the second member of this equation is rp^ — MR'; 
which, since PQ is bisected in R is (Euc. 5. ii.) equivalent to 

PM.MQ. 

Thus PM.MQ=I^2 (i_^2)^ 

In like manner it may be shown, representing OG by b', 
and drawing an ordinate kt' from K to the diameter og', that 



CI K uL 

and from the equation ^^ =: wi we have -^^ = m^. 
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Consequently 

PM.MQ : p'm.mq :: A* : ^'^ 

or the rectangles of the segments of the chords are to one 
another as the squares of the semi-diameters which are parallel 
to the chords. 

a. If the point M were on the exterior of the ellipse, on sub- 
tracting (1) from (3) we should have 
MR2— Bp2 (=pm.mq) = ^'^ (m^— 1); 

and in like manner, 

p^m.mq'=*'2(^2_i). 




Consequently the rectangles of the 
produced chords, and the parts beyond 
the ellipse, are to one another as the «' 
squares of the semi-diameters which 
are parallel to such chords. 

J^ain, if the point M were on the exterior of the ellipse, 
and a line mpq were drawn through, while another line mp'' 
were to touch the ellipse ; we should, as before, b and 1/ 
representing the semi-diameters parallel to mq and mp'', get 

while, after multiplying the equation corresponding to (2) 
above by m^ or its equivalent, we should have 

Therefore, 

PM.MQ : MP''2 :: ^2 . ^/2, 

And it is easy to perceive that, if two lines mp'^ mq^' were 
drawn from one point m to touch the ellipse, the squares of 
those tangents would be, to one another, as the squares of the 
semi-diameters of the ellipse, which are parallel to them. 

The demonstration of the proposition, in all its crises, 
would be the same for an hyperbola, on employing, instead 
of (1) and (2) the corresponding equations for that curve. 

b. With respect to a parabola: since the diameter oa', 
which bisects PQ in R, is parallel to MK, the 
diameter drawn through m, we have 

MR = KT. 

But a'r and a't being represented by x and 
a/y also RP by y, and TK or MR by y ; and 
again, p being the parameter of the diameter 
oa', we have (Art. 72.) 



and 







H 4 
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therefore. 

But ar— y is constant for the point m; let this constant be 
represettted by m ; then 

pm=f-y'* ( = PM.MQ> 

In like manner, ;?' being the parameter of the diameter o'G' 
to which p'Q'is a double ordinate, 

p'm=s'li.JSGt'. 

Thus the rectangles of the segments of the chords are to 
one another as the parameters of the diameters of which the 
chords are double ordinates ; or (Art. 108.) as the distances of 
the focus from the vertices of those diameters. 

By similar processes it may be proved that, in a {>arahola, 
the rectangles of the segments of Imes drawn from a point on 
the exterior, or the squares of the tangents drawn from a point 
on the exterior, are to one another as the squares of the 
parameters of diameters parallel to the lines. 

Pboposi'tion XXIX. 

126. If chords are drawn in an ellipse, hyperbola 
or parabola, to intersect one another on any diameter, 
and tangents are drawn from the extremities of each 
to intersect one another, the points of intersection 
for every pair of tangents will be in one straight line 
parallel to a tangent at the vertex of that diameter. 



Let PQ in both figures he a chord intersecting the diameter 
AB, of which it is a double ordinate, in B, and let the tan- 
gents at p and Q meet (Art 97.) in t. Let P'Q' be any other 
chord passing through R, and let p't', q't' be tangents at p' 
and Q', meeting in some point t' ; then t' will be in a straight 
line, drawn through T parallel to a'b', which is conjugate to 
A B, or parallel to a tangent to the curve at a. Let OA(=a), 
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oa' (=i) be considered as the co-ordinate axes ; let x' and y 
( = ob' and r'p') represent the co-ordinates of y\ and let a?, y 
be the co-ordinates of any point in p't'. 

Then, for an ellipse, the equation for a tangent as p't', is 
[ {a!) Art. 90.], 

d^yy -VWxx' •=. c? h^^ 

and for the tangent q't', 

— «^y.y '' + V- X, 3f' = a2 J2, 

x' and — y'' ( = or''' and r'^Q') being the co-ordinates of Q', 
while Xf and y^ are those of any point in q't^ 

But, at t' the point of intersection, ar^, y, are respectively 
equal to x and y ; therefore, subtracting the first equation 
from the second, 

whence 



x'^—x' _ oT-y 



y"^y'^ ¥x 

Now, from the similarity of the triangles rr'p', rr'^q', we 
have rr' : rr'' :: r'p' : r''q'; 

whence, by conversion, rr' : r'r'' :: r'p' : r'p'+R'^Q', 

^^ rV^r^F+R^* 

But the second member of this equation is equivalent to 

x^^—x' 
J, / f therefore putting or— or', or or— j:', forRR^, we 

y OR — x' airy 

have 7 — =^ ; 

y b'X 

whence or. Z>- ar= ay'y + h-x'x ( ^zarlT) : 

therefore OR.xzna^ and x = — . 

OR 

Thus ar, or OT, is constant for all chords passing through 
R, and it follows that the intersection Y of the pairs of tan- 
gents to the ellipse, at the extremities of such chords, is in a 
line tt' passing through T parallel to a'b' or ay. 

If AB were the transverse axis, and R the focus of the 
ellipse, it is evident (Art. 88.) that all the points t, t', &c. 
would be in the directrix. 

In like manner may the proposition be demonstrated for 
an hyperbola, in which the equation of a tangent is [ (5') 
Art. 90.] 

b''-xx''-a^yy'^aH\ 
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For a parabola, let man be pai-t of the curve; then the 
equation for a tangent as p't' being [ (c") Art 90.] 

In which, with reference to the diameter 
AB, x' and y are the co-ordinates of p', 
the point of contact, x and y the co- 
ordinates of any point in p't', and p the "^'i 
parameter of ab; also the equation for t/ 
q't' being 

by subtraction we have, for the point t' 
at which x^zzx and y/=y, 

2 y X -^ X f ... R^R \ 

whence —•=- , ,, f =, by similarity of triangles, -7— 7 )• 

Then, for b'r putting ab' — ar, or a/— ar, we have 

-^- — ^, or lyy'^pxf-'p . ar : 

putting for 2yy' its equivalent /7ar 4- joar' above, the equation 
becomes 

x=— AR. 

Thus for the point t' of intersection, x is constant when the 
chords pass through R ; and therefore all the pairs of tan- 
gents intersect one another in a line passing through T 
parallel to ay, or to any of the ordinates of ab. 

If AB were the axis and b the focus of the parabola, it is 
evident (Art. 88.) that all the pairs of tangents would meet 
on the directrix. 

127. Cor. In a parabola, the two tangents drawn from 
the extremities of every chord passing through the focus will 
meet on the directrix at right angles to one another. 

It has been already proved that tangents so drawn inter- 
sect one another on the directrix. Let TT^ be the directrix, 
which will then be at right angles to ab, the axis; also, let 
p't', q't' be two such tangents, and a'b' a diameter drawn 
through t' ; then, since tangents drawn from the extremities 
of a double ordinate to that diameter meet on that diameter 
produced, p'q' is a double ordinate to a'b', and is conse- 
quently bisected in r^ . Now a' being the vertex of that 
diameter, and R the focus of the parabola, t'a', a'r^, and 
A^R are each equal (Art. 72.) to one quarter of the parameter 
of a'b', while R^p' and r^q' are each equal to half that para- 
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meter; therefore R^p', R/Q^ and a't' are equal to one 
another, and the points p', t', q' are in the semi-circum- 
ference of a circle described on p'q' as a diameter: it follows 
that p't'q' is a right angle. 

Proposition XXX. 

128. If a straight line equal to the semi-transverse 
axis of an ellipse be applied from any point in the 
periphery of such curve to the conjugate axis, the 
segment of this line between the curve and the 
transverse axis will be equal to the semi-conjugate 
axis. 

Let P t ( = o e the semi-transverse axis) be the line so 
applied, and let it meet OE in k; 
then 

PK=zo (the semi-conjugate axis). 

Through p draw to the transverse 

axis, the ordinate PR, and produce it 

till it meets, in s, a line drawn through 

T parallel to OE. Then o being the 

origin of the co-ordinates, if OE be 

represented by #, oz by c, and or by ^, we have [(a) 

Art. 56.] 

But PTzrf, and ts ( = or) =a:; therefore PS = (^2— ^2)*, 
and PS : PR :: 1 : -. 

V 







t : c; 

also, PS and pt being cut proportionally in R and K, we have 

^ : c ( :: PS : pr) :: pt : pk; 

but P t = f ; therefore pk = c (= oz). 

Scholium. Any number of points in the periphery of an 
ellipse may be found in the following manner: — Let CE be 
the transverse, and z z' the conjugate axis ; and let the line 
PT represent the thin edge of a ruler ; then, if on that edge 
marks be made at p, k, and t, such that p k and p T shall be 
respectively equal to the semi-conjugate and semi- trans verse 
axes of the ellipse ; and if the ruler be moved so that K shall 
be on any part of CE, and T upon any part of zz' produced if 
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necessary, the point P will (by the proposition) be always in 
the periphery of the ellipse. Any number of points, as P, 
may be thus found, and a curve line may be drawn through 
them. 

An instrument by which ellipses may be described has 
been constructed conformably to the property demonstrated 
in this proposition. It consists of two bars of metal forming 
four arms at right angles to one another, as oc, 0£, oz, oz'; 
each bar has in it a groove extending quite along it on its 
upper surface, and in each groove is a moveable pillar perfo- 
rated at the top: through both perforations passes a bar, 
corresponding to the line pt, which lies in a plane parallel to 
that of the instrument, and is capable of being fixed by small 
screws at points corresponding to K and T ; also at the end p 
is a socket carrying a pencil. Then, if this bar be screwed 
to the pillars so that PT may be equal to the semi-transverse, 
and PK to the semi-conjugate axis of the intended ellipse; 
on moving the bar, the pillars will slide in the grooves along 
CE and zz', and the pencil will describe the periphery of the 
ellipse. 

Proposition XXXI. 

129. If any chord be drawn in an hyperbola, and 
be produced till it meets the asymptotes, the rect- 
angle of the segments between its intersections vdth 
the curve and the point in which it cuts either 
asymptote vnll be equal to the square of the semi- 
diameter which is conjugate to the diameter bisecting 
the chord. 

Let P Q be a chord which, when produced, cuts the 
asymptotes OM, ON in P', q', and 
let o R, cutting the curve in a, 
bisect PQ in r: let oa' be a 
semi-diameter conjugate to OA, 
and let vv' be drawn through A 
parallel to PQ or Oa'; then PQ 
will be a double ordinate to the 
diameter BA and (Art 38.) vv' 
will be a tangent to the curve at 
A. It is required to prove that 

Qp'.p'p, or pq'.q'q, = oa'^ 

Puta = OA, ft =0A', =(Art. 96.) AV, andx = OR; then 

[(a) Art. 57.] 

prS or rq2 = -^ (x^^a^X 

or ^ ^ 
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But Rp' or RQ' being an ordinate to the asymptote, we have 
(Art. 59.) 

RP'S orRQ'2=^:r2. 



a 



therefore 

RP'2— Rp2 (=QP^p'p) = ft2 ( = 0'a2 or AV^) (a) 

Using the equation R^ p;^ = -^^ (f—b'^) ( {h') Art. 57.), 
and the corresponding equation r^p''^ = ~y^ (Art. 59.) for 



the asymptote, it may be proved in like manner that 

R, P''2_R^ p^2^ or Q^ p- , p^ pV ^ ^2 ( -. () ^2)^ (5) 



Proposition XXXII. 

130. If through either extremity of the transverse 
axis of an hyperbola a chord be drawn, and it be 
produced to cut the asymptotes; also, if there be 
drawn a diameter to which that chord is a double ordi- 
nate ; then lines drawn between the curve and one of 
the asymptotes parallel to the other, from the ex- 
tremity of that diameter and the two extremities of 
the chord, will be in a geometrical progression. 

Let OM, ON be asymptotes of an hyperbola, and ep a 
chord passing through E, one ex- 
tremity of the transverse axis: let 
EP be produced to G and Q, and let 
O A be a semi-diameter to which e p 
is a double ordinate. Lastly, let 
EB, AD, and PK be drawn parallel 
to ON; it is required to prove that 
EB, AD, PK are in a geometrical 
progression. 

Let AH be drawn parallel to e p; 
and consequently touching the hy- 
perbola in A. Then by the similarity of the triangles we 
have 

BE : EQ : : da : ah, 

and KP : PQ : : DA : ah ; 

therefore be.kp : eq.pq : : da^ : ah*. 




no 
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But [ (o) Art. 129.] bq.qp=ah«; 
therefore be. kp=ad', 

or BE : AD :: ad : KP; 

tluit is, BE, AD, KP are in a decreasing geometrical pro- 
gressioD. 

It follows also, since (Art 62.) the rectangles OB. be, 
OD.DA, OK.KF, &c are equal to one another; that ob, 
OD, OK are reciprocally proportional to be, ad, KP; and 
consequently are in an increasing geometrical progression. 

PEOPOSITION XXXIII. 

131. In a parabola, if any number of diameters be 
drawn at equal distances from one another, and from 
the extremity of each diameter a tangent to the curve 
be drawn to meet the next diameter produced, the 
parts intercepted on all the diameters between the 
tangent and the curve will be equal to one another. 

Let AM, BN, CP, DQ, &c be diameters at equal distances 
from one another, and let at, 
BVj.cw, &C. be tangents to the 
curve at a, b, c, &c. ; then 

TB, vc, WD, &C. will be equal 
to one another. 

Join A and c, B and D by lines 
cutting TN in R and vp in 8; 
then since, by hypothesis, the dis- 
tances AN, NF, PQ, &C. measured in any direction (perpen- 
dicular to the diameters for example) are equal to one 
another, we have 

AB = RC, B8 = 8D, 8eC. ; 
therefore AC is an ordinate to the diameter BN, BD is an 
ordinate to vp, &e. Hence (Art 38.) bc is parallel to BV, 
8D to vw, &c. Also (Art 104.) 

TB = BB, VC =;CS, &C: 
but (Euc. 34. 1.) B B = V c, C s = w D, &c. ; 
therefore tb, vc, wp are equal to one another. 

Peoposition XXXIV. 

132. If a tangent be drawn from any point in a 
parabola, and one from the extremity of the axis to 
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meet it ; on drawing an ordinate to the axis from the 
point, the rectangle contained by the abscissa and a 
line drawn to the same point from the focus, is equal 
to the square of the intercepted part of the tangent. 

Let P be any point in the curve, AG part of the axis, 
F the focus, and pg an ordinate to the 
axis; also let pt, ah be tangents drawn 
to the curye at p and a, the former meet- 
ing the axis at t ; then 

AG.PP = PH^ 

Draw H K parallel to AG ; then by simi- ^ 
lar triangles, and because (Art 104.) 
AT=^TG, AH (= kg) = ^pg; there- 
fore PK = y PG. 

Putting p for the parameter of the axis, and x for AG 
or hk; 

\px{Axt.12.) =pk2. 




and 



, »H-4ar 

\px-{-x\ ov ^-—T — x = vn\ . 



But [ (c) Art. 82.] p F = ^ ; therefore A G . P P n ^"\ ^ ar, 

and consequently ag.pf = ph^. 



Proposition XXXV. 

133. If a double ordinate be drawn to a diameter 
of a parabola, and any other diameter be drawn, 
cutting that double ordinate and the curve, the 
rectangle of the segments of the ordinate is equal to 
that of the parameter of the axis and the segment of 
the latter diameter. 

Let AB, CD be parts of any diameters, and mn a double 
ordinate to ab; then, p being the 
parameter of the same diameter, 

p. CD = MD.DN. 

Draw CE parallel to mn so that ce 
may be an ordinate to ab; put x 
for AE, and x^ for AG; then (Art. 
72.) 

px — CE^, and/?a;'z=MG^; 
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therefore p (x' — x) = M g' — c E» ; 

or, since x' — x = c d, and mn is bisected in 6, 

/?.CD=MD.DN. 



Proposition XXXVI. 

134. If from any point in a parabola a tangent 
and a chord be drawn ; the segments of any diameter 
intercepted between the tangent, the curve line, and 
the chord, will be to one another in the same pro- 
portion as the segments of the chord intercepted 
between the diameter and the curve. 

Let PM be the tangent, pq the chord, and mk part of any 
diameter intersecting the chord in K, 
the tangent in M, and the curve in n : 
then 

MN : NK :: pk : kq. 

Let T R be part of a diameter bisect- 
ing PQ in R, cutting the curve in v and 
the tangent in t, and draw NE parallel 
to pq; thus both rq and ne are ordi- 
nates to tr. 

Put p for the parameter of the diameter tr, x for VE, and 
x' for VR, or (Art. 104.) TV: then (Art. 72.) 




Vpx = EN or RK, and Vpx"^ = PR or RQ; 

therefore, adding and subtracting, 

Vp (v/^+ Vx') = PK, and Vp ( Vx^^ Vx) = kq. 

Hence 

PK : KQ : : Vx-^- Vx' : Vx' — Vx, 

But (Art. 64. a.) 

PT2 : PM2 :: TV : mn: 

again, by similarity of triangles and Euc. 22. vi. 

pr2 : PK^ :: pt^ : pm^; 
therefore pr2 : pk^ : : tv : mn. 



PK^y 
p,x* 



PK 

and MN = ^2 -TV, or =^^^, or again =( A/ori- ^/xy^ 
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while NK (=er) =x' — X 

= ( \/^+ ^/x^ ( Vx'— Vx) : 

therefore mn : nk : : a/^+ V^ '- Vx — Vx^ 
which, as above, is also the ratio of pk to kq : 
thus, finally, mn : nk : : pk : kq. 



Proposition XXXVII. 

135. If to any diameter of a parabola an ordinate 
be drawn, also from the vertex of the diameter, and 
from the intersection of the ordinate with the curve, 
ordinates be drawn to any other diameter, the rect- 
angle contained by the parameter of the latter diame- 
ter and the abscissa of the former will be equal to 
the square of the diflference between the two last 
ordinates. 

Let PK, AE be parts of two diameters, and km an ordi- 
nate to the former at any point K 
in it; let also MB, PC be ordi- 
nates to ae; then p being the 
parameter of ae, 

^ jO.PK = (PC — mb)^ 

Produce mk to n, draw the lines 
NH, KD parallel to PC, and mq 
parallel cto ad, cutting kd in g; then (Art. 72.) 

jE>.AB = MB^ /?.AC=PC^ andjO.AH = NH2. 

Subtracting the first of these equations from the second, 

/?.BC =PC*— MB^ 

=:(pC+Mb) (pC — Mb). 

Again, subtracting the first from the third, 

/?.bh =nh^— mb^ 

= (nh +mb)(nh-mb). 

But MN being bisected in K, we have 2bd = bh, also 
NH + MB =2kd or 2pc, 

and NH— MB (— NQ or 2kg) = 2 (pc— mb); 

therefore, substituting in (i) and dividing by 2, 

/?.bd = 2pc (pc— mb). 




(«) 



(p) 




./ 
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From this last equation subtracting (a) we have 

/?.CD = (pc— mb) (pc— Mb), 
or j9.PK = (pc— mb)2. 

Proposition XXXVIII. 

136. Having a focus, with the lengths and posi- 
tions of three radii vectores, and the angles contained 
between them* to find the axis of a conic section 
passing through the extremities of the radii. 

Let F p, F p', F p'^ be the given m 
radii, and imagine mn to be the g" 
directrix of the curve: join p^, ^ 
p and p^', p' ; and, producing the ^ 
lines p^ p, p" p' indefinitely, ?kSi 
imagine them to intersect the 
directrix in t and t^ 

Now (Art. 89. a.) 

FP ; pp'::pt : p't; 
whence fp'— fp : fp'::p't— pt : p^t; 

and, since the three first terms are known, the point t is 
determined. 

In-like manner, from the proportion 

FP'^— FP' : fp^^::p^'t^— p't' : p^'t', 

the point t' is determined: and thus the position of the 
directrix is found. 

From the points p, p', p^' let fall pq, p'q', p'^q^' perpen- 
dicularly on the directrix ; and, throuoh F, draw an indefinite 
line also perpendicular to the directrix, cutting it in d : this 
will be the direction of the transverse axis; and imagine 
E and c to be the extremities of that axis. Then, since 
(Art. 88.) FP : pq :: fe : ed, apd fp : pq :: fc : cd, 

FP + PQ : fp::fd : fe, 

and PQ— FP : fp::fd : FC: 

thus, both FE and FC are found; aiid, consequently, the 
major axis is obtained. 

If FP is less than pq the curve is an ellipse, if equal a 
parabola, and if greater an hyperbola. 
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Proposition XXXIX. 

137. To trisect an angle, or a circular arc, by 
mea;ns of an hyperbola. 

Let FDA be a given circular arc which is to be trisected: 
draw the chord fa; and, having bi- 
sected it in 0, draw an indefinite line 
cz perpendicular to pa. Make cv 
equsd to |^pc; then if, with f as a 
focus, V one extremity of the trans- 
verse axis, and c z as a directrix, there 
be described (Art. 89. Scholium) an 
hyperbolic curve VPQ, it will cut the 
circular arc in p; and the arc fp, will be one third of the 
given arc fda. / 

For (Art. 88.) having joined f, p, and drawn pn perpen- 
dicular to cz, 

FV : vc::fp : pn; 

But, since vc = ^FC, fv = 2vc; therefore the straight 
lineFP = 2PN. 

Now, if PN be produced to cut the arc fda in p,' pp' will 
be bisected in n, and the arc pbp^ or fda, in D: thus the 
arcs FP, pp', and p'a will be equal to one another, or the arc 
FDA is trisected in P. 

If s represent the centre of the hyperbola, we shall have 
(Art. 88.) 

SF : 8v::sv : sc; 

whence sf-sv : sv:: sv— sc : sc, or fv : sv:: vc : sc. 
But FV=2vc; therefore sv=2sc and vc=SC : 
Hence sv=:fv and 28V=sf, or twice the semi-transverse 
axis is equal to the excentricily. 
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ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 



CHAPTER I. 



THE EQUATIONS OF LINES AND PLANES IN SPACE. 



138. The position of a point in space is determined when 
its distances from any three given points are known ; but, in 
order that the varying positions of the point may be ex- 
l)re88ed algebraically, it is found convenient to imagine the 
positions of three lines concurring in one point to be given, 
and to refer the point in space to these lines or to planes 
conceived to pass through them. The three lines are desig- 
nated Axes of the Co-ordinates, and the planes passing 
through them are called Co-ordinate Planes: these may form 
any angles, right or oblique, with one another, and may be 
considered as three faces of a parallelepiped, about one of its 
solid angles ; while the co-ordinate axes may be considered 
as three concurring edges of the figure. The position of a 
line and of a plane in space is also indicated by the distances 
of points in such line or plane from the three co-ordinate 
planes or axes. 

When the situation of one of the co-ordinate planes can be 
assigned at pleasure, it is convenient to imagine that it coin- 
cides with the plane of the paper, the two other planes then 
making with the paper, and with each other, right or oblique 
angles. Thus, o being the 
common intersection of the 
three axes ox, oy, oz or the 
origin of the co-ordinates, ox, 
OY produced if necessary to- 
wards x^ and Y^ may be in the 
plane of the paper, and the 
planes zox, zo y inclined to it 
at any angles,either rising above 
it, or, if necessary, prodi^ced so 
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as to extend below it. The lines xox^, toy', zoz' are at 
right angles to one another when the system of co-ordinate 
planes is rectangular ; otherwise the angles which they mu- 
tually form are acute or obtuse. 

139. Now, in order to express the position of a point P in 
space, whether the system of axes be rectangular or oblique 
it is conceived that through the point there pass there planes 
parallel to the co-ordinate planes, and consequently cutting 
them in lines parallel to the axes: the distances of these 
planes, measured on the axes are the co-ordinates of the point. 
Thus, if the plane vpm, vpn, vtq be parallel to ZOY, zox, 
XOY respectively, the intersections pn or om (represented 
by ar), pm ox on (represented byy), and vp or o ^ (represented 
by z\ are the co-ordinates of p. 

The point O may be considered as the centre of a sphere* 
whose surface passes through p ; and the co-ordinates of P 
will have positive or negative values depending on the solid 
sector within which the point is situated. Thus, if p were 
anywhere within the sector zxy, the co-ordinates x, y, z 
would all be considered as positive ; if p were within the 
sector ZYX', y and z would remain positive, but x would be 
negative; if P were within the sector z'xy, x and y would 
be positive, but z would be negative ; and so on. (Art. 4.) 

140. The situation of a point p in space may also be ex- 
pressed by polar co-ordinates, the positions of the co-ordinate 
axes being given. Thus, imagine a line op to be drawn to 
the point from the origin of the co-ordinates; then op and 
the three angles xop, yop, zop being known, it is evident 
that the position of P will be determined. Or, the system of 
axes, ox, oy, oz being for simplicity rectangular, if a plane 
be conceived to pass through zo and P cutting the plane 
XOY in a straight line as o^, such plane will be perpen- 
dicular to XOY, and then, op and the angles xojp, zoP 
being known, the position of p is determined. Since the 
angles xojo and zop may each have any values from to 
360 degrees, it is evident that the same formula may express 
the situation of P, in any of the four sectoral spaces between 
the co-ordinate planes. 

141. If a plane passing through a line given in space fall 
perpendicularly on a plane, the line in which the planes 
intersect one another, is called the orthogonal projection of the 
giren line. Thus, a straight line in space may be projected 
orthogonally upon each of the three co-ordinate planes ; but 
generally, when such projection is used, the co-ordinate planes 
are at right angles to one another. 

Whether three co-ordinate planes be at right or oblique 

I 3 
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angles to one another, lines paauog tbroogb points in a ^Ten 
line or plane, parallel to one of the co-ordmate planes and 
intersecting another, form upon this last plane a line or 
plane which is designated the projection of the given line or 
plane on the latter. The equations of the lines which on 
two co-ordinate planes constitute the projectjons of a line in 
space, appertun together to thb line. 

Lines, or planes, passing through a given line and cutting 
the co-ordinate planes, are called projecting lines, or planes. 



PfiOPOSlTlON I. 

142. To find the distance between any two points 
in apace in tenns of the co-ordinates of tae points. 

Let p and p' be the given points j and the system of co- 
ordinate axes being for sim- 
plicity rectangular, let fall p;*, 
p'/)' perpendicularly on the 
plane xoy, and dmw pm, p'm' 
perpendicular to ox; also let 
the co-ordinates be represented 
as follow : — 

Om by .r, tnp by y, pp by z, 

Om'hjx',m'p'bjy',T'p'hyz'. ^ 
Imagine the lines m, p n to " 
be drawn parallel to ox ; and mpn, parallel to ot; and let 
the axes ox, ot, oz be moved parallel to themselves till o 
coincides with p. Let the axes ox, ot in their new posi- 
tions be intercepted by planes passing through p' parallel to 
ZOT, zox, and imagine Ftn,,, rn,„ and p'q ( = pz^) to be new 
co-ordinates of P*, so that piMj,, or Qn„,=/»m^, fHj„ or Q»i„ 

—mjt': then 

Pni„=:x'— a:, Qm„=y'— y, and p'Q=r'— «; 
whenoe (Euc i. 47.) p'p* = (pm„* + Qm,/ + p'Q*) 
= (:r'-i)' + (/-y)' + (y-z)', 

p' being situated anywhere with respect to P. 

If one of the points, as p', coinades with o the origin of 
the co-ordinates, wehave*'=:0,y=0, z'=0; ajid the square 
of the line, or op^ becomes x'^-^y*-^z\ 

Thus the line pp' is the diagonal of a rectangular parallele- 
piped, whose sides are Pm,„ Qm^„ and p'q ; and op is the 
diagonal of such a parallelepiped, whose sides are Dim, mp, 
or on, and p^. 
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a. If the co-ordinate planes zox, zoy, xoy are oblique 
to one another, imagine planes 
to pass through p the given 
point, parallel to thoge planes 
cutting zox in em and £R, 
ZOY in PQ and fr, and xoy 
in NM and NQ; and let two 
of the planes intersect one 
another in pn ; also, imagining 
0,N to be joined, let on be 
produced towards s; then OM 

=J?, OQ=:y, OR=5r. 

Now (PI. Trigon. Art. 57. 
b.) 

OP^ = NP^ + ON^ + 2nP.ON COS. ZON, 
and ON^ = OM^ + MN^4-20M.MN COS. XOY. 

Imagine nv to be let fall perpendicularly on oz; then 

ON cos. ZON = OV. 

Also, imagine MT to be drawn perpendicular to oz, th 
parallel to oy, and HV perpendicular to oz ; then 

OT=OM COS. zox, TV = TH COS. ZOY (=MN COS. ZOY), 

and ov, or on cos. zon,=om cos. zox + mn cos. zoy; 
therefore, substituting, 

OP* = NP* + OM* + MN' + 20M.MNCOS.XOy + 2Np(oM COS. ZOX + MN COS. ZOY), 

or op*=«* + a:" + y*+ 2ary cos. xoy-\-2zx cos. zox-i-22y cos. zot. 

143. Cor. From this proposition it may be proved, that 
the sum of the squares of the four diagonals of the parallele- 
piped RN is equal to four times the sum of the squares of the 
three edges about one of the solid angles ; that is, 

op^ + nr2+mf2 + eq2=4(om2+oq2 + or2). 

We have already, as above, the value of op^. Now sup- 
pose the parallelepiped to be formed between the axes xo 
produced towards x^ and YO; then the angles YOX^ zox' 
will be obtuse, while zoy remains acute; and on merely 
changing the signs of the terms containing cos. xoY, cos. 
ZOX in the last value of OP^, we have 

KR*a=«* + a:*+y* — 2ary cos. xot— 2a?z cos. zox + 2zy cos. zot. 

Again, suppose the parallelepiped to be fonned between 
the axes yo produced towards y', and ox ; then the angles 
xoy', zoy' become obtuse, while zox remains acute; and 

I 4 



120 



GEOMETRY OF THBEE DIMENSIONS. 



Sbct. IlL 



changing the signs of cos. XOY, cos. zoy in the value of 
OP^, we have 

MF*s=a;* + a;* + y"— 2xy COS. yox + 2xz cos. z ox— Say cos. ZOT. 

Lastly, suppose the parallelepiped to be formed between 
the axes yo produced towards y\ and xo produced 
towards x'; then the angles zoy', zox' are obtuse, while 
x'oy' is acute; therefore, changing the signs of cos. zoy, 
cos. zox in the value of op^ we have 

«Q'«=z:* + a:* + y" + 2ary cos. XOY— 2arz cos. zox— 2rycos. zot. 

Adding together the equivalents of the squares of the four 
diagonals, all the trigonometrical terms destroy one another, 
and their sum is 4 {z^ + x^ + t/'^)^ 

which was to be proved. 

If p and p' be any two points in space, and the co-ordi- 
nates of p' be represented by x'—x, t/—j/y and z^—z, the 
value of p'p^ will be obtained by merely substituting in the 
expression for op^ f—x for x, y'—y for ^, and z' — z for «. 



Proposition II. 

144. To find the equations of a line, in space,, 
when the line is projected on three rectangular co- 
ordinate planes. 

Let the line, as op, pass through the origin of the co-or- 
dinates ; and, planes being sup- 
posed to pass through P perpen- 
dicularly to the co-ordinate 
planes, let the co-ordinates of 
p be om (=Jp), On (=^), oq 
(=z); also, let the angles x op, 
YOP, ZOP, which OP makes 
with the axes, be represented 
by a, /3, y. Again, imagine 
planes to pass through op per- 
pendicularly to the co-ordinate 
planes, so as to cut zox in om' 
ZOT in on', and xOY in O/?, in which case om', on'. Op are 
the projections of OP on the co-ordinate planes ; then we shall 
have 

om X COS. a 




tan. zom'= — =- = 

oq z COS. y 

oq z COS. y 
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, ^ mp y COS. /3 

and tan. xo» = — ^ =- = -. 

^ Om X COS. a 

ft 

Thus the equations of op, that is, of its projections op zox, 
ZOT, become (Art. 9.) 

COS. a COS. /3 

COS. y cos, y ^ 



COS. y cos, 

which may be put in the forms 



az-=:Xy bz:=zT/, 

If the original line, as ab, do not pass through the origin 
of the co-ordinates, imagine a line, as o p, parallel to it, to 
be drawn through the point o ; then, the lines being parallel, 
two planes which are parallel to one another may bie Con- 
ceived to pass through them, and these parallel planes, being 
made to intersect either of the co-ordinate planes, the lines of 
section, as o5 and op on the plane XOY, will (Geom. Planes, 
Prop. 16.) be parallel to one another. In the present propo- 
sition, the planes passing through the two lines are supposed 
to be perpendicular to the plane of projection, and the lines of 
section are the projections of those lines. It follows that the 
equations of a line in space, not passing through the origin of 
the co-ordinates, may (Art. 10.) be represented on the planes 
zox, ZOT respectively by 

x-zzaz-^-h^ 2iX\Ay:=bz'\'k, (a) 

From these equations may be obtained the equation of the 
line projected on xoy ; for, eliminating z, we have 

b ah—bh .,. 

which may be represented (m denoting - or tan. xoj?) by 

y=mx-\-n. 

a. If the line do not pass through the origin of the co-or- 
dinates, the point, as C, in which it intersects the plane xoY, 
is found by making 2r=0 in the equations (a), which gives, 
for the position of the point of intersection, x=A, i/=k. 
Making ^=0 in the equations (a) and (b\ we have the values 
of z and y, which determine the point of intersection on 
ZOT ; and making y=0 in the same equations, we have the 
values of z and x for the point of intersection on zox. 

b. The equations for a line in space, when projected on 
co-ordinate planes oblique to one another, may, if the line^ 
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pass through the origin of the co-ordinates^ be represented on 
zox, ZOY (Fig. to Art 142. a.) by 

x=aZf y = bz\ 

and if it do not pass through the origin of the co-ordinates^ 
l^y the equations 

x=az-\-hy y=bz-\-ki 

in all these equations (Art 9.) 

sin. OEM , , sin. OFQ 

a^ — • and ^= — ; • 

sin. EOM sin. FOQ 

Proposition III. 

145. To find the polar equations of a line in space, 
the co-ordinate axes being at right angles to one 
another. 

Let the line, as op (Fig. to Art. 144.), pass through the 
origin of rectangular co-ordinates, and let it be represented 
by r; then, the angles which OP makes with the co-ordinate 
axes being represented as before, we have for the polar 
equations, 

x=r COS. a, y=r cos, /3, 2=r cos. y. 

But the equations of the projected lines omfy On' being 
represented hj x^zaz, yz=.bz (m which a and b are supposed 
to denote, respectively, tan. zom' and tan. zon'), on substi- 
tuting these values of x and y in the equation 

r2( = op2)=x2+2^«4.z^ 

the latter becomes r'^:=^{cfi-\-b'^-\-V) z^\ 

whence z = + ,. « . r-^ . ix * 

-V(a2 + ^^+l) 

This value of z being substituted in the same equations for 
X and y, we obtain 

Again, if 9 be the angle which O/?, the projection of OP, 
makes with ox, we shall have, since r sin. y =o/>, 

x-=zr sin. y cos. 9, 
and yzz.r sin. y sin. d 

while z=r cos. y. 
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a. If the co-ordinate planes form oblique angles with one 
another^ the polar equations for the line OP may be found 
thus : — 

Let OP (Fig. to Art. 142. a.) be represented by r as before, 
and let the angles which It makes with the planes zoy, zox, 
and XOY be represented by a', j3', and y' \ also let the in- 
clinations of the lines ox, OY, oz to the planes ZOY, zox, 
XOY be denoted by fl, fl', and V'. 

Imagine Pp' to be let fall perpendicularly on the plane 
ZOY ; then (Trigon. Art. 30. Z.) 

r sin. fl/=pj9'; 

also. If a line be let fall from m perpendicularly on zoy, such 
line will be equal to p j9' ; hence 

X sin. fi = Pjo'. 

Therefore x sin. fl =r sin. a' : 

, sin. of 

whence x = —; — >r^« 

sm. 9 

In like manner it may be shown that 

sin. /3 , sin. V 

y'=-— — 77^ and z = — — jj^r. 
^ sm. $ sm. d 



Proposition IV. 

14&. To find the equations for a line which is to 
pass through two given points in space, the co-ordi- 
nate axes making any angle with one another. 

Let the co-ordinates of the two points be x\ t/% zf^ and x'^ 
y"^ 7^' ; It Is evident that, with respect to these points, the 
equations (a) Art. 144. for the projected lines will be 

and j/'^a7^'^}i,y"-hz!'^rli\ 

x'^ — x^ 
whence x'^-^x^^a (r'' — z'), or a= -77377^ 

and y'-y = J (^'-^), or b = ^J^ 

But subtracting the equations for xf and y' from the equa- 
tions {a) Art. 144. we have 

X'^x^a {z^z!\ fixAy—y'^'h (2;— z'): 
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substituting in thes^ the above values of a and i, the required 
equations are 



f 


/ 


x"- 


-a;' 


X ' 


— X 


~z"- 


-£ 


y- 


-y' 


_/'• 

-\"- 





-h-^\ 



and y^y'^^^^—Jl^z-z!)\ 

in which Xy y, z represent the co-ordinates of any point what- 
ever in the line. 



Proposition V. 

147. To find the co-ordinates of a point in which 
two lines whose equations are given intersect one 
another. 

Let the given equations be 

At the point of intersection x'=x\ y^y' and 2: =2:'; 

therefore (a — a') 2: + A — A' = 

and (J-iO^+*-*'=0; 

h'-h A'- A 

whence z = -. or = ^ — i, ; 

a— a — 

substituting the first of these values of z in the equation for 
Xy we have 

x = a +h = —; 

a— -a' a— a' 

and the other in the equation for y, we have 

These values of x^ y, and z are the co-ordinates of the point 
of intersection. If a = a' and S=J' the values of ar, y, and 
z are infinite ; which proves that the lines are then parallel 
to one another. 

Proposition VI. 

148/ To find the equations for a straight line 
passing through a given point, and making given 
angles with three rectangular co-ordinate axes. 
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* linaglne a line, as op (Fig- to Art. 144.) passing, through 
the origin, and making with the co-ordinate axes angles equal 
to those which the given line makes with the same axes, this 
line will be parallel to the given line. 

Let the angles made with ox, ot, ozbe a, jS, y; then 
ar', y^, z! being the co-ordinates of the given point, the equa- 
tions of the required line, on zox, ZOY, will be as in the 
equations (a) Art. 144., and substituting for a and h their 
trigonometrical equivalents, . 

— '- — z' •\-h'=-x'^ and — —z^-^k^y' ; 



COS. y COS. y 

whence Ji^x' — z^ — *- — , and k=y' — z' — —. 

COS. y ^ COS. y 

Therefore ar, y, z being the co-ordinates of any other point in 

the line, the required equations for the projections on zox, 

ZOY, by the substitution of these values of A and k in the 

equations 

COS. ot' . , J cos. /3 , , 

Z'\-h^x. and 2r + A = y, 

COS. y COS. y 

will be — '- — (2r--2:0=^— ^' and — '- — (z—z'^^y — i/. 

COS. 7 ^ ^ COS. y^ / ^ ^ 

149. Cor. If it were required to find the equations for a 
straight line passing through a given point and parallel to 
a given line : 

Through the origin of the co-ordinates a line may be 
imagined to pass parallel to the given line, consequently 
making equal angles with the co-ordinate axes ; then, the 
co-ordinates of the given point being a/, y', z'y the required 
equations for the line will be, on zox and zoY, the same as 
those in the proposition. 

Proposition VIL 

150. To find the angle contained between two 
lines which intersect one another in space, in terms 
of the angles which they make vnth the co-ordinate 
axes. 

If the intersection should not take place at the origin of 
the co-ordinates, conceive two lines to be drawn through 
that point parallel to the given lines ; the angle contained 
between these will be equal to that which is contained 
between the original lines. 
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Let o A, OP be the two lines drawn from O, and let their 
lengths be represented by r and r\ Let 
the rectilinear co-ordinates of a be :r, y, jt, 
and those of p be a/, y, ^i'; again, let the 
inclinations of the lines oa and OP to the 
axes ox, OY, oz be represented by a, /3, y, 
and a', jS', 7/; and let the required angle 
be represented by 9. 

Then (PI. Trig. Art. 57. h.\ A, p being joined. 

AP^rzr^ + r'^— 2 rr' cos. 9; 

also (Art. 142.) Ap2 = (a:'-x)2 + (y'-y)2 + (;?'-;?)^; 
expanding the second member of the last equation, we have 

Ap2=ar'2+y'2 + r'* + x2+y2-h2r^-2(a:'a?H-3^'yH-2:'z), 

therefore r r' cos. fl = x' ar + "ify + r' r. (c) 

But a:=r COS. a, y = r cos. j3, 2: = r cos. y, 

and a:'=r' cos. a', y^'^.r' cos. jS', z* •=zr' cos. y'; 

therefore, substituting in the last equation, 

cos. 8= cos. a COS. a' 4- COS. j3 COS. |3' + cos. y cos. y'. 

When the two lines are parallel to one another, fi = and 
cos. fi = 1 ; therefore the equation becomes 

1 =cos. a COS. a' + COS. /3 COS. /3' -f COS. y COS. y'. 

When the two lines are at right angles to one another, 
fl=90° and cos. flziO; therefore 

O=cos. a COS. a' 4- COS. |3 COS. /3' + cos. y COS. y'. 

151. CoR. If it were required to express the angle con- 
tained between two lines, as o a, op, in terms of the angles 
which their projections on two of the three co-ordinate planes 
make with the line in which those planes intersect one 
another, let a?, y, Zy and x\ y\ z' be co-ordinates of A and p, 
or of any two points, one in each line. Then the equations 
for the two lines being, 

on ZOX, x-zizaZy ar'zra'^:'; 

on ZOY, y=.hzy y'izV z' \ 

in which a, a', J, V (the systems of co-ordinate axes being 
rectangular) are the tiangents of the angles which the projec- 
tions of the given lines on zox, zoY make with OZ. 



to 
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Substituting these values of Xy ar', y, y in the value of 
COS. 9, at (c) above, viz. 

xx' -Vyy' -Vzz' xsf •\-yy' -\-zz^ 

the latter beoomcs, on dividing all the terms by zz'. 

Proposition VIII. 

152. To find the equation for a plane in space, in 
terms of rectangular co-ordinates. 

Imagine a line to be drawn (Fig. to Art. 150.) from o, 
the origin of the co-ordinates, perpendicularly on the plane, 
meeting the latter in A, and let p be any point in the plane. 
Join O, P and A, P, (ap wiU be at right angles to O a) ; and let 
the co-ordinates of A be a, i, c, while those of P are x, y, z. 

Then, as in Art. 142., o A^ -d" + J^ + o^ 

Op2=:j52+y^4-^^; 
and AP^=(a:-a)2 + (y~J)3 + (2;-c)2; 

therefore oa» ( « op* - ap") « 2 (ax + fcy + cz) — (a* + 6» + c»), 

or OA^=2 (aar-f Jy-fcz)— OA^; 

or again, representing OA by D, 

aj? + fty+c2;=D*, (rf) 

which is the equation for the plane. 

But, if the angles which OA makes with ox, OY, oz be 
represented by a, |3, y, we shall have 

a=D cos. a, J = D COS. /3, cziD cos. y ; 

and the equation {i) becomes 

X cos. oL-\-y COS. j3 + r cos. y =D, (d') 

which is usually put in the form 

Aar + By + Cz=D. (rf'^) 

It is evident that, when the plane passes through the 
origin of the co-ordinates, D=0; and the equations {d) and 
(d!) become, respectively, 

and X COS. a +y cos. /3 -f z cos. y=0. 
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The inclination of two planes to one another is equal to 
the angle contained between two lines which are regpectively 
perpendicular to the planes; therefore, if a line, as o a, be 
drawn from o, the origin of three rectangular co-ordinates, 
perpendicularly to any plane in space, since ox, OY, oz are 
respectively perpendicular to the co-ordinate . planes zo^, 
zox, XOY, the angles XOA (=«), yoa (=/3), zoA(=y) 
which the line OA makes with the axes, will also denote the 
angles which the plane, in space, makes with those co-ordi- 
nate planes. Thus the equation {d') is the equation for a 
plane, in space, in terms of the inclinations of the plane to 
the three co-ordinate planes. 

153. Cor. 1. If the line op were conceived to coincide 
with OA, which may represent any line passing through the 
origin of the co-ordinates, the equation (c?') would become 

a cos, oL-k-b COS. /3 + c cos. y =D. 

Now, since the terms in the first member of this last equa- 
tion are respectively the projections of a, S, c, on the line oa, 
by lines drawn perpendicularly on the latter from their ex- 
tremities ; it follows tlmt, if any line in space be projected on 
three rectangular co-ordinate axes, and the projected lines be 
again projected on tlie original line, the sum of these second 
projections will be equal to that line. 

154. Coil. 2. If the plane in space cut the co-ordinate 
plane xo y ; on the line of intersection 2: = 0, and the equation 
\d'') becomes 

Aar + ByrzD, 

Again, if the plane cut zox, or ZOY, we have, since on the 
line of intersection y = 0, or x=0, 

aj: + Cz=d, or By4-C2:=D; 

and these are the three several equations for lines of inter- 
section with the three co-ordinate planes. 
From the first of these equations we have 

D A 
•^ B B 

in which — is the distance from o to the point in which o Y 
is cut by the intersection of the plane in space with xoY, 
and — or '—^r- is the cotangent of the angle which ox 

B COS. |3 ^ ^ 

makes with the projection of OA on xoY, or the tangent of 
the angle which the intersection of the plane with XOY 
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makes with ox. The like significations have the terms which 
enter into the values of x and z, which may be deduced from 
the two other equations for d. 

fl. It follows that, if two planes in space are parallel to 
one another, the two lines in which they intersect each of 
the co-ordinate planes are parallel to one another. For a, /3, y 
(^LTt. 150.) being the same for both planes, the values of 

^, &c., or the tangents of the angles which the inter- 
sections of both planes make with ox, &c., are respectively 
equal to one another ; therefore the angles are equal, and the 
lines are parallel to one another. The parallelism of the lines 
IS, however, manifest from Elementary Geometry (Geonu 
Planes, Prop. xiv.). 

h. It follows also that, when two straight lines in space 
are parallel to one another, their projections on each of the 
co-ordinate planes are parallel to one another. For the two 
lines being parallel, they may be conceived to lie in two 
planes which are parallel to one another, and have any po- 
sition with respect to the co-ordinate planes : let each of these 
planes be perpendicular to either of the co-ordinate planes ; 
then their intersections with the latter plane will be the pro- 
jected lines, on that plane ; and the projecting planes being 
parallel to one another, the two projected lines on each co- 
ordinate plane will, as above, be parallel to one another. 

c. It is evident from what has been said, that if, on any 
plane which intersects either of the co-ordinate planes, a line 
be drawn parallel to the intersection of the planes ; the pro- 
jection of the line on that co-ordinate plane will be parallel to 
the line of intersection. 

155. Cob. 3. If a plane in space cut the axis ox, both 
y=0 and 2:=0; and we have, from {d"\ Aa: — d=0: a like 
equation is obtained if the plane cut OY or oz; in the former 
case, ar=0, 2r=0; and in the latter, a:=0, y=0. 

156. CoK. 4. If a plane be parallel to xoy, the projection 
of the plane on zox, or ZOY, is a straight line parallel to OX, 
or OY; and, for these projections, since either y=0, or a:=0, 
and z is independent of both, we get, from {d"\ c^:— d=0. 
A corresponding equation will be obtained for the projections 
of a plane parallel to either of the other co-ordinate planes. 

Proposition IX. 

157. To find the equation for a plane in space, 
with respect to three co-ordinate axes forming any 
angles with one another. 

K 
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The equation for OP^ (Art. 142. a,) may be considered as 
the equation for a plane in space^ in which plane P is any 
point ; thus the co-ordinates of P being ar, y^ jzr, as in thai 
Article : — 

From P let fall pa perpendicularly on ox, and Py perpen- 
2 dicularly on QN produced; 

^-~ ^1, these lines being perpendi- 

a/mr--^-.-^ cular to PF, which is parallel 

/ \ / \ to ox and QN, will be in a 

/ Y 't^^^^ plane perpendicular to pp, and 

/ L-^^i I consequently to the plane PK, . 

\ /^.^^j/ / B / y ^^ *^ XOY, which is parallel 
" o\ / «7 i to PK. Join A, y, and draw 

\/ \/>| ^ Nw parallel to Ay; then both 

*'nV^.;;.;.'.^.^^ • -^ Ay and NTi will be perpen- 

^\^ dicular to ox. 

Now MW ( = MN COS. NMw)=y COS. XOY, 
Ny or An ( = PN COS. PNy) = Z. COS. ZOX, 

and OA (=OP cos. xop); 
therefore 

OA ( = 0P COS.XOP)=ra:-f y COS. XOY + 2^ COS. ZOX. 

In like manner, letting fall pb perpendicularly on OY, and 
p^ on MN produced, we should have 

OP COS. YOP=y + ar COS. XOY + 2f COS. ZOY. 

Also, letting fall PC perpendicularly on oz, and Pt? on QF 
produced, we should obtain 

OP COS. zop=2;-f y COS. zoy+x cos. zox. 

Multiplying the first of the three last equations by jt, the 
second by y, and the third by z^ it will be found that the 
sum of the second members, when so multiplied, is identical 
with the second member of the equation for OP^ (Art. 142. a.) ; 
therefore 

OP^=:a:.OP COS. XOP-f y.OP COS. YOP + 2:.OP COS. ZOP, 

or, OP=x COS. xop+y cos. YOP + r cos. zop. 

This is the equation for a plane, whether the co-ordinate 
axes be rectangular or oblique, p being any point in the 
plane, and or, y, z the co-ordinates of that point. 

From the last equation it is evident that, if the projections 
of any line, as OP, on the oblique co-ordinate axes, be ortho- 
gonally projected on the same line, the sum of the last pro- 
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jections will be equal to that line. This circumstance corre- 
sponds to the inference in Art. 153, respecting the projections 
of a line on rectangular co-ordinate axes. 

Proposition X. 

158. To find the point in which a given straight 
line will intersect a given plane. 

Let the equations of the line, supposed to be projected on 
the rectangidar co-ordinate planes zox, zoy, be 

x-^az-^-hy y—bz + k. 

Now, at the point of intersection, the co-ordinates x, y, 
and z are the same both for the line and the plane ; therefore, 
substituting these values of x and y in the equation of the 
plane [ (rf") Art. 152.], 

jL{az-\-K) + B(^2r + A) + C2r=D: 

aA + bA— D 



whence 2: = — 



Aa + Bi + c' 



and substituting this value of r in the equations for x and y, 
there will be obtained the equivalents of those co-ordinates. 
Thus there will be found the values of x, y, and z for the 
required point of intersection. 

Cor. If the line were parallel to the given plane, the 
point of intersection might be considered as infinitely remote, 
or Xy yy z would be infinite ; therefore the denominators in 
the values of these co-ordinates would be equivalent to zero. 
Hence, from the above value of z we should have 

Aa + Bi + C = 0. 



K 2 
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CHAP. IL 

inclinations of lines and planes to one another. 

Proposition L — Lemma. 

159. If a line, in space, be perpendicular to any 
plane, the orthogonal projection of the line on either 
of three rectangular co-ordinate planes will be per- 
pendicular to the intersection of the plane with that 
co-ordinate plane. 

Let MP, MN be the lines in which the plane intersects the 
co-ordinate planes zox, zoy, and let 
pqhe the projection of the perpendi- 
cular Hne upon zoy. Then, since the 
projecting plane passing through the 
original Une is perpendicular to zoY, 
and by passing through that original 
line it is perpendicular to the plane 
MNP; it follows that the two planes 
ZOY and MNP are perpendicular to the 
projecting plane: hence mn, the common section of the first 
planes is(Geom, Planes, Prop, xix.) perpendicular to the last 
plane, ana therefore perpendicular to pq^ which it meets in 
that plane. In like manner it may be proved that the pro- 
jections of the perpendicular Une on zox, XOY, are respect- 
ively perpendicular to MP and pn, the intersections of MNP 
with those planes. 

Proposition IL 

160. To find the equations for a line passing 
through a given point and perpendicular to a given 
plane. 

Let the co-ordinates of the given point be ar', y', z', and 
those of the point in which the line intersects the plane be 
Xy y, z. Now, the equation for the plane being (Art. 152.) 

Aar + By-f C2;=d; 

if lines on the plane, parallel to the intersections of the latter 
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with the co-ordinate planes zox, ZOY, and passing through 
the point whose co-ordinates are Xy y, z, be projected on 
those planes; the lines so projected, being (Art. 154. c.) 
parallel to the intersections, their equations will be, 

on zox, Aa: + C2:=D, whence xzz — zH- -: 

and on zo y. By + Cz= d, whence y = z + -. 

B B 

But the projections of the perpendicular line on zox, 
ZOY are, by the preceding lemma, perpendicular to the 
intersections of the given plane with the co-ordinate planes, 
and to the lines represented by the equations (e) ; therefore 
the equations for the projections of the perpendicular line 
(xy y, z being the co-ordinates of its intersection with the 
given plane) will be (Art. 16. a.) 

a:=-2r + P,andy=-2:-fQ (/) 

(p and Q being put for the constant terms). And the equa- 
tions for the projections of the same line, at points which 
are the projections of that point whose co-ordinates are 
^i 1/9 ^y will be 

c c 

Therefore, by subtraction, 

tod y'-y^--{z!''Z). 

c 

These are the equations for the perpendicular to the given 
plane when that perpendicular is projected on the planes 

ZOX, ZOY. 

The values of x and y determined from the equations (y) 
being substituted in the equation of the plane, from the latter 
the value of z may be determined; and thus the point is 
found at which a line perpendicular to the plane, and passing 
through a given point, will intersect the plane.* 



* Since in the equation Aa:+By+C2:=D, for a plane (ao, or d, Fig. 
to Art. 150., being a line let fall from o perpendicularly on the plane) 

A=COS. A ox, B=COS. AOT, C=COS. AOZ; 

K 3 
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161. Cob. The length of the perpendicular between the 
points whose co-ordinates are z, y, z and x^ y z^ is evidently 
equal to 

^ {(y - x)« + (y' -y)» + {z!-£f\ 

Now, if r represent the length of a perpendicular let fall 
from o on the plane, and ]p be the length of the perpendicular 
last mentioned, we shall have [(^f) Art. 152.] 

ax-\'hy->tcz =r^y 

and ax'-f *y-f cr' = (r-f/?)^; 

whence a^aZ—x) + b (y'— y) + c (2:'— z):=2 rp +p\ 

Substituting in this equation the values of j/ — xandy'— y 
in (y) we shall have, 

- and - being respectively identical with - and -, 






from which, by substitution in (y), we shall obtain corre- 
sponding values of x'— X and y — y. Lastly, substituting all 
these values in the radical expression above, we obtain 

aa/ + b^-^cz^—r^ 

Proposition III. 

162. To find the inclination of a given line to a 
plane. 



it follows that, in the equations (/) and (^), 

A COS. AOX / X\ , B _l C08. ACT / y\ 

C COS. ADZ \ «/' C COS. AOZ \ z) ' 

in which - is manifestly the tangent of the angle which the projection on 

10 X of a perpendicular to the plane makes with oz, and ^ is the tangent 

of the angle which the projection on zot of a perpendicular to the plane 

makes with the same line oz ; or - , ^ are the cotangent^i of the angles 

which the projections of the perpendicular ta the plane make with ox 
and OT respectively. The coefficients of z in the equations (e) are evi- 
dently tangents of the angles which the intersectioDS of the given plane 
with the co-ordinate planes make with oz ; or they are respectively the 
cotangents of the angles which those intersections make with xo and to 
produced. 
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Imagine a line, as o A (Fig. to Art. 150.), to be drawn from 
the origin of the rectangular co-ordinates perpendicularly on 
the given plane, and let op be parallel to the given line; 
then the angle aop will be equal to the complement of the 
required inclination of the line to the plane. Now, if the 
equation for the given plane be represented by 

Aar + By + Cr=D, l{d'') Art. 152.] 

the equations for a line, as oa, perpendicularly to it, if the 
perpendicular be supposed to pass through the origin of the 
co-ordinates, wiU be [(/) Art. 158.)] 

A 

on zox, X iz.—'Z 



and on ZOT, y=— z: 

' ^ c 

also the equations of the given line, supposed to pass through 
O, will be, on zox, a:' = a' z!^ and on ZOY, y = J'r'. 

A B 

In these equations - and - are the quantities designated, 

respectively, a and h in the equations for x andy (Art. 151.), 
while a' and h' have the same signification as have a' and V 
in the values of a/ and y' in that Article. Therefore, on sub- 

stitfiting — for a and — for h in the formula (c') in the same 

Article, that formula will become an expression for the cosine 
of the angle between the given line and a perpendicular to 
the plane; and consequently for the sine of the required 
angle between the given line and the plane. 

If the line were parallel to the plane ; since the sine of the 
angle between the Une and the plane would then be zero, the 
numerator of the expression (c^) would be zero, or we should 
have 

fla' + ^»i'+l=0; 

whence, by the substitution, just mentioned, 

Aa'-|-Bi'4-C = 0. 

Proposition IV. 

163. To find the inclination of a given plane to 
each of three rectangular co-ordinate planes. 

Since the angle which two planes make with one another 
is equal to the angle contained between two lines which are 
perpendicular to the planes, and intersect one another ; it 

K 4 
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follows that, if a line pass through the origin of the co- 
ordinates perpendicularly to the given plane, the angles 
which it makes with ox, OY, oz will, respectively, be equal 
to the angles which the given plane makes with the planes 

ZOY, ZOX, XOY. 

Now the equation for the plane being [(c?) Art. 152.] re- 
presented by 

ax + by + cz=r^ ( = a^-|- i^ + c'^) 

in which r is the length of a perpendicular let fall on the 
plane from the origin of the co-ordinates; it follows that 

± - denotes the cosine of the angle which the perpendicular 
r 

makes with ox; it is therefore equal to the cosine of the 

angle which the given plane makes with zoy. In like 

manner, the cosine of the angle which the plane makes with 

ZOX is denoted by ± -, and the cosine of that which it 

r 

c 
makes with xoY by + -. 



Proposition V. 

164. The inclinations of two planes to each of 
three rectangular co-ordinate planes being given ^ to 
find the inclination of the planes to one another. 

Imagine a line to be drawn through the origin of the co- 
ordinates perpendicular to each of the given planes ; then the 
angle contained between these perpendiculars will be equal 
to the required angle of inclination. Now let x, y, z be the 
co-ordinates of any point in one of the perpendiculars, and 
a/, y ', z^ the co-or^ates of any point in the other ; then fl 
representing the required inclination, we have [(o) Art. 150.] 

. _jc3/ '\-yy' + zz^ _ xsf +yj/ + zz' 

COS. 9 - —, , or _ ^J(^2_^y2^^1)(^y2^y2^^2)j 

which, in terms of the tangents of the angles made by the 
projections of the perpendiculars on the co-ordinate planes, is 
[(cO Art. 151.] 

._ aa'-h&y+l 

^^ 'v/[(a' + S^ + l)(a'^ + S'^+l]' 

When one of the planes is at right angles to the other, 
cos. fl = 0; 

whence xx'+yy^ -f r^r' =0, 

or aa'^bV^-l =0. 
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Proposition VI. 

165. To find the equation for a plane which shall 
pass through a given point, and be parallel to a given 
plane. 

Let x, y, z be the co-ordinates of any point in the required 
plane^ and let a, j3, y be the angles which a perpendicular to 
both the planes makes with ox, OY, oz; then [(</') Art. 
152.] 

X cos. a+y cos. ^-\-z COS. y^^r, 

(r being the length of the perpendicular let fall on the re- 
quired plane from the origin of the co-ordinates). 

Now, since the required plane is to pass through a given 
point, if the co-ordinates of that point be x', y', z', we shall 
have also 

x' cos. a+y COS. /3 + y COS. y=r ; 

therefore, by subtraction, 

(a/'-x) COS. a + (y'— y) cos. /3 + (z'— r) COS. y=0, 

which is the equation for the required plane. 

Note. — The proposition might have been enunciated thus: — 
To determine a plane passing through a given point (or', y', z') 
perpendicularly to a given line. Or, To determine a plane 
passing through a given point (.r', t/\ z') making given angles 
(a, /3, y) with the co-ordinate planes. 

Peoposition VII. 

166. To determine the line in which two given 
planes intersect one another. 

Let a, jS, y be the inclinations of one of the planes, and 
afy j3', y' be the inclinations of the other plane to the three 
rectangular co-ordinate planes : also, let x\ y'^ z' be given 
co-ordinates of a point in one of the planes, and y, y'', z'' be 
^ven co-ordinates of a point in the other ; and let x^ y, z be 
co-ordinates of a point in the line of section. Then, for one 
of the planes we have (Art. 165.) 

(aZ—x) cos. a + (y'— y) cos. P-\-(z^—z) cos. y=0, 

and for the other, 

(y'— ar) cos. oJ'\-{y"—y) cos. ^' ^{z'^—z) cos. 7^=0; 

or, dividing by cos. y and cos. y' respectively. 
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/ , V COS. a . , . COS. /3 , _ 

and (;."_;r)^'+(y"-y)^+/'-z=0. 
^ ^cos./ ^ "^^008.7' 

The trigonometrical coefficients being represented in the 
first equation by a and by and in the second by a and V 
(these letters representing the tangents of the angles which 
the projections of perpendiculars to the planes, on zox and 
zo Y, make with oz, Art. 144.), the equations may be put in 
the form 

and a'ar + &'y + «=:N; 

M and N being put for the sums of all the given terms when 
transposed to the second members. Then, multiplying the 
first equation by a', and the second by a, in order to elimi- 
nate Xy wo have, after subtraction, 

{a'b — aV)y'\-{a'—d) z-=a'^—aTif. 

Again, multiplying the first equation by 5', and the second 
by by in order to eliminate y, we get 

(ab'-a'b) x + (b'-b) ;?=i'M-iN. 

These are the equations for the line of intersection, that line 
being projected on zoy and zox. 
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CHAP. III. 
PROJECTIONS OF FIGURES ON CO-ORDINATE PLANES. 

Proposition I. 

167. If any plane figure be orthogonally projected 
upon a plane surface which is inclined to that of the 
figure in any angle, the projected figure will be equi- 
valent to the product of the original figure multipfied 
by the cosine of the inclination. 

Any plane figure can be divided into triangles ; therefore, 
ABC being considered as one of the triangles 

into which the figure is divided, imagine a rec- j, h b 

tangular parallelogram as E b to be described 
about it, so that two opposite sides, de, bf, . 
may be coincident with, or parallel to the line 
in which the planes intersect one another. 
Then, if this rectangle be projected on the 
plane which is incHned to it, the projecting ^ c ^^ * 
lines being parallel to one another, and perpen- 
dicular to the plane on which the figure is to be projected, 
the projected figure will be a rectangular parallelogram, of 
which two opposite sides are equal and parallel to de or 
b f ; and the inclination of the planes being represented by ^, 
each of the other two opposite sides will be equal to db cos. ^, 
or EF COS. 6. It follows that the surface of the rectangle df, 
when projected, will be expressed by 

DE.DB COS. ^, or DF COS. 0. 

Now, if lines be drawn, as in the figure, parallel and per- 
pendicular to D E, there will be formed the rectangular paral- 
lelograms EG, DG, &c., each of which has two of its opposite 
sides coincident with, or parallel to the intersection of the 
planes. Then, the projection of eg will be expressed by 

AE. AG COS. dy or EG COS. 6\ 

but (Euc, 41. i.)the triangle acg=|eg, and the projection 
of AGO will be equal to half the projection of EG ; therefore 
me projection of acg=acg cos. 6. 
Also, half the projection of dg=^dg cos. : 



140 GEOHETBY OF THBEE DUEXSIOKS. 8kt. lH 

but (Euc. 41. 1.) the triangle abg (=:ahg)=^dg, and the 
projection of abg or ahg will be equal to half the projection 
of DG ; therefore the projection ofABG=ABG cos. 0. © 

Hence, by addition, the projection of the triangle abc= 

ABC COS. d. 

In like manner may the proof be extended to all the tri- 
angles composing a given figure ; therefore the area of a pro- 
jected plane figure is equivalent to the given area multiplied 
by the cosine of the inclination of the* planes. 

Proposition II. 

1 68. The square of the area of any plane figure is 
equivalent to the sum of the squares of its projections 
on three rectangular co-ordinate planes. \^The square 
of an area is to be understood as a numerical expres- 
sion only.'\ 

Let the inclinations of the plane of the given figure to the 
co-ordinate planes be a, /3, y ; and let the area of the given 
figure be represented by a ; then 

A COS. a, A COS. /3^ A COS. y, 

will be the equivalents of the three projected areas ; and the 
sum of their squares will be 

A3 (COS.2 ^ _|. Q^^2 fi + eo8,2 y^^ 

But COS. a, COS. /3, COS. 7, representing three edges of a rec- 
tangular parallelepiped of which the diagonal is unity, we 
have co8.2a + co8.2/3 + cos.2y=l ; therefore the sum of the 
squares of the three projected areas is equivalent to a^, or to 
the square of the original area. 

Cob. It is evident that, if a triangular pyramid have three 
of Its edges at right angles to one another, whatever be the 
lengths of those edges, the square of the plane side subtending 
the solid angle formed by those edges will be equivalent to 
the sum of the squares of the three other plane sides. 

* 

Proposition III. 

169. Let three rectangular co-ordinate planes repre- 
sented by z'ox', x'oy' have the same common point 
of intersection as the original rectangular co-ordinate 
planes zox, zo y, xoy, and be inclined to these in any 
manner ; then, if a given plane figure, in space, be pro- 
jected upon any one of the first three planes as z'o y', 
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and the same figure be projected upon each of the 
three original co-ordmateplaBes, on again projecting 
each of these three projections on the plane z'oy', the 
sum of the three last projections will be equivalent to 
the area first projected on the same plane. 

Imagine a line, designated op to be drawn from the origin 
of the co-ordinates perpendicularly on the given plane figure 
which represent by a ; then ox^ being perpendicular to z'o y', 
we have A cos. x'op for the equivalent of the first projected 
area. Now (Art. 150.), 

COS. x'op=:cos. xop COS. xox'+ COS. TOP COS. YOx'+ COS. zop COS. zox': 

therefore, multiplying each term by A, 

▲ COS. x'op=3AC08. xop cos.xox' + A COS. TOP COS. Yox' + A COS. ZOP cos.zox': 

but A COS. xop, which represent by a', is equivalent to the 
given area projected on zo y ; 

A cos. YOP (=a'^) is the area projected on zox, 

and A COS. zop (=a"') is the area projected on XOY. 
Therefore, substituting, we get 

A cos.x'op=a' cos. xox'+a^' cos. yox' + a"' cos. zox'. 

The terms in the second member of this equation are the 
projections of a^ a'^ a!" on z'oy' ; and thus their gum is 
proved to be equivalent to the first projected area on the 
same plane. 

Proposition IV. 

170. Let any number of plane figures, in space, be 
projected on three rectangular co-ordinate planes zox, 
ZOY, XOY, and let the same figures be also projected 
on three other rectangular planes z'ox', z'oy', x'oy' 
having the same point of common intersection as the 
former, but being inclined to them at any angles ; it 
is required to prove that the sum of the squares of aU 
the areas projected on the first system of co-ordinate 
planes, is equal to the sum of the squares of all the 
areas projected on the second system. 

Let rt, a', a'^ &c. represent the areas of any number of 
plane figures, and imagine lines as OP, op', op'', &c., to be 
let fall from o upon those planes ; then 

a cos. xop + a' COS. xop' + «" cos. xop" + &c 
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will be the sum of the projections on zo y. Let this sum be 
represented by a', and let the smns of the projections of a, af^ 
al\ &c on zox, XOY be represented respectively by A'' and 
a'" ; also let the simis of the projections of a, a', a"y &c, on 
z'OY', z'ox', x'oy' be represented respectively by A^ a^^ 
Kff^ Then^ from the last proposition we have 

A^ =A' COS. XOX' + A'^ cos. YOX' + A''' COS. zox' • . (1) 
A^, =A' COS. XOY^ + A^' COS. YOY'4- a''' COS. ZOY' . . (2) 
A,^^ = A' COS. XO Z' + A^' COS. Y O z' -f A'" COS. Z O Z' . . (3) 

On squaring both members of each of these equations^ and 
adding the results together^ it will be found that the sum of 
the coefficients of a!^ is the sum of the squares of the cosines 
of the angles which ox makes with the three rectangular 
axes ox', oy', oz'; therefore that sum will be equivalent to 
unity. In like manner it will be found that the sums of the 
coefficients of a''^ and k!"'^ arc the sums of the squares of 
the cosines of the angles which OY and oz make with the 
same axes ; and therefore those sums will be severally equal 
to unity. Again, the sum of the coefficients of 2 a' a'' is the 
sum of the products of the cosines of the angles which ox 
and OY make with ox', oy', oz'; therefore, since ox and 
OY are at right angles to one another, the sum of those pro- 
ducts (=cos. xoy) is zero. In like manner the sums of the 
coefficients of 2a'a''' and ^a!'a!" are separately zero. Hence 

A,2 + A,/ + A,,,2 = a'2 -f a''2 + ^///2, 

And if the co-ordinate planes are so situated that 
we should have 

A^2=a'2-|-A''2 + a'''2^ 

or the sum of the projections on z'o y' would be a maximum. 
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CHAP. IV. 



TRANSFORMATION OF CO-ORDINATES. 




Proposition I. 

171. To transform the co-ordinates of a point in 

space from one sys- 
tem of axes to an- 
other, both systems 
being rectangular, 
and having a com- 
mon origin. 

Let zox, zoY, xoYbe 
the original co-ordinate 
planes at right angles 
to one another, and let 
z'ox', z'oY', x'oy' he the new planes, at right angles to 
one another; also let the planes YOX, y^ox', produced if 
necessary, intersect one another in on. 

Let M be any point in space ; and let its co-ordinates with 
respect to ox, oy, oz be ar, y, z, while its co-ordinates with 
respect to ox', oy', oz' are ^, y\ z!. Imagine o n' and on" 
to be drawn in the planes xoy, x'oy', respectively perpen- 
dicular to ON, that is, in a plane passing through oz and oz'; 
and let the co-ordinates of M with respect to on, on', oz be 
Xjy y„ z^y ; also, let the co-ordinates of M with respect to 
ON, on[', oz' be a:,,, y,„ r,,. 

Imagine o to be the centre of a sphere, and let the 
different co-ordinate planes be those of great circles ; also, let 
the quadrantal arcs zx, zy, &c. be drawn as in the figure. 
Let ox, OY, ON, ON' in the above figure be represented 

as in that which is annexed, and let m 
be the projection of M on xoy, also 
draw the perpendiculars to the co-ordi- 
nate axes as they are here represented. 
Then 

Oe (=:0a cos. NO x) = x^ cos. NOX, 
ah or ec (z= am sin. amh :^yj sin. NOX; 
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Sect. m. 



therefore 

xzzx^ COS. NOX+y, sin. NOX (=oc). 

Also 5m (= am COS. am^) = y^ COS. NOX 

ae or he (= oa sin. NOX) = x, sin. NOX; 

therefore y=y/ cos. nox— ar^ sin. nox (= cm or od) 
and z-=.z^ (=iMm)in the above figure. 

Next, let ox', oy', on, on'' in the first figure be repre- 
sented as in that which is annexed, and let m' be the projection 
of M on x'oy'; also draw the perpendiculars to the co- 
o J ordinate axes as they are here repre- 

^' sented. Then 

» ok (zrOc' COS. NOX')=a:' COS.NOX', 

dv ovka\ rrc'm'sin. c'm'r)=:y'8in.N0x'; 

therefore 

x^^^x COS. nox'— y' sin. nox' ( = 0a') 

Also 

ow (=o^ COS. Y'oN")=y' COS. nox', 

m'5(=m'^sin. m' ^ 5) = a;' sin. nox'; 

.y^^=y sin. NOx'H-y' cos. NOX' (=Oy) 
z,,:=^z' (=Mm') in the first figure. 

Lastly, let oz', on', on" be represented as in the annexed 
figure, and draw the perpendiculars 
to the co-ordinate axes ; also, let m" 
be the projection of M on the plane 
z'on'. Then 

o/( = og COS. n'o n'^) =y,, COS. n' o n", 

ghoT q'f{^m"g sin. gm"k)^z^^ sin. i/on" ; 

therefore 




therefore 
and 




Also 



yj-=^ya cos. n'on"— r,, sin. n'on" (=oy'). 



rn'h (^^m!' g cos. gm!^K)^Zj^ cos. n'on", 
gfox hq^ (=og sin. n'on") =y^^ sin. n'on'' ; 

therefore z,=z,, cos. N'oN"+yy, sin^ n'on" (=oA), 



and 



X^ — ^//» 



172. In the above values of x^y y^, r^, substituting the equi- 
valents of ar^,, y,^, z^^ from the next preceding equations, and 
in the values of x, y, z substituting the resulting values of jt,, 
y,, z,, there will be obtained, on representing the angle 
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n'on" hj 6, NOX by 4^* and NOX' by f, the following equa- 
tions: 

xss** COS. ^ COS. ^— y* sin. ^ cos, ^ + (x' sin. ^ + y* cos, 4>) cos. 6 sin. i^ 

—z^ sin. dn. ^'y 

y=(x' sin, $ COS. fl+y' cos. <p cos. d— sr' sin. i) cos. ^Jf 

— x' COS. f sin, ^'H-y' sin. f sin. 4^^ 

z=a/ sin. ^ sin, fl + y' cos. f sin, B + z' 90s. d. 

173. Multiplying both members of each of these equations 
by the sum of the coefficients of x' in its second member, and 
adding the results together, the sum of the second members 
will become a/, and we shall have 

j;^bx(co8.^ cos.i^ + sin. ^ cos. sin.4^)+y(sin. ^ cos. cos. if'— cos.^' siu.i^) 

+ «' sin. 4» sin. 0. 

Multiplying both members of each of the equations for x, y, 
z by the sum of the coefficients of y' in its second member, 
and adding the results, we get 

jf'ssx(cos.^ cos. sin.1^— sin. ^ cos. if') + y (cos. ^ cos. cos. if' + sin. ^ sin.i^) 

+ z cos. ^ sin. 0. 

In like manner, multiplying both members of each of the 
equations for x, y, z by the sum of the coefficients of z' in 
its second member, and adding the results, we have 

2/=— a? sin.d sin.4'— y sin.d co&.^ + z oos.tf. 

174. When 4=0, or the plane x'oy' coincides with xoy, 
the values of Xy y, a, and the corresponding values of x\ j/, z', 
will be more simple, since then sin. 4=0, and cos. 4 = 1. They 
will also be more simple if ON be supposed to coincide with 
ox, in which case NOX=0; whence sin. 4^=0, and cos. 4^ 
= 1. If both ON and ox' be supposed to coincide with ox, 
we shall have 4^=0, and ^ =0. Iii this last case 

y=y' cos. t-^s/ sin. 4, 
z—y' sin. i + z' cos. 4. 

175. In any system of rectangular co-ordinate planes, as 
zox, ZOY, XOY, if OM be represented by r, the angle MOm 
by ft, and the angle xom by v, we shall have 

x=r COS. jtt COS. V, 
y=r COS. jx sin. v, 
r = r sin. ft, 

which values may be substituted in any equation relating to 
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X, y, z in rectangular co-ordinates, in order to convert it into 
an equation with polar co-ordinates. 

176. If the system ox^, oy', oz' were to move parallel to 
itself, so that the point of intersection is no longer coincident 
with the intersection o of the other system ; representing 
this last intersection still by o, and the point of intersection 
in the translated system by A, the co-ordinates of A with 
respect to ox, oy, oz being designated o, J, c, the values of 
^9 Vi « would differ from those given in Arts. 172. 174. 175. 
only in having a added to the equivalent of x^ h to that of y, 
ana c to that of z^ 
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CHAP. V. 

EQUATIONS FOR THE SURFACES OF SOLIDS PRODUCED 

BY REVOLUTION, 

177. Curve surfaces are supposed to be formed by the move- 
ment of a line, straight or curved, upon some other line, 
which may be also straight or curved. If the line in motion 
turn upon some fixed line as an axis, the figure produced by 
the movement is called a figure of revolution. 

Thus, a curve line forming half the circumference of a 
circle, by revolving on the diameter produces the surface of 
a sphere. A straight line revolving parallel to itself about a 
fixed line, and at equal distances from it (measured perpen- 
dicularly to both lines), produces the surface of a cylinder ; 
and a straight line revolving about a fixed line, so as to make 
everywhere equal angles with it, produces the surface of a 
cone. If the cylinder terminate above and below in a plane 
perpendicular to the fixed and revolving lines, and if the cone 
terminate below in a plane perpendicular to the fixed line, 
the cylinder and cone are said to be upright, and the bases 
are circles. If the fixed line in a cylinder or cone make with 
the base any angle less than a right angle, the solids formed 
by the revolution are said to be oblique. 

Again, a straight line may revolve parallel to itself about 
a fixed line as an axis^ at distances from it which, in perpen- 
dicular directions, are variable, and the surface formed by 
such revolving line is still said to be cylindrical; also, a straight 
line may revolve about an axis with which it makes an angle 
continually varying, and the surface so formed is still said to 
be conical, 

178, Def, 20. If half an ellipse, an hyperbola, or a para- ' 
bola, revolve about one of the axes of the two first, or the 
axis of the last, the figure produced is called a spheroid, an 
hyperboloid, or a paraboloid of revolution. 

The equation for the surface of a solid expresses the rela- 
tions among the co-ordinates of any point on the surface with 
respect to the co-ordinate axes ; and, in the following arti- 
cles, the co-ordinates are supposed to be at right angles to one 
another. 

L 2 
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Proposition I. 

179. To find the equation for a sphere. 

If the origin of the co-ordinates be at the centre of the 
sphere whose radius is represented by r ; a:, y, x being the co- 
ordinates of any point in the surface^ the equation is 
evidently 

r2=:a:2+y^ + ;2:'2. (a) 

If the origin be not at the centre, let «, ft y be the co- 
ordinates of the centre ; then the equation will be 

r»=(x-«) 2+ {y-^J^.{z-if : (b) 

hence, if the origin be at any point on the surface of the 
sphere ; since then 

r2=aH-/32-f7\ 

on developing (b) we have for the equation. 

Proposition II. 

180. To find the curve formed by the intersection 
of a plane with a sphere. (Fig. to Art. 171.) 

For simplicity let the origin of the co-ordinates be at the 
centre of the sphere, so that the equation for the latter is (a) 
above ; and let the cutting plane be parallel to x'o Y', passing 
through a given point A, whose co-ordinates on ox, OY, oz 
are a, b, c. Imagine the co-ordinate axes ox', OY', oz', and 
also the former system of axes to be moved parallel to them- 
selves, till O coincides with the given point A in the cutting 
plane. Imagine, in these new positions of the axes, that the 
plane x'ay' intersects xay in a line as an, with which for 
simplicity let A x' coincide. Then NAX' (<p)=:0, NAXrr^f, 
and the inclination of x'ay' to XAY=tf : also, x\y\z! being 
^ co-ordinates, with respect to z'ax', z'ay', x'ay', of a point 
in the curve line formed by the intersection of the plane with 
the sphere, we shall have /zzO. 

Now the values of x^ y, r, the co-ordinates of the same 
point with respect to zox, ZOY, XOY, the origin o having 
its former position at the centre of the sphere, will be (Arts. 
172. 176.) since <p=0 and ^'=0, 

x^a-\-x' cos. ^p+y sin. ^J/ cos. d 

y'=^h — x! sin. 4^ +y' cos. -J/ cos. d 

z-=zc-\-y' sin. 6. 
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These values being substituted in the equation (a) Art. 179., 
there will be obtained an equation of the form 

which being (Art.54.) the equation for a circle, proves that 
eveiy section o£ a sphere is a circle. 

The proposition is manifest from Geometry (Geom. Cylind. 
Prop. I. ). 

Proposition III. 

181. To find the equation for a plane touching a 
sphere at a point on its surface, the origin of the co- 
ordinates being at the centre. 

The equation for any plane passing through a given point 
in space is (Art. 165.) 

A (ar'-jj) + B (y-y) + C (2/-;2:)=0, 

in which let x\ y', 2! be the co-ordinates of the point of 
contact. 

The coefficients a, B, c denote the cosines of the angles 
which a perpendicular to the plane makes with the axes ox, 
OY, oz, and this perpendicular passes through the centre of 
the sphere ; therefore, r being the radius of the sphere. 



A — > — • B — — • C — — X 

r r r 



substituting these values in the above equation for a plane, 
we get, since x'^-^y'^ + zf^-zzr^, 

which is the required equation. 

Proposition IV. 

182. To find the equation for a cylindrical surface 
the co-ordinates being rectangular. 

Let the base of the cylinder be a circle, as OAX, in the 
plane of the paper, and let ox, o Y be two co-ordinate axes in 
the same plane ; then o z (not shown in the figure) will be 
perpendicular to the paper ; let O x be in the direction of a 
diameter of the cirde, O the origin of the co-ordinates being 
on its circumference. 

L 3 
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Let the axis of tlie cylinder be oblique to the base and 
consequently to the plane of the paper, , 
and let the generating line meet the cir- 
cumference of the base in some point as A, 
also from any point in that line let fall a "' 
perpendicular to the plane of the base, 
meeting that plane in m, and let the per- o[ 
pendicular be represented by z. Draw 
VI p, Ap' perpendicular to ox, and »wn. An' 
l^erpendiculai to OY. Then, if a represent 
the tangent of the angle which, on z ox, the projection of the 
generating line makes with oz, and h the tangent of the 
angle which, on ZOY, the projection of the same line makes 
with oz; also the co-ordinates O/?, pm of the point above 
mentioned being x and y, and the co-ordinates Op\ p' II of the 
point A in the same generating line being x, and y,, we have 

azzzpp^y bzzznn' ; 

in which, since the generating line is supposed to move 
parallel to itself, the tangents a and b are invariable : 

hence x^=x^az, and y/=y —bz. 

If the generating line be in a plane parallel to zo^, Xm 
will coincide with Am', or i=0; in which case yy=y, and 
these equations become 

x^=:jr— az, and y^:= y. 

But, r being the radius of the base, the equation of the 
circle for any point as A is 

2rx^ — x^:=y?j or ^rx^^x^-k-y^. 

Substituting the latter values of x^ and y^ in this last equa- 
tion, we get, for the equation of the cylindrical surface when 
the generating line is parallel to the plane zox, 

2r (ar— az)=(a:— flz)2+y2. (j) 

If the generating line were perpendicular to, the base, a 
and b would vanish, and the equaition for the cylinder 
would be 

2rar=a?^H-y^, 

the same as the equation for its base. 



Chaf. V. SUBFACES PRODDCED BT BETOLUTION. 



Pboposition V. 

183. To find the intersection of a plane with an 
oblique cylinder. 

Since the {Jane may haye any position let it cut the circle 
OA5 (Fig. to Prop. IV'.)inOX, and be inclined to that circle in 
an angle expressed hy i. Let a point on the curve line in 
which the plane cuts the cylinder, have for its co-ordinates 
with respect to the three axes, x,y,z; and, in the catting 
plane, let die co-ordinates of the same point be x^, y', the 
third co-ordinate x" being zera 

Then the plane of the base and the cutting plane correspond 
to XOT, x'oi' in the figure for the transformation of co-or- 
dinates (Art, 171.); and, if it be supposed in that figure that 
ON and ox' coincide with ox, f and J/ being zero, also a' 
being zero, we have (Art. 174.) 

x=x^, y=y' cos. fl, and z—i/ sin. fl. 

Substituting these in the general equation [(a) Art. 182.] 
for the cyhndrical surface, the latter becomes 

2r (y~ay' sin. 9) = (^- "^ sin. fl)^-hy'* cos.'^ S, 
which (since af^ and y^ have like signs) is (Art. 48.) the 
equation for an ellipse, and proves the section to be such a 
curve. 

The like conclusion would be obtained if the cylinder were 
upright 

Proposition VX 

184. Tb find the equation for a cone having a cir- 
cular base, the origin of the co-ordinates being at the 
centre of the base. 

Let V be the vertex, mxq the base, and vo the axis of an 
oblique cone : also let P be any 
, point on the surfece of the cone, 
and, through F, let a Une be drawn 
from V to uie circumference of the 
base. Ima^ne tjt, p^ to be let 
fall perpenmcularly on the plane of 
ihe base, meeting it in to and p ; 
and the lines wm,pn, Q«, and wm', 
pn', Qi, to be drawn perpendicularly 
to OS and OT. Again, mia^ne the 
triangle VOQ with the lines vw and 
Tp to be projected on zox, and let 




V A — z / h — z 
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v'05 represent the projection of the triangle, Y'm and P'n 
|)erpendicular to 05 bemg the projections of vu? and P/?. 

Let y'm=^hy om=a, om'=j3; also let on=x, oi«'=y, 
r'wzrs, o«=:ar' and ot=j/ ; then 

- (x^a) h 

h—z : a:— a :: A : wi«=.^^-t — ^— ; 

consequently 

\ A— 2 / A— « 

In like manner, imagining the triangle OVQ to be projected 
on zoy, 

A-z :y-/3 :: A :m't=^^f^; 
^ h — z 

and we get 

Substituting these values of x' and ^ in the equation 

for the circular base of the cone, the latter becomes 

which is the equation for any point in the surface of the 
cone. 

Or, if ov be supposed to lie in the plane ZOY, VQ passing 
through p in any other plane, as myq; then a = 0, and the 
equation becomes 

A2x2 + (Ay-j32)2=r2(A-2)2. ' (a) 

When the cone is upright, Yw coincides in direction with 
oz ; and since then a=:0, )3 = 0, we should have 

A^ar^ + A V = f^ (h-^zy or x'^ H-y-^ = J (A-«> (ft) 

for the equation of an upright cone having a circular base. 

For an upright cone having an elliptical base: — Let the 
origin of the co-ordinates be at the centre, and let ox, OY 
coincide with the semi-transverse and semi-conjugate axes 
{t and c) : also let the co-ordinates of p and of Q be repre- 
sented as before. Then a and )3 being each zero, the above 
values of x' and y become 

hx - Ay 

£ and 7—^ •• 

h — z h^z 
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Bubstltutisg these values in f^y^^^ri^af^^^t^c^, the equation 
[ (ft) Art. ^^.I for the elliptical base, the latter becomes, 

e¥3?-^(^K^y^=^fc^(k^zy or ^x^ + c^yz = ^^h'-zy, (c) 

which is the equation for such a cone. 

If the origm of the co-ordinates be at v the vertex of an 
upright cone, r being the radius of the base if circular, or t 
and c the semi-axes of the base if elliptical ; and h being 
the height, as before ; then, z being measured from v, on 
putting z for A— x in the second membei*s of (ft) and (c), 
the equation for the upright cone will become, 
when the base is circular, 

and when the base is elliptical. 



fia? + (?y^ = -72"^ 



ip') 



Proposition VII- 

185. To find the equation for the curve line formed 
by the intersection of a plane with the convex sur- 
face of an upright cone having a circular base- 
Let the cutting plane pass through ox, and be inclined to 
the base of the cone in an angle 
expressed by 5. Then, if p be a point 
in the curve line of intersection, its 
co-ordinates with respect to zox, 
ZOT, XOY may, as in Art. 180., be 
represented by ar, y, ar, and with respect 
to xoy' by x' and y, zf being zero; 
therefore we shall have 

xzux'j y'=^}f COS. fl, and 2r=y' sin. 5. 

These being substituted in the equa- 
tion 

3^j^y^JL^{h^zf (Art. 184.) 

of the conical surface, the latter becomes 

x'2+/2 cos.2fl= ^2 (A-/ sm. fi)^ 

or A^x'2+/2 QjIl cos.2 j__^« gii,.2 j) + 2r^A/ sin-flrir^A^; 
which is therefore an equation for the curve line. 
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Kthe coefficient of y^ is positive, the curve (Art. 48. a.) 

is an ellipse ; if negative (Art. 48. c.\ an hyperbola; and if 

zero (Arts. 46. and 48. e.), a parabola. Hence, if h^ cos.^ i 

h 
is greater than r^ sin.^ fl, or tan. i is less than - ; that is, if fl 

is less than the angle made by the side of the cone with the 
base, the section is an ellipse ; if d is greater than such angle, 
4he section is an hyperbola ; and if equal to it, the section is 
a parabola. 

a. If an oblique cone have a circular base, and a section 
be made through ox (Fig. to Art. 185.) ; on substituting the 
above values of x, y, z in the equation (a) Art. 184., there 
would be obtained for the section 
an equation from which the sec- 
tion might be proved to be that 
of a circle when, as in the annexed 
figure, the angle yao, which the 
cutting plane makes with VY, is 
equal to the supplement of the 
angle vy'o (the plane v y'y being 
perpendicular to the base), which 
the base makes with the opposite 
side of the cone ; but this may be 
more easily proved by the Elements of Greometry^ For, let 
VY' be produced till it meets ao produced in b; then the 
triangles yoa, y'ob will be similar to one another ; whence 

YO : oa::ob : oy', and oy . oy'=oa . OB. 

ButthebaseYXY'beingacircle,OY.OY'(Euc35.iii.)=ox^5 
therefore OA . OB=:ox% which is a property of a circle ; and 
consequently the section axbx' is a circle. 

186. Def. 21. A section formed in an oblique cone by a 
plane which makes the same angle with one side of the cone 
which the plane of the base makes with the opposite side, in 
a plane passing through the axis, is called a 8uboontr£a*y 
section of the cone. 



Proposition VIII. 

187. To find the equations for a spheroid, an 
hyperboloid, and a paraboloid. 

Let the co-ordinate axes be rectangular, and let zox be 
part of an ellipse of which o is the centre ; also, let, for ex- 
ample, ox be the tsemi-transverse {^t)y and oz the semi- 
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conjugate axis ( = c) ; then, if any point, as Q, in the periphery 
revolve about oz, it will evi- 
dently describe the circumference 
of a circle QB, whoae centre is 
atA, whereaperpendicuJaj to oz ' 
from Q meets that line. Here 
■QK is a variable circle ; and if its 
radiuB be replrcaented by r, then 
r muet be understood to vary 
with the place of that circle. 

Ijet ZPM be any position of 
the revolving ellipse, and let the 
co-ordinates of P with respect to 
zox, ZOY, xoY bear, ^, ^; also, 
let the co-ordinates of p with 
respect to ZOM be z and r (=:OA and ap) ; then the equa- 
tion for p in the <arcle qb will be (Art 56. b.) 

and in Ihe ellipse [(a) Art. 56.] 

(.9 V / ' 

Substituting the first value of r" in the last eqnaticm, the 
latter becomes 

which is the equation for any point P in the surface of the 
spheroid. 

The equafioii for an hyperboloid, of which figure suppose 
H'ZK'tobe a portion, is found in like maimer, by substituting 
the first value of r* in the equation 

fia^-fd'=c-'f^ [(A) Art 57.] 

for the hyperbola zp'h'; from which we obtain for the re- 
quh^ equation 

The equation for a paraboloid, of which figure suppose 
HZK to be a portion, is found by substituting toe first value 
of r* in the equation pz'i=-f^ (Art. 72.) for the parabola 
ZPH, p bemg put for the parameter of the axis zo, and z' for 
ZA. Thus we obttun 

for the equation of the paraboloid. 
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CHAP. VI. 

CURVE SURFACES OF THE SECOND ORDER WHICH ARE 

NOT PRODUCED BY REVOLUTION. 

188. The most general equation for such surfaces is 

Ax^ + Dy2 -I- cz2 -I- Dxy + Bxz + Tffz + Gar + Hy -f Kz =s L, (a) 

the co-ordmate axes being rectangular or oblique. 

189. If the equations of any straight line intersecting a 
curve surface represented by the above equation be 

on substituting the second members in place of x and y in 
that equation, the result will be a quadratic equation with 
respect to the variable quantity z\ therefore there can be but 
two real values of that variable, and consequently also but 
two real values of x and y for the points in which the straight 
line intersects the curve. Thus a straight line can cut a 
curve surface of the second order in only two points. Such 
line is called a chord of the curve surface. 

Proposition I. 

190. If a plane bisect any three parallel chords 
not in one plane, it will bisect every chord parallel 
to these. 

Let the bisected portions of the three given chords be 
represented by + k' and — A', + k'^ and — V'y + hf^' and— V'\ 
and let the co-ordinates of the middle points be Wy S', e'), 
(/', S'', ^% (/'', ^'", i'^O ; then the co-ordinates of the ex- 
tremities of + A', + k^\ 4 h!'^ in the curve surface may be 
represented by 

Y +uk' , 8' +vA' , b' +^A' , 

and y^'-^uk'", V''-\-vh!", ^'"j^th!''\ 

in which m, v, t denote the ratios between the sines of the 
angles which A', h!'^ k"^ and lines imagined to be drawn from 
their extremities and the extremities of their co-ordinates, 
with respect to the middle points, make with one another 
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i 



and with the co-ordinates. These co-ordinates for each chord 
hold the places of a?, y, z respectively in the general equation 

a) ; therefore, on substituting them, that equation becomes, 

or the chord A', 

A(y +!«*')•+ Bcy + tA')« + c (f '+**')•+ D (y + icA'x*' +»*')+ «(y + icA'Xf' + /*') 

+ r(«' + «ft')(f' + <*') + o(y + «*') + h(8' + »A') + >^(«' + <*')=^ («) 

Imagining this to be resolved as a quadratic equation, the* 
two roots +k' and —A' being equal to one another and 
having contrary signs, the sum of the coeflBcients of the first 
power of A'- must be zero; therefore, collecting these co- 
efficients, we have 

2Ai«y +2B©8' + 2c*f' + D©y + Di«5^ + K<y + Ei«e' + F<8' + F»c' 

or putting pe^ for •/, which may be done if a corresponding 
point be assumed as the origin of the co-ordinates, 

2A/>««'+2Bt8' + 2c<€' + D/)©c'+D«8' + K/>*«'+Elt«'+F<y+F»«' (6) 

+ G« + HV+K/»0. 

Putting first double, and then triple accents on 8 and e, cor- 
responding equations will be obtained for the chords A", A'''; 
therefore, subtracting successively the equation for A' from 
those for A'' and A''', and reducing, 

g''— e' f_ e^'[— e'\ 2bi; + D« + F^ 

§'/— §/ \^—p7Zr§V — 2A;?tt + 2C^+-D;?t;H- E/^^ + EM + FV 

On substituting qe' for 8', qe^' for 8'', and proceeding in like 

manner there would be obtained a value of —r, > or its equal 

7-7 



/"-/• 



Now, imagine a fourth chord to be parallel to the three 
former, and let cither of its segments made by the plane 
which bisects the others be represented by A ; also let y, 8, e 
be the co-ordinates of the point in which it is intersected by 
that plane; then y + wA, 5-|-vA, e + ^A will be co-ordinates of 
either of the points in which that chord cuts the curve sur- 
face ; and substituting these co-ordinates for .r, y, z in the 
equation (a), the result will be identical with (a) if the 
accents in the latter be effaced. But all the points in which 
the four chords are intersected by the given plane being, of 
course, in that plane, and the co-ordinate lines being parallel 
to one another, the differences between the like co-ordinates 
of the four points are proportional ; therefore 



j^'-e' g'/'-e' e'-s 



§/'— 8^"" 8'/'— 5^~ 8'— 8' 
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and i^-^i' _ %'['-J _ f^— f 

we may also put /?f for y or qi for 8, 

Substituting j9f for y in the equation said to be identical 
with (a) when the accents in the latter are omitted, and 
resolving the equation as a quadratic with respect to A, the 
sum of the coefficients of the first power of k will have for 
its numerator 

the denominator being the sum of the coefficients of A^ 
Next, substituting ^7— ^ for ^„^^ t9 we get 

whence 



b2A/)«C + 2C^C-|- D/)VC + E/>IC + K«C + FOC + SBo8 + D«8 + r<8. 



(0 



But the first nine terms in (b^) constitute the second member 
of the equation (c) ; they are therefore equivalent to its first 
member ; and, comparing {b') with (A), it will be seen that 
the former, that is the sum of the coefficients of the first 
power of A, is zero, or the two values of A in the quadratic 
equation are equal to one another. Thus the fourth chord 
is bisected by the plane which bisects the three others ; and 
it follows that the same plane will bisect all chords which 
are parallel to these. 

The equation for this plane becomes, on making (^) equal 
to zero and restoring y for j»f, 

(2A» + Dv + K07 + (2Bt; + D« + F0' + (2c^ + >« + >'o)e 

+ G« + HPl-K<s0; (rf) 

or, dividing every term by ^, 

^2a ^ +D ^ +EJ7+ (2b^ +d^ +rj8+ (Sc + *^+'r)« 

+ - +H-- +K=0. (flT) 

191. Def. 22. A plane bisecting all the chords which are 
parallel to one another is called a diametral plane. The 
intersection of any two diametral planes is evidently a dia- 
meter of the curve surface. 
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192. CoR. If, in the equation {df\ u and y, v and S, t and 
6 be respectively interchanged, we should have 

+ 0- +H - +K*sO: 

C 6 

this is the equation for a plane of which u^ v, t represent the 
general co-ordinates, and which bisects all chords parallel to 
the plane whose general co-ordinates are y, 8, f. Thus the 
diametral plane which bisects chords parallel to another 
diametral plane, is parallel to the chords bisected by the 
latter. 

Let the two planes be designated a and b, and let a third 
plane C which bisects chords parallel to B be so situated that 
these bisected chords are also parallel to A ; then G will bisect 
the intersection of A and B. Now, since b will bisect chords 
parallel to G, and it already bisects chords parallel to A, it 
will bisect the intersection of a and G. In like manner it 
may be shown that A will bisect the intersection of B and G. 
Thus each of the three diametral planes will bisect the 
chords which are parallel to the intersection of the two 
others. 

193. Def. 23. Three planes so situated are called conju- 
gate diametral planes ; and it is manifest that, for a curve 
surface of the second order, there may be an infinite number 
of such conjugate diametral planes. The common intersec- 
tion of all the diametral planes is the centre of the curve 
surface. 

194. The equation for any diametral plane being of the 
form expressed in {d!)\ when one of the chords which it 
bisects coincides with the axis of x in the general equation 
(a), the angle in the denominator of the fraction which ex- 
presses the value of u becomes zero, in which case u or 

- becomes infinite : again, when one of the chords is parallel 

£ 

to the axis of y, the angle in the denominator of v vanishes; 
whence « or - becomes infinite : lastly, when one of the chords 
is parallel to the axis of z the angles in the numerators 

both of u and v vanish ; whence both t = and r = 0. 

«... ... 

Making therefore - infinite in (^') and dividing every term 

by it ; tliat equation is reduced to 

2Ay-f D8-f-Eff-f G = 0: 
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again making - infinite, and dividing by it, 

Dy + 2B8 + F« + H=0; 

Ey + F8 + 2cg + K=0. 

These are the equations of three diametral planes which 
bisect, respectively, the chords which are parallel to the axes 
of JT, y, z, or of y, 8, e. Now, let the co-ordinate planes be 
represented by zox, zoy, xoy, and let them be parallel to 
three conjugate diametral planes ; then the diametral plane 
represented by the first of these equations being parallel to 
ZOY, y is constant, while S and e are variable; the second 
being parallel to zox, $ is constant while y and e are 
variable; and the third being parallel to xoy, e is constant 
while y and 8 are variable. But every equation in which 
some terms are constant and others variable is absurd ; and 
to render such equation consistent with itself, the coefficients 
of the variable quantities must be separately zero. There- 
fore, in the above equations, D=0, E=:0, F=0. It follows 
that, when the co-ordinate planes are parallel to a system of 
conjugate diametral planes, the general equation (a) must 
have the form 

Aar^ + By^ -f C2r^ + Gar + Hy + Kz = L. 

If the co-ordinate planes be co-incident with any system of 
conjugate diametral planes, the constant terms G, n, k in the 
three equations above must be separately zero ; therefore, in 
this case, the general equation (a) must have the form 

Ajr2-f-By2 + C22 = L. (aO 

The general equation (a) might have been reduced to the 
form at (a') by transformations of the co-ordinates of a point 
in the curve surface, and the establishment of equations of 
condition among the arbitrary quantities. (La Croix, Traite 
du Calcul Differentiel et Integral, No. 301.) In that work 
the values of the arbitrary quantities are proved to be real, 
and it is shown that there may be one system of conjugate 
diametral planes at right angles to one another ; it is also 
shown that, when the curve surface is not one of revolution, 
there can be only one such system : the co-ordinates of the 
centre of the curve surface are investigated, and the condi- 
tions under which that centre may be infinitely distant from 
the surface are thence inferred. 

195. Def. 24. The intersections of three conjugate dia- 
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metral planes at right angles to one another are called the 
principal axes of the curve surface. 

196, The equation (a') may be expressed in terms of the 
conjugate diameters formed by the intersections of any system 
of conjugate diametral planes, rectangular or oblique : — thus» 
let a, b, c^ be the conjugate semi-diameters ; then^ in that 
equation^ on making y=0 and z=:0, when x=a, 

L 
a 



Aa^ = L, or A = — j : 



also, making a:=0, z=0 ; when y = J, 

b6^=L, or B=:-7- : 

again, making ar=0, y =0 ; when z=c, 

L 



cc =L, or c = 



c2- 



It follows that the above equation may be put in the 
form 

ar2 y2 ^2 ^ 

The curve surfaces to which the equation just given relates 
will be of different kinds, according to the signs of the terms 
in its first member. 



Proposition II. 

197. To find the nature of the curve resulting 
from the intersection of the figure by a plane parallel 
to one of the co-ordinate planes ; all the terms in the 
equation for the surface being positive. 

Note. In the following propositions of this section, the 
co-ordinate axes are supposed to coincide with the principal 
axes of the curve surface. 

Let the co-ordinate plane be XOY ; then 2; being a given or 
constant quantity, if it be represented by m the equation of 
the surface will be 

x^ y2 ?w2 _ - c^a?2 c^^2 ^ 

which, while m is less than c, is manifestly [ (b) Art. 56.^ the 
equation for an ellipse, and it follows that a section parallel to, 
or (supposing z or m to be zero) coincident with xoY, is an 
ellipse. In like manner it may be shown, that a section pa- 
id: 
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rallel to, or coincident with zox or ZOY, is an ellipse. If m 
were greater than c the section would be imaginary. 

198. Def. 25. A curve surface of this kmd is called an 
ellipsoid; it becomes a spheroid (or figure formed by the 
revolution of a semi-ellipse about one of its principal diame- 
ters) when a=ft, and a sphere when a=b=:c. 

a. The ellipsoid is bounded in every direction ; since, if 
we represent the co-ordinates of a point in which any diame- 
ter cuts the curve surface hj a:=azy y=Pzy and substitute 
these values in the equation of the ellipsoid, we get 

therefore z is always real, and consequently so are x and y. 

The eUip«.id haW thus but one' surf4 is said to Le 
one sheet. 

Proposition III. 

199. To find the form of the curve produced when 
the surface is intersected by a plane parallel to one 
of the co-ordinate planes ; the sign of z^ in the equa- 
tion for the surface being negative. 

Let the plane be parallel to xoy, so that z may be con- 
stant; then, if »=»!, the equation of the surface (Art. 196.) 
will become 

This is [ {b) Art. b^."] the equation for an ellipse, and the 
sections made by a plane parallel to, and coincident (when z =0) 
with XOY, are ellipses : in the latter case the equation is 

x^ v^ 

a" ^ b^ -^' 

If the cutting plane be parallel to zox, in which case y is 
constant, putting n for y, we get 






and if the cutting plane be coincident with zox, so that 
y=0, we have 

x^ z^ 






a" c" 



either of which equations appertains [ (J) Art. 57.] to an 
hyperbola. 
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In like manner, if a section be parallel to ZOY, putting /? 
for or, or coincident with ZOY, in which case a?=0, we have 

y« z^ , P^ y^ 2^ , * 

** _ . — I _ -£- CSV ^ — — 1 • 

b^ c^ ■" a^' b^ e^ " 

either of which appertains also to an hyperbola. 

200. In the section which coincides with YOX; if jr=0, 
y'=±b; also, it y=0, x=±a. In the section which coin- 
cides with zox, ]fx=0, 2;is imaginary: and in the section 
which coincides with zOY, if y=0, 2 is imaginary. 

If the equations for any diameter be x:=az, yzzfiz; on 
substituting these in the equation for the curve surface (Art. 
196.), we have {z'^ being negative), for the point in which the 
diameter meets the sur&ce, 



2^ = 



b^c''a'-\-a^c^fi^--a^b^ 



in which the value of z is real only when the denominator is 
positive. 

K the denominator were zero, z would be infinite, and the 
diameter would be an asymptote to the curve: on making 
the denominator zero we have 

whence 3=+ — V (a^— a^c'^),and the value of ^ is real, while 

a is less than -. 

c 

bz 
Hence xr=.az and y = ± — ^/ (a^— a*^ c^) are the equations 

for an asymptote to the curve surface. 
From these equations we obtain 

x^ y^ — ^^ 

which [(J') Art. 184.1 is the equation for the surface of a 
cone ; and it follows that the surface of a cone is contained 
within that of the figure (the centre of the latter being the 
vertex of the cone), and meets it at an infinite distance from o. 
Such cone is therefore an asymptote to the curve surface of 
the figure. 

201. Def. 26. The curve surface corresponding to the 
equation assumed in the proposition, that is, the equation in 
Art. 196., when z^ is negative, is called an hyperboloid. 

M 2 





Z J 


K^ 


/ T X 


-vA. ^ 


M 


z' "y 
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A section of the liypcrboloid in the plane, XOY, and in 
every plane parallel to it, is an 
ellipse, while a section in every plane 
passing through oz, or parallel to 
such plane, is an hyperbola ; but the 
axis zoz', if produced indefinitely, 
does not meet the surface : thus the 
hyperboloid is one continuous curve 
surface extending to infinity in the 
directions OZ and oz'. It is there- 
fore said to have one sheet, om and 
ON arQ the directions of two asymptotes. 

In the general equation of the hyperboloid, if czzft we 

which is the equation for an hyperboloid of revolution. 

Proposition IV. 

202. To find the nature of the curves resulting 
from the intersection of the figure by a plane parallel 
to one of the co-ordinate planes ; wrhen, in the equa- 
tion for the surface, the signs of y^ and z^ are 
negative. 

Let the cutting plane be parallel to xoy so that z may be 
represented by n a constant; then the general equation 
(Art. 196.) becomes 

^— = 1 4- — • 

which [(ft) Art. 57.] is the equation for an hyperbola con- 
sisting of two branches proceeding from the opposite extre- 
mities of the transverse axis. 

Likewise, if the cutting plane be parallel to z ox, so that^ 
may be represented by /? a constant, the equation becomes 

x^ z^ . p^ 



--^=1 + 



which is also that of an hyperbola consisting of two branches 
proceeding from the opposite extremities of the transverse 
axis. If the cutting plane were coincident with xoy or 
zox (when w=0 or j»=0) the equations would still be those 
of hyperbolas. 

If the cutting plane be parallel to zoy so that x may be 
represented by y a constant, the equation (Art. 196.) becomes 
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is greater than a. When q is less than a, or when ^=0, the 
section being imaginary there are no branches in that plane^ 
and oz, being continued indefinitely either way, does not 
meet the curve. 

203. Def.''27. Since the sections of this curve surface are 
hyperbolas, in the planes xoy 

and zox, on opposite sides of 
o; and that there is no sec- 
tion in the plane ZOY, the 
curve surface is caUed an hy- 
perboloid with two sheets. 

204. By a process analogous 
to that by which the origin of 
the co-ordinates for a plane 
curve is transferred from the 

centre of the curve to one extremity of a diameter (Art. 58.), 
the co-ordinate of a curve surface may be so transferred. 

For example, let the intersection o of the rectangular co- 
ordinate planes be at an extremity of the axis ox; then, 
while y and z may remain in the general equation 




X 



f2 



fi 



a 






X may be changed into a—x^^ so that a/, y, z may become the 
co-ordinates of any point on the curve surface in these situ- 
ations of the axes. 

The equation thus becomes 



fl^— 2a.a/+y^ y^ z 



a' 



^%±-, = l.or 



x^{x^^2a) y\ z^ _ 



a' 



Proposition V. 

205. To find the nature of the curve surface when 
its centre is infinitely remote. 

In the last of the above equations a^ may represent the 
product ax a' of the two abscissae on the axis ox between 
the centre o of the curve and the extremities of the axis of 
the curve, also 2 a may represent a-\-a' ; therefore, if the 
curve have no centre, or its axis be infinite in this direction, 
one of the terms a or a' (suppose it be a) will be infinite : 
consequently, the first term in that equation being written in 

the form — '^^ — -, — ^, the factor a? — a — a', or — (a 4- a' — x\ 



a X a 



M 3 
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as well as a in the denominator, will be infinite ; and the 
fraction will be equivalent to — . Thus the equation be- 
comes, using the positive sign with z^^ 

_?l+yl+il-0 or-^-+— -- 
a'^ h'^ c^ ""^ ^^ ^2 + ^2 - ^ 

If the curve surface represented by this equation be cut by 
a plane parallel to the plane XOY, so that -^z may be repre- 
sented by m a constant, the equation will become, suppress- 
ing the accents, 

which (Art. 63.) is the equation for a parabola. In like manner, 
if the curve be cut by a plane parallel to zox, so that y 
may be represented by w a constant, the equation will be 

z^ X w* 



which is also the equation of a parabola. 

If the curve surface be cut by a plane parallel to ZOY, so 
that X may be represented by j» a constant, the equation 
will be 

which is the equation for an ellipse. 

206. Def. 28. A curve surface of this kind' is called an 
elliptical paraboloid. 

If the negative sign be used with z^ in the equation (Art. 
205.), it will be found that the sections parallel to, or coinci- 
dent with XOY, zox are parabolas; and that the section 
parallel to, or coincident with zoy is an hyperbola. 

207. Def, 29. Such a curve surface is called an hypefboHc 
paraboloid. 

Proposition VL 

208. To find the nature of the curve obtained by 
the intersection of a plane with an ellipsoid ;, the 
plane having any position. 

Let the co-ordinates of a point in the line of intersection, 
with respect to rectangular co-ordinate axes zox, zoy, xoY 
(Fig. to Art 171.), supposed to coincide with the principal 
axes of the figure, be ^, y, z ; and first let the plane of section 
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be x'oy', posslng^through o the centre of the curve surface. 
Let ox' coincide with the intersection of x'oy' with xoy, so 
that NOx'jOr ^,=0, NOX or x'ox=:4f^andletthe inclination 
of the plane x'oy' to xoy be fl: also, in the plane of the 
section, let x' and y' be rectangular co-ordinates of the point 
in the curve line, z' being zero. Then (Art. 172.) 

x^=-x' COS. 4^+^ COS. fl sin. '^ 

y z=— ar' sin. 4^+^ cos. d cos. 4/ 
z=y' sin. fl : 

these values being substituted in the equation of the ellipsoid, 

the latter will become 1 = 

— 2"(^^ C0S.2 4^ + 2 x'y' COS. fl sin. ^ cos. 4^ -f ^' ^ cos.^ h sin.^ 4^) 

+ -^(j:'*sin.2 4/— 2ary cos. 9 sin. 4^ cos. 4^ +3^2 cos.^ fl cos.^ 4^) 

+ -^y'^ sin.^ S ; 

or, arranging the terms, 1 = 

/ cos.^ 4^ sin.2 4^ ^ , 2 , /COS.2 5 sin.^ 4/ cos.^ 4 cos.^ 4^ sin^\ , ^ 

+ (—2 T2-) 2 a/y' COS. S sin. 4^ cos. 4'. 

This is an equation of the second degree ; now represent- 
ing the co-efl5cient of y^2 by a or b, that of ar'^ by b or a, and 
that of x'y by c, it wUl be found that c2--4ab is negative, 
which (Art 48. and 48 at.) is characteristic of an ellipse ; 
therefore a section passing in any position through the centre 
of the curve surface is an ellipse. 

If the plane of the section do not pass through the centre 
of the curve surface, let the origin of the co-ordinates a:', y in 
the plane of the section have, with respect to the centre, that 
is to o, co-ordinates represented by a, /3, y. Then we shall 
have 

a:=a-f-a/ cos. 4'+y cos. 5 sin. 4/ 
y=/3— a:' sin. ^f-Vyf cos. 9 cos. 4^ 
2=y+y sin. 9; 

and substituting as before, it will be found that the resulting 
equation is that of an ellipse : thus,'whatever be the position 
of the cutting plane, the section is an ellipse. 

M 4 
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a. By similar proceaeea it may be shown ^tliat a secdcm of 
an hyperboloid, either of one or two sheets, is an dlipae or an 
hyperbola ; that a section of an elliptic paiabokid is an dlipse 
or a parabola, and that a section of an hyperbcdic paraboloid 
is an hyperbola or a parabola. 

Proposition VIL 

209. To find the equation for a plane touching a 
curve surface. 

Let a straight line be supposed to cut the curve surface in 
two points, whose co-ordinates are (x',/, 7f\ (x",^", z") : then 
the equation of the surface will be, for those points respec- 
tively, [(aO Art. 194.] 

A2r'2 + By2 + cz'2=L, and Ay'* + By2^Cz"2=L; 
therefore, by subtraction, 

or A (*'-*")(«'+'")+» (/-y")(/+y")+c(*'-0(^+0=o^ 

But the equations for a straight line passing through those 
points are (Art. 146.), 

x'— 2/'=a (2—2^0 and y-y =/3 {zf—^!') : 

therefore, substituting these values of x'— y and if — j/', and 
dividing by 2'— 2", the equation becomes 

Aa(x'+a/o+B/3(y+yo+c (2^+0=0; 

which, when the line becomes a tangent, so that y^=z^, 
y =y, 2^=2', becomes 

Aay-fB/3y + 02^ = 0. 

N0W5 if a plane meet a curve surface in one point, every 
line drawn in that plane through the point of contact will be a 
tangent to the surface ; therefore (x', y, 2^) being co-ordinates 
of the point of contact, and (x,^, 2) co-ordinates of any point 
in the tangent plane, the equations for aline passing thn)ugh 
tlitti pdint are 

jr'— ar=:a(2;'— 2); whence a -zz— — -, 

and y'^-y^^ C*'""*) 5 whence ^ -iir- — ^: 

consequently, by substitution, the equation for the tangent 
plane becomes 
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whence Aa/^— Aar'ar + By'^— Byy + Ca:'^— -C« «=0, 
or Aa/^ + Bt/^^-i-Cz'^=Aa/x + Bi/t/-^C2^z: 

that is 

Aa/x+Bt/'t/-\-cz'z = L, or (Art. 196.) ^ +^ +~ =1. 

The required equation for the tangent plane; and, when 
all the terms are positive, it is the equation for the tangent 
plane to an ellipsoid. 

210. Cob. Since Aa/, By', cz\ here hold the places of 
A,B,C, in the general equation [(^'0 Art. 152.] for any 
plane, it follows, from (ff) Art. 160, that the equations for a 
normal to the curve surface are 

ar',y,2/, being the co-ordinates of the point at which the 
normal meets the curve, and x^, y,, z^^ the co-ordinates of any 
other point in the normal line. 
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ELEMENTABY PROPOSITIONS RELATING TO 
DESCRIPTIVE GEOMETRY- 

211. In this branch of science points or lines in space are 
supposed to be projected orthogonally on two rectangular co- 
ordmate planes^ of which one is generally conceived to be in 
a horizontal and the other in a vertical position. The former 
of these, in the figures to the following propositions, is repre- 
sented by YOX, and the other by zox, agreeably to the 
designations used in the analytical geometry of three dimen- 
sions: YOxis that which is properly in the plane of the 
paper, zox which must be understood to be at right angles 
to the paper, being, however, for convenience, represented as 
in the same plane; the line ox is that in which the two 
planes should intersect one another. 

212. Instead of two co-ordinate planes, one only is some- 
times employed, and, in this case, the lines or planes in space 
are supposed to be projected orthogonally on a plane, as Yox, 
which is conceived to be in a horizontal position : in place of 
the projections on zox, there are exhibited, in numbers, the 
heights of points in such lines or planes vertically above YOX, 
this last b then designated " a plane of comparison.'' In 
using the latter method of representing points, lines, or 
figures in space, two kinds of scales are necessary ; one of 
these serves to measure the horizontal distances between 
points projected on the plane of comparison, and is no other 
than the usual scale of a topographical plan : the other shows, 
by the number adjacent to any one of its graduations, the 
vertical height, at that place, of the point in space of which 
the gradmition is the horizontal projection. Such graduated 
line is therefore called a scale of heights. 
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Proposition I. 

213. To determine the intersection of a line given 
in space, with either of the co-ordinate planes, and 
the inclination of the line to that plane. 

Let the given line be designated ab, a and B being any 
two points in it : also let a and i, a' and V be the orthogonal 
projections of a and b, the two former points on the plane 
XOY, and the two latter on zox. 

Join a and i, a' and V^ and produce the lines till they 
meet ox, in d and c ; also, 
from one of the points as c 
draw Cc perpendicular to 
ox, meeting ah produced 
in c ; then c will be the 
point in which AB produced 
intersects the plane xoy. 

For c on the plane xoy is 
in the projected line a'V^ 
and is therefore the projection on ox of the point in which 
the given Une ab produced cuts the plane xoy; and since 
the given line ab (not being parallel to that plane) must 
intersect xoy somewhere in ah^ produced if necessary, it 
follows that c, of which c is the projection, must be the point 
in which AB cuts XOY. 

The angle at which the given line is inclined to the plane 
XOY may be found thus: — Draw ah. Ha' perpendicular to 
ox, and on ox make HE equal to «C; also join a'^\ then, 
since the height of a above a is equal to H/z', and since ab 
meets ah produced in c, the angle he a' is equal to the 
required inclination. 

To make the scale of vertical heights for the line ab in 
space : let the heights of the Hne above a and h be, for ex- 
ample, 8 feet and 3 feet. Divide ah into five equal parts 
(=8—3), and continue the divisions on the Une ah produced 
either way ; the graduations form the scale of the line, and 
its zero Twhich should evidently coincide with the point c) 
may be round by setting on ah produced three divisions of 
the scale (=the height of b above i) from h towards ox. 
Then the numbers on the scale will express the heights of 
the line ab above the plane xoy at the points of division to 
which they belong. 

The point in which the line ab intersects the co-ordinate 
plane zox, supposed to be produced, if necessary, below ox, 
may be found thus : produce «6 to meet ox in d, and draw 
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a line df perpendicularly to ox to meet a'c produced in F ; 
the point F (conceived here to be in the plane zox produced 
below the plane XOY is the required intersection. Tlus is 
manifest, because the projection on zox^ of ab produced 
through c, will be the line a! cY\ but the produced line abc 
is in a plane perpendicular to TOX, and therefore must meet 
the plane zox produced in a line df perpendicular to ox 
(df being in the common section of the planes zox, and of 
that in which is the line abc): consequently ABC produced 
must meet d c and df at their point of section, that is at F. 

The inclination of the line ab, in space, to zox may be 
found thus: from F or a' (suppose F) draw a line as fg at 
right angles to a'F, and make it equal to Ha, the perpen- 
dicular distance of a from the plane zox; then, if a', g be 
joined, the angle Ga'F will be the required inclination. 

cu Cor. To determine, on two co-ordinate planes, the 
projections of a line passing through a given point and parallel 
to a line which is given in space. 

Let mw, m'n' be the projections of the given line on the 
planes xot and zox, and let 
a, a! be the projections of the 
given point on the same planes. 
Then, since (Art. 154. ^.) when 
two lines in space are parallel 
tQ one another their projections 
on the co-ordinate planes are 
parallel to one another, through 
a draw the line aP parallel to mra, meeting ox in. p, and 
through a' draw a'E cutting ox in Q ; these will be the re- 
quired projections of the line. To find the points in which 
the line will intersect the co-ordinate planes, draw qd and 
PE each perpendicular to ox, the former meeting ap in d, 
and the latter meeting a^Q in £ ; the points d and e will, as 
explained in the proposition, be the intersections of the line 
with Yox and zox respectively, either of these planes being 
produced if necessary. 



Proposition II. 

214. A plane in space, being conceive^ to pass 
through three given points, to determine its intersec- 
tions with, and its inclinations to two co-ordinate 
planes. 

Let the given points in space be designated M, N, P : let 
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their projections on xoy be iw, w,/? ; and their projections on 
zox be m', n\p\ « 

Since M and N are In the required plane, a line joining m 
and K, and produced, 
will meet xoy In some 
point as a in the line 
mn produced; and since 
MNa Is a straight line; 
its projection on zox 
will be a straight line 
passing through m^n^ \ 
therefore join m', w', and 
produce m' n* till it 
meets ox in c. Draw 
ca perpendicular to ox, 
meeting mn produced 

in a ; then a will be a point in the Intersection of the required 
plane with xoy. 

In like manner, join m\p\ and produce rn!p' to meet ox in 
d\ also draw dh perpendicular to ox, meeting mp produced 
in h\ then the line ha produced if necessary, will be that in 
which the required plane mnp intersects xoy. 

Draw mil parallel tohax then mh will be the horizontal 
projection of a line parallel to ha^ on the required plane, 
at a height equal to m" m' vertically above xoy {rnm'\ m"m' 
having been drawn perpendicularly to Ox) : draw hk perpen- 
dicular to ox, and make it equal to m''m'\ then A wUl be a 
point in the intersection of the plane MNP with zox. There- 
fore, having produced ha till it meets ox in 5^, the line qk 
produced will be the intersection of mnp with zox. 

The inclination of the plane hqk^ that is mnp, to the plane 
XOY may be found thus. Draw hr perpendicular to hq\ 
and on any convenient part of the paper take a line r'h! equal 
to rh : draw next k! k' perpendicular to r'h' and equal to h k, 
and join r', k'l the angle k'r'h' is evidently equal to the 
required inclination. 

The inclination of i^'AorMNPtozox may be found in a 
similar manner ; thus, draw h s perpendicular to qk^ and, on any 
convenient part of the paper take hf s" equal to hs\ draw next 
h'lf perpendicular to AV and equal to ht (the latter having 
been drawn perpendicular to ox) and join 5^, tf. The angle 
hWtf is evidently equal to the required inclination. 

a. To form a scale of heights for a plane passing through 
three given points M, N, P, having the orthogonal projections 
w, w, p of those points on the plane of comparison xoy, and 
their heights above that plane. 
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Let, for example, the height of M above m be 14 feet, of 

N above n be 5 feet, 
and of p above p be 
8 feet: join m, n, and 
971, p^ and produce the 
lines indefinitely. Di- 
vide nm into 9 equal 
parts ( = 14—5) and 
mp into six equal parts 
( = 14—8); and con- 
tinue the graduations of 
972 72 and mp towards a 
and h, making 72 a equal 
to five parts and pb equal to eight parts, according to the 
respective scales. Then a and h will be the zeros of the two 
scales of heights, and the line ah will be the intersection of 
the plane mnp with XOY. 

Any straight lines joining the graduations distinguished by 
equal niunbers, as 3 and 3, 5 and 5, &c. on the two scales, 
will be the orthogonal projections of horizontal lines on the 
plane mnp at the heights above the plane of comparison xor 
expressed by those numbers. 

Draw any line, as QB, perpendicular to a&, and a line mx 
from m parallel to ah, to meet QB : also divide Qx {q being 
on ab) into 14 equal parts, the height of m above the plane 
of comparison. Let die points of division be numbered as in 
the figure; then QB will be a scale of heights for the plane 
MNP. In using the scale, let v be any point in the plane of 
comparison, and draw vw parallel to a & or perpendicular to 
QB meeting the latter in tr, numbered 9 ; then a point in the 
plane mnp vertically over v or to will be 9 feet above the 
plane of comparison. 

If ^a be produced till it cut ox in q\ then the intersec- 
tion of MNP with zox will pass through q. Produce QB if 
necessary till it cut ox in S; the number at 8 (suppose 24) 
shows that the intersection of the plane mnp with the vertical 
co-ordinate plane zox passes through a point at the height 
of 24 feet vertically above s. Draw therefore ST perpen- 
dicular to ox and make ST equal to 24 feet, by the scale 
of horizontal distances ; then a line drawn through q and T 
will represent the intersection of mnp with zox. 
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Proposition III. 

215. To determine the angle at which two given 
planes in space are inclined to one another. 

Let A B, AC be the intersections of one of the planes in 
space with the co-ordinate 
planes zox, yox, and a^b', 
a'c' the intersections of the 
other plane with the same 
co-ordmate planes: then a 
line imamned to join the 
points of section M and N 
will represent the line in 
which the planes intersect 
one another. 

Draw MD perpendicular to ox and join n,d; also, from 
any point, as A in AC, draw af perpendicular to nd cutting 
that line in E. Imagine a plane to pass through AF perpen- 
dicular to a line imagined to join M and N and cutting MN in 
some point as G : this plane being perpendicular to the two 
given planes, the angle A of or its supplement will be their 
inclination to one another. 

In order to determine this angle, first transfer the triangle 
MDN to the plane of the paper by making dn' on OX equal 
to DN and joining N^ m; tihen make de' equal to de, and 
draw E^G' perpendicular to n'm. The point G' will repre- 
sent G. Again, transfer the triangle agf to the plane of the 
paper, thus: — on a line af taken at pleasure make ae^ ef 
equal to ae, ef respectively, and draw eg perpendicular to 
fl/" making it equal to e'g'; complete the triangle agfy which 
will be the transferred triangle. Then the angle agf or its 
supplement/^ A will be the required inclination of the planes 
BAC, b'a'c' to one another. 

The angle mn'd will, evidently, be equal to the inclination 
of the line mn to the plane xoy. 

The line dn, or the projection of the line in which the two 
planes b AC, b^a'c' intersect 
one another, may, by the 
scales of heights for those 
planes, be. found thus. Let 
the intersections AC, a'c' of 
the planes in space with the 
co-ordinate plane xoy be 
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found as In Prop. ii. (Art 214.), by means of three given 
points in each plane ; and, by the known heights of two of 
the given points in each, form, in any convenient part of the 
paper, the scales of the two planes. Let the scales be PQ 
and p'Q'; these being, respectively, perpendicular to AC and 
a'c', and P and p' on those lines being the zero points: let 
the numbers be as in the figure. 

Through any equal numbers, as 6 and 6 on the scales, draw 
lines parallel to AC and a'c', or perpendicular to the scales, 
and intersecting one another in some point, as g : then g will 
be on the projection of the line MN, (Fig. 1.) in which the planes 
intersect one another ; therefore join N, g, and produce isig to 
D in the line o x. The line N d may then be graduated, N being 
the zero point, and ^g equal to six divisions ; and thus is 
formed the scale of heights for the line mn of intersection. 

It may be observed, that if the point N were not already 
obtained, it would be necessary to draw through other equal 
numbers, as 10 and 10 on pq and p'q', lines perpendicular to 
the scales, and intersecting one another in some point as A; 
then a line drawn through g and A would be the projection 
of the line mn. Fig. 1. 

The inclination of MN to the plane XOY may be found by 
drawing at any point, as ^ in ND, Fig. 2., a line ^m perpen- 
dicular to N D, and makmg it, by a scale of horizontal dis- 
tances, equal to six feet (the height of mn vertically above 
g\ Then, joining n, m, the angle DNm will be the re- 
quired inclination. 

a. Scholium. When two planes in space intersect a co- 
ordinate plane, as xo y, in two lines which are parallel to one 
another, the scales of the planes, which are perpendicular to 
those lines, will be also p£uallel to one another. If the gra- 
duations of the two scales are equal to one another, and the 
numbers increase in the like directions, the planes will be 
parallel to one another. If the scales are parallel to one 
another and the graduations are equal, but the numbers 
increase in opposite directions, the planes will be equally in- 
clined to the co-ordinate plane, and they will intersect each 
other in a line parallel to that plane. The projection of the 
line of intersection is a line perpendicular to both scales, and 
passing through two pomts in them to which equal numbers 
are annexed. 
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Proposition IV. 

216. To find a point in which a given line in space 
intersects a given plane. 

Let MN, NP be the intersections of the given plane with 
the co-ordinate planes zox, 
XOY: let the given line be 
designated ab^ and let aby 
a!h' be its projections on 
XOY, zox. Produce ha till 
it meets ox in G, and draw 
CM perpendicular to ox; 
then CM will be the inter- 
section with zox of a plane 
passing through ab perpen- 
dicular to XOY. At D, the intersection of NP with ahy draw 
DE perpendicular to ox and join m,e; then me will be the 
intersection with zox of a plane passing through a line 
imagined to join m,d perpendicular to that co-ordinate plane. 

The required point of intersection must be somewhere in 
the line imagined to join m, d, for such line lies in the plane 
MNP, and the given line ab in space cuts it ; therefore /?, the 
intersection of me with a' A', is the point in which a line 
imagined to be drawn from the required point of intersection 
perpendicularly on zox would meet this plane ; and drawing 
pq^ qp^ perpendicular to OX, pq will be the height of the 
point above YOX, while p' is the projection of the point on 

YOX. 

Proposition V. 

217. To find the point in wliich a line drawn 
throuffh a given point perpendicularly to a given 
plane intersects that plane. 

Let MN, NP be the intersections of the given plane with 
zox, YOX; and, the 
given point being desig- 
nated A, let a'y a be the 
projections of the given 
point on the same planes. 

Since the line is to 
be perpendicular to the 
plane mnp, its projec- v 
tions on YOX, zox will 
(Art. 159.) be perpen- 
dicular to NP, MN re- 
spectively ; therefore, m'/- 

N 
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through a and a draw the lines am, <///i^ perpendicular to 
N p, 3rx ; then these will be the projections of the perj>en- 
dicular line on the co-ordinate planes. Produce ma till it 
meets ox in c^ and draw CM perpendicular to ox, meeting 
M N in M ; then the required point of intersection will be in a 
line imagined to join M,m« Draw mr perpendicular to ox, 
and join M, r ; then the line M r will be the projection of M m 
on the plane zox. The point /, in which Mr intersects a'mf 
produced, is the projection on zox of the point in which the 
perpendicular line cuts the given plane mnp ; and drawing 
tUj uf perpendicular to ox cutting cm in Z', the point f will 
be the projection of the same point on XOY. 

Produce a'm' to cut ox in r, and draw v\ cutting Cm in 
Y ; then v will be the point in which the line pasdng through 
the given point a perpendicularly to mnp will cut the plane 

XOT. 

By the scale of heights. Through a Axksj maC perpen- 
dicular to NP; Uien, the inclination of the plane mxp to 
XOY being given, the scale of mnp is known: for example, 
the height of M above c is known (suppose it to be fifteen 
feet); then mc must be divided into fifteen equal parts for 
the scale of the plane, the 2^ro being at m. 

Now transfer the triangle MCm to the plane of the paper 
by drawing cm' perpendicular to cm and equal to fifteen feet 
(=:Cm) by the scale of horizontal distances, and joining m', m. 
At a draw ab perpendicular to Cm meeting M'm in A, and 
draw bd perpendicular to M'm; then bd (supposed to be 
transferred to the plane MCm perpendicular to the paper) 
will be parallel to the line to be drawn from the given point 
A perpendicular to mnp. Graduate ad in equal parts as 
many as are expressed by the number at a on the scale of the 
plane (= the height of the plane vertically above a); then, 
since tne graduations in the scales of heights for two parallel 
lines in space arc equal to one another, the graduations o( ad 
being continued towards c and numbered in a decreasing 
order, the number at a, expressing the known height of the 
given point A above a, will be the scale of the line perpen- 
dicular to MNP. The zero of these graduations will fi^ at 
some point (v) where the perpendicular cuts xoy; and the 
point (^), where the numbers on the scale of mnp and the 
scale of the perpendicular line are the same, will be, on xoy, 
vertically under the point in which the perpendicular line 
from A cuts the plane mnp. 
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218. To determine the position of a plane which 
shall pass through a given point, and be perpen- 
dicular to a given line. 

On the co-ordinate planes xoy, zoy let «, a' be the pro- 
jections of the given point, 
and iww, m'ri projections 
of the given line. 

Now if a line be sup- 
posed to pass through the 
given point parallel to the 
given line, it will be per- 
pendicular to the required 
plane, and its projections 
on xoy, zox will be pa- 
rallel to the projections of 
the given line on the same 
planes. Therefore, through 
a and a' draw lines parallel to m w and mi W ; and at J, where 
one of the former lines, as dh^ meets ox, draw hd perpen- 
dicular to OX, meeting the other in d: then d will be the 
point in which the line supposed to pass through the given 
point will cut xOY. 

Draw ttA perpendicular to ad^ and make it equal to a^h 
(the latter being perpendicular to ox); join ^,a, and make 
A A perpendicular to dK\ then k will be a point in the inter- 
section of the required plane with xoy. For the triangle 
ef aA being supposed to turn on dk till it is perpendicular to 
the paper, A will be the given point, and Kd will be a line 
from A perpendicular to the required plane ; therefore the 
plane of the triangle dKk will be perpendicular to tlie latter 
plane, A A will be in the intersection of both planes, and the 
angle Kkd will express the inclination of the required plane 
to xoy. 

Through k draw pAn perpendicular to dk or iww, and from 
N in ox draw NM perpendicular to ha' or m'v! \ then pn 
and MN will be the lines in which the required plane inter- 
sects XOY and zox. Thus the required plane is determined. 

If the given line had passed through the given point, its 
projections in the directions ad and a'i, as well as the points 
a and a\ would have been given, and the point k would have 
been determined by constructing the triangle <f aA as above. 

By a scale of heights. Let mw be the projection of the 
given line on the plane xoy, w being the point in which the 

N 2 
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line iutcrsccts that plane ; and, the height of any point in the 
given line above the plane XOY being given, let the line m n 
be graduated for a scale of the heights of that line, m being 
zero. Let a be the projection of the given point on xoY, 
and let the height of that point, and consequently of the 
required plane, vertically over a, be given (suppose 6 feet). 

Draw dah parallel to mn through the point a, and make 
a d equal to six divisions of the scale on mn; then d will be 
the point in which a line passing through the given point 
parallel to the given line would meet xoY. Draw a A per- 
pendicular to a A, and equal to 6 divisions (feet) of the scale of 
horizontal distances ; join «?, A, and draw a A as before perpen- 
dicular to rf A ; then a line P n drawn through k perpendicular 
to dk will be the intersection of the required plane with xoY. 

To make a scale for the plane. On any line PQ, drawn 
perpendicular to pn, make PR equal to ak (f being on pn), 
and divide it into six equal parts (the number of feet in the 
height of the plane above a) ; the graduations being continued 
beyond r, form the required scale, of which the zero is at the 
point P. 

Proposition VII. 

219. To determine the position of a plane which 
shall pass through a given line in space, and be in- 
clined to one of the co-ordinate planes in a given angle. 

Let a by a'V be the projections of the given line on the 
co-ordinate planes xoY, ZOY, 
a being the point in which the 
given line cuts the former plane ; 
so that aal is perpendicular to 
OX. Join J, h; the line V ch 
will also be perpendicular to ox. 
Make the angle cVd equal to the 
complement of the given angle 
at which the required plane is to 
be inclined to the plane xoy; 
and, on a i as a diameter, describe the semicircle ad'h; then> 
if the inscribed chord hd' be made equal to cdy the supple- 
mental chord a rf' will be in the intersection of the required 
plane with xoy. For, imagine a line, as &B, to be raised at 
b perpendicular to the plane xoy, and equal to b'c; then b 
will represent the point in space, of which b and b^ are the 
projections : also, imagine b, d' to be joined, then the triangle 
Bbd' in space will be equal to Vcd^ and the angle ^d'b to 
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h' dc, or the given iacllnation of the required plane to XOT. 
But ad' being perpendicular to d^h^ is (Geom. Planes, 2. 
Def.) perpendicular to the plane Bef'i in space, and therefore 
is the intersection with XOY of a plane passing through a^d' 
on the paper and B in space, and making with xoy an angle 
equal to that given inclination. 

1£ d^a be produced to meet ox, aa in m, a line passing 
through M, b^ will be the intersection of the required plane 
with the plane zox. 

The scale of the plane b'Md' may be formed on any line, as 
bd', perpendicular to ad^; the zero will be at d\ and the line 
b d' must be divided into as many equal parts as are expressed 
by the number of feet or yards in V c, that is, in the height 
of B above b. 



Proposition VIII. 

220. A plane being given, and a straight line situ- 
ated in it ; it is required to determine a plane which 
shall pass through that line, and make with the other 
plane a given angle. 

Let MN, NP be the intersections of the given plane with 
the co-ordinate planes 
zox, YOX ; and ima- 
gine MP, in space, to 
be the given line. 
Draw Ma perpendicu- 
lar to ox, and join 
a,p; then ap will be 
the projection of MP 
on the plane YOX; 
also, draw any line FG 
perpendicular to ap, 
cutting the latter in ^, 
and imagine a plane to pass through FG perpendicular to MP, 
cutting this line in some point c. 

Transfer the triangle Map to the plane YOX by drawing 
aM^ perpendicular to ap, making it equal to Ma, and joining 
m',p. 

Draw be' perpendicular to m'p ; then bcf will be equal to 
icinthe plane fcg. On Pa make be" equal to be\ and 
(f being the point in which FG cuts np) join Fjc'^; then 
make the angle fc^V or ^e" d' equal to the given inclination 
of the required plane to the plane mnp. Now the triangle 
Fc'^rf, at present in the plane yox, being conceived to turn 

N 3 
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upon FG as an axis till it coincides with Ted in the plane 
perpendicular to MP, it is evident that the required plane 
will pass through MP and through the point d or d' ; there- 
fore Pef produced to B, or Td' produced to r', the points r 
and r' being in ox, will be the intersection of the required 
plane with YOX; and rm, or r'm, either of these lines 
being produced if necessary, will be its intersection with 
zox. 

The like construction will evidently serve to determine a 
plane which shall be perpendicular to a given plane, and shall 
pass through a given line in the latter. 

Proposition IX. 

221. To determine a plane which shall pass through 
a given point, and be parallel to a given plane. 

Let MN, NP be the intersections of the given plane with 
the co-ordinate planes xoy, 
zox, and let a, a' be the pro- 
jections of the given point (desig- 
nated a) on the same planes. 
Draw a m pai-allel to M n, meeting 
ox in m, and from m draw mn 
pcrixjndicular to ox. Make mn 
equal to a'p {a^p having been 
hit fall from a' perpendicularly 
on ox). Through n draw p'n' 
parallel to pn, and through n' 
draw n'm' parallel to mn; then the lines m'n^ n'p' will be 
the intersections of the required plane with xoy, zox. It 
passes through A because aline imagined to be drawn through 
n parallel to m^n^ would lie in the plane, and would pass 
perpendicularly above a at a distance equal to m ti or a'jp, 
either of which is equal to the height of A above a. 

If the scale of the plane pnm were given or found, the 
line m'n' might be found thus. The graduations of the scale 
for the required plane being, on account of the paraUeUsm of 
the planes, equal to those of the given plane. On a line 
drawn through a perpendicular to mn, set from a a number 
of divisions equal to the number of feet in the height of the 
given point A above a (suppose 10), the divisions being taken 
from the scale of the given plane. Then, if R be the point 
at which the tenth division falls, the zero of the scale for 
M'N^p' will be at r; therefore through r draw m'n' for 
the line in which the required plane intersects xoY. 




DESCRIPTIVE GEOMETRY. 



183 




Proposition X. 

222. To determine a plane which shall pass through 
a given line, and be perpendicular to a given plane. 

!Let the given line be designated ab, and let ah^ a'V be its 
projections on the co- 
ordinate planes TOX^ 
zox; also, let MX, np, 
be the intersections of 
the given plane with 
the same phmes. Draw 
ady a'g perpendicular 
respectively to ^in and 
NP; these will (Ai-t. 
159.) be the projec- 
tions on the co-ordinate 
planes of a line passing 
through A perpendicu- 
larly to the plane mnp ; and draw hf^ Vh perpendicular to 
MX, NP, for the projections of a line passing through b perpen- 
dicularly to MNP; then a plane supposed to pass through 
the perpendiculars falling from a and B will contain the 
^ven line, and be perpendicular to the given plane. 

On da andy^ produced find r, 5, the points in which the 
perpendiculars from a and B will cut the plane TOX; then 
a line joining r and * will be the intersection of the required 
plane with that co-ordinate plane : let this line be produced 
to meet ox in t. Draw tk parallel to go! or liV ; then th 
will be the projection on zox of a line passing through t 
perpendicular to pnm; through any convenient point N in 
ox draw a line parallel to rt, and draw tm parallel to r if to 
meet it in m ; draw mn perpendicular to ox, and produce it 
to meet ^A in A ; draw also n/7 perpendicular to ox, and make 
it equal to nk. Then a line drawn through t and p will be 
the intersection of the required plane with the co-ordinate 
plane zox. This is manifest ; for a plane passing through rt, 
and a line through ^, both perpendicular to pnm, will pass 
through a point perpendicularly above m at a distance equal 
to nk; also, since mN is parallel to r^, the plane will pass at 
an equal distance n p aboTC N ; therefore it will cut the plane 
zox in tjp. Thus rt and t'p are the intersections of the 
required plane with the co-ordinate planes. 

A scale for the required plane may be found by drawing 
tq perpendicuLnr to r^, meeting nw produced, if necessary, 

N 4 



in q, and divliiing it into as many cqiinl parts as are expressed 
by the number of feet, or yardd, in the lieight Aw, that height 
being measured by the scale of horizontal distances. The 
scale may be formed on any line perpendicular to rt, and the 
zero will be on the line rt 
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223. To determine the positions of two planes which 
shall be parallel to one another, and each of which 
shall contain a given line ; the lines not being in one 
plane. 

Let the lines, iu space, be designated a b and c d ; and let 
Ab,ab'he the pro- 
jections of A B ; cd 
cd' the projections 
of c D, A and c be- 
ing the points in 
which the lines in- 
tersect the co-ordi- 
nate plane XOY. 

Draw Am pa- 
rallel to erf, meet- '^ 
ing ox in m; and 
on cd, the greater 
of the two, take Cm' equal to Am, and draw m'p, pq perpen- 
dicular to ox, meeting cd' in y ; draw mif perpendicul^ to 
ox, and make it equalto pq ; then g" will be the intersection 
with zox of a line, in space, parallel to CD, and passing 
throngh A. 

Draw in perpendicular to ox meeting ab' in b, and draw 
do perpendicular to ox meeting cd' in d; the lines ab, cd 
in space will cut the plane zox in b and d respectively. 
Now a line drawn through q'B will be the intersection with 
zox of a plane passing through ab, and the line inu^ned 
to join A and q' which is parallel to cd: let it meet ox in 
N ; then a line drawn from a to n will he the intersection of 
the same plane with XOT. 

Draw cn' parallel to an, and join dn'; then ch', dh' 
will be the intersections with xot, zox of a plane passing 
through c D in space parallel to the plane A nb. For N-g'mA, 
N'-Drfc are two triangular pyramids, having their bases y'mA, 
Drfc similar to one another (by the parallelism of the lines), 
also the surfaces nima, N'dc similar to one another, and per- 
pendicular to the boses ; therefore (Geom. Prisms, &c, prop. 
17.), the surfaces ^mN, ifON' will be similar: consequently. 
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dn' will be parallel to g's. But (Art. 154. a.) two planes 
ID space are parallel to one another when their intersec- 
UoDS with each co-ordinate plane are parallel to one another ; 
therefore A nb and Cn'd are two parallel planee, of which one 
contains ab, and the other CD. 

To form scales of heights for the two planes : graduate aA 
in as many equal parts as are expressed by the number of 
feet in the ^ven height Bb; and c if in as many equal parts 
as are expressed by the given height T>d. These are the 
scales of heights for the lines ab, cd. Transfer the divisions 
of cd to Am, and number the divisions on aI> and Am from 
the point A, which is zero ; then lines joining points of divi- 
sion which have equal numbers on A&, Am (such lines will 
be parallel to an), cutting a line drawn perpendicular to 
them, will form on this line a scale of heights for the plane 
ANB, the zero point being on an. The same divisions will 
serve as a scale of heights for the plane Cn'd, the zero point 
being on the line cn', which is parallel to an and to the 
lines joiniog the points which, on &b and Am, have equal 
numbers. 



Proposition XII. 

224. A plane in apace being given, and from a 
point in its common section with one of the co- 
ordinate planes a line being draWTi in the latter 
plane ; it is required to determine, in the given plane, 
a line proceeding from the same point, and nmking 
■with the former line a given angle. 

Let AM, NH be the intersectioua of the given plane with 
the co-ordinate planes 
Tox, zox, and let 
AB be a given line in 
zox; it is required 
to determine a line 
in ANH which shall 
makewithABagiven i 
angle. 

Make bag equal 
to the given angle, 
and draw BC perpendicular to ab; then, if AC be sup- 
posed to revolve conically about ab, as an axis till it 
arrives in the phme anm, it will in the latter position 
make with ab the same angle. Upon ce as a radius 
describe the semicircle can, which, Uiough in the plane 
of the paper, must be conceived to be at right angles 
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to it, standing upon CD; produce AC to meet ox in m, and 
draw m M perpendicular to ox, meeting nm in m. Transfer 
the triangle M m a to the plane zox by making m a! equal 
to 971 A and joining M, a^ Make a' c' equal to AC; and draw 
C'w perpendicular to ox, ipeeting a^m in 9t; then c'n will 
be the height of a point in the plane anm vertically above 
C in the plane YOX. Draw C w' perpendicular to BC and 
make it equal to C^n, also draw Bp perpendicular to ox, and 
make B/?', on Ba, equal to b/?; then draw n' p' and produce 
it, and let it cut the semi-circumference in a and b. Next, 
draw ad perpendicular to BC; then a point vertically over 
dfitvL height equal to da will be the point in which c, by 
the revolution of AC, will meet the plane anm; and xd will 
be the horizontal projection of the line on anm, which is to 
make with ab the given angle. If A^;? be produced to cut 
ox in r, and rs be drawn perpendicular to ox, meeting mn 
in 8y 8 will be the point in which the required line would 
meet nm, in the plane zox. 

It is evident that the line AC, in revolving about ab 
would meet the semi-circumference in h ; therefore, drawing 
hd' perpendicular to CD and joining A, cf', Ac?' will be the 
projection on xo Y of a second line on the plane anm, which 
would make with ab the given angle. Let A^;?' meet ox 
in r', and draw r^s^ perpendicular to ox; then this second 
line would meet the plane zox in s\ 

Cor. 1. If it were required to determine a line in the 
plane anm, which, proceeding from a given point A in an, 
shall make with that line a given angle, a corresponding pro- 
cess may be used ; thus — 

Make nab equal to the given angle; let fall bb' per- 
pendicularly on AN, and on 
BB^ as a radius describe a seg- 
ment of a circle; draw Bp' 
perpendicular to bb^, make it 
equal to 'Bp (the latter having 
been drawn perpendicular to 
ox as in the figure to the pro- 
position), and join p'B'. At a, 
where p'^f cuts the circum- 
ference, draw ad perpendicular 
to bb'; then the line Arfwill 
be the projection, on xoy, of the required line. Pro- 
duce Ad to r, and draw rt perpendicular to ox meeting 
nm in ^; the required line will cut the plane zox in the 
point t 

Cor. 2. To determine, on the plane anm, a line pro- 
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ceeding from a given point A, which shall make with the 
co-ordinate plane XOY a giyen angle not exceeding the 
inclination of the planes to one another. 

At any convenient point c in ox, make ocq equal to the 
given angle; and from q, in nm, draw qJ> perpendicular to 
ox; make de equal to DC, cutting na, produced if neces- 
sary, in E, and draw A^ parallel to de. Then A 6 will be 
the projection of the required line; and drawing bq' per- 
pendicular to ox, a line imagined to join A and y' will mani- 
festly make with the plane xOY an angle equal to oc 9, that 
is, equal to the given angle. 



Proposition XIII. 

225. To determine a line which shall be perpen- 
dicular to two lines given, in space, and not lying in 
one plane. 

Let the given lines in space be designated A b and CD; 
and, on the co-ordinate planes xoY, zox, let Aft, ab' be the 
projections of the first, cd and cd^ the projections of the 
other ; A and c being the intersections of the two lines with 
the plane XOY. 

Imagine a line, in space, to pass through A parallel to 
CD, and let its pro- 
jections on the 
co-ordinate planes 
he Am, a w, these 
projections being 
(Art. 154. b.) pa- 
rallel to cd and 
c d^ respectively. 
A plane passing 
through this line, 
in space, will be 
parallel to CD; 
and it is required, 
next, to find the intersections of such plane with the co- 
ordinate planes, when the plane is made to pass through ab. 
For this purpose draw mp perpendicular to ox, meeting an, 
and take any point q in ab^ such that if a perpendicular qr 
be let fall on ox, that perpendicular shall be less than/?m; 
draw next qrt perpendicular to ox meeting Ab in t; and an 
indefinite line through m and t Again, draw mp^, tq' per- 
pendicular to mt, making mp'zzmp and t^-=:rq, and through 
/>', y', a line meeting mt produced, in s. Then it is evident 
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tliat a plane in space^ passing through ab and through the 
line which was imagined to pass through a parallel to CD 
will cut the plane XOY in a line drawn through a, s; such 
plane in space will be parallel to CD ; also, if «a be produced 
to cut ox in N and a line nm be drawn through p (in whidi 
point the line parallel to CD cuts the plane zox) the same 
plane will cut zox in km. 

N0W9 if a perpendicular be conceived to be let fall on the 
plane anm, from any point as C in the line CD, it will be 
equal to the perpendicular distance of that line from the line 
a b which b in the same plane ; therefore, draw c P perpeur 
dicular to na produced; and, the inclination of the plane 
ANM to XOT being found (Art. 214.) make the angle cpA 
equal to that inclination; then cA drawn perpendicularly to 
pA, and imagined to lie in a plane passing through CP per- 
pendicularly to XOY, will be the distance from c to the plane 
ANM. Draw hk perpendicular to CP, then ck will be the 
projection of C A on the plane xoy. Draw k^ parallel to cdy 
meeting a J in ^, and ffff^ parallel to CP ; then ffff' will be the 
projection on xoY of a line conceived to be drawn from a 
point (of which point ff^ is the projection) in c d, perpendicu- 
larly to the plane anm; consequently perpendicular to ab 
which it meets, in that plane, in a point of which ff is the 
projection. 

The projections, on zox, of the two points in ab and CD 
arc evidently at u and r, where lines drawn from y and y' 
perpendicubu: to ox meet ab' and cd^ respectively. The 
length of the required perpendicular line between ab and 
C D is manifestly equal to the hypotenuse of a right-angled 
triangle of which ffff' and the difference between uu' and vv' 
are the two sides. 



Proposition XIV. 

226. Three points being given, in space, with their 
several angular distances, taken at a fourth point 
(not in the same plane as the others) from a vertical 
line passing through it ; to determine the position of 
that fourth point. 

Let the three given points be designated a, b, c, and let 
a^byc be the projections of those points on xoY (supposed 
to* be a horizontal plane) ; also, let a\ b\ c' be the projections 
of the same points on a vertical plane zox; then the lines 
attf b'b, c'c will be perpendicular to ox. 
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Draw the indefinite lines am and a'm', 1/ n and b'n', </q, 
and (fq', the two first making with a'a, the two next with b'b 
and uie two last 
making with c'c an- 
gles, each equal to 
flie observed angular 
zenith distances of 
A, B, and c from the 
required point ; these 
pairs of lines may be 
considered as com- 
prehending the ver- 
tical sections of three 
cones of which a, b,C 
are the vertices, and 
whose curve surfaces 
will intersect one another in the required point. 

Draw, next, any line, as kg, parallel to OX cutting the 
lines a'm, b'm, c'q in points as /', k, I, and the lines a'a, b'b, 
c'c in points as e,f,g ; then eh, fh, gl may be considered 
as the radii of the sections of the three cones, made by a 
horizontal plane supposed to pass through hg. With a, b, c 
as centres, and radii equal to eA,^A,y/ respectively, describe 
circles ; these will represent the horizontal sections projected 
on XOY, and each pair of them will intersect one another in 
two points, as m and m', N and n', T and T', in the figure. 
In like manner, drawing other lines parallel to ox, and from 
a, b, c as centres, with radii equal to the parts intercepted 
between a'a, b'b, c'c and the sides of the cones, describing 
circles, each pair of these will intersect one another in two 
points corresponding to m and m', n and n', T and t'. 

Then if three curve lines be drawn, one passing through 
all the points M, m', another through all the points N and h', 
and the third through all the points T and t'; these will 
represent the projections on XOT of the curve lines in which 
the three cones intersect one another; and a point as p in 
which all the three curves intersect one another will be, on 
the same plane, the projection of the required point. 

Again, perpendicularly to OX let lines be drawn from M 
and m', n and n', t and t' to cut the line hg in points; and 
let corresponding lines be drawn from the intersections of the 
other pairs of circles till they cut the other lines correspond- 
ing to hg ; then, on drawing three curve lines through the 
points, their common intersection p' will be the projection on 
zox of the required point. In order to avoid confusion, 
only two of the three curve lines by which p and p' are de- 
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tcnuincdy arc shown in the figure. In strictDees, two curves 
will suffice to determine p or p^; but, as the prelections of 
curves of double curvature in which two cones intersect one 
another may have intersections in points which do not cor^ 
respond to points on the surfaces of the cones, it will be a 
more certain and easy method to determine P or p' by the 
common intersection of three projected curves. 




Proposition XV. 

227. To determine the position of a plane which, 
passing through a given point on the convex surface 
of a cylinder, may be a tangent to that surface. 

Let ABC on the plane yox be the circular base of a cylin- 
der ; and, imagining its axis to 
be oblique to the plane of the 
base, let tq^ pqhe projections 
of the axis on yox and zox. 
Let the given point on the 
surface of the cylinder be 
designated m; then a line 
imagined to be drawn through 
H parallel to the axis of the 
cylinder will coincide with a 
position of the line by whose 
revolution the cylinder is sup- 
posed to be described, and a plane touching the cylinder in M 
will touch it in the whole length of such line. The given 
projections of this line on XOY and zox will be parallel to 
l»g and pq respectively; and the first will meet the circle 
ABC In one point, or, being produced if necessary, will cut it 
in two points : let it cut the circle in two points as B and c ; 
and let tlio line drawn through m paraUel to the axis meet the 
base In the point B. 

Now, since the required plane is to touch the cylinder In 
a line passing through M and b, its Intersection with yox will 
bo a lino touching the circle abc In B ; therefore draw bn so 
touching the circle, and let it cut ox jun. Next, if a line 
be conceived to be drawn on the tangent plane parallel to the 
plane xOY and passing through M, its projection on xoY 
(m being the projection of M on that plane) will be a line as 
mt parallel to bn, meeting ox in f; let m^ be so drawn, 
and draw ^d perpendicular to ox making it equal to nm^; 
{wf being the projection of M on zox) then the tangent plane 
will pass through d, and its intersection with zox will be 
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ND. Thus the Intersections of the tangent plane with XOT 
and zox are determined. 

If the line conceived to be drawn through M parallel to 
the axis of the cylinder had cut the base in c, a line touching 
ABC in G would have been the intersection of the tangent 
plane with xoy. The intersection of the tangent plane 
with zox might then be found in a manner similar to that 
by which NT) was found. 

If the cylinder had been upright, and M were any point on 
its convex surface, the projection of M on xoy would have 
been at some point on the circumference of the base, as 
B or G ; then a tangent as B N would be the intersection of 
the tangent plane with xoy; and a line drawn through N 
perpendicular to ox would be the intersection on zox. 

Proposition XVI. 

228. To determine the position of a plane which, 
passing through a given point on the surface of a 
cone, may be a tangent to that surface. 

Let ABC (Fig. to the preceding Proposition) be the circular 
base of a cone, supposed to be oblique, p its centre ; and let 
PQ and pq he the projections of the axis on xoY and zox 
respectively, Q and q being the projections of the vertex. 
Then, the given point on the surface being designated M, a 
line supposed to be drawn from the vertex through M would 
meet the circumference- of the base in some point as B or c. 
Lines drawn through Q and y, and through the projections 
of M on XOY, zox respectively, would be the projections of 
that line on those planes, and the former would determine 
the position of B or c. 

The manner of determining the lines in which the required 
tangent plane would intersect Yox and zox, corresponds 
exactly to that which has been employed in the preceding 
proposition. 

Pboposition XVII. 

229. To determine the position of a plane which, 
passing through a given point beyond a cylindrical 
or conical surface, may be a tangent to that surface. 

For a cylinder : imagine a straight line in space to pass 
through the given point parallel to the axis of the cylinder 
or to the generating line of the surface ; then it is evident 
that the tangent plane must pass through this line. Find, 
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therefore (Art. 213. a.) the point in which a line drawn 
through the given point parallel to the axis of the cjlindei 
will intersect the plane soy, and from thence draw a line 
touching the base of the cylinder; thia line will be the 
intersection of the required plane with xot. Find next 
the intersection with zox of the line parallel to the axis; 
then a line joining that intersection wiUi the point in whidi 
the tangent to the base meets ox, will be the intersection of 
the required plane with zox. 

For a cone: find (Art. 313.) the points in wiiich a line drawn 
through the given point and the vertex of the cone, will cut 
theplanee xot, zox; then a line drawn throi^h the point in 
XOY, touching the base of the cone, will be the intersection 
of the required tangent plane with the same plane xot, and 
a line drawn from the point in ZOX to that in which the 
tangent to the base meets ox will be the intersectioD of the 
required plane with zox. 



Pbopobition XVTII. 

230. To determine the position of a plane, which, 
passing through a given point on the surface of a 
sphei^, may be a tangent to that surface. 

Let ABC, on the plane xot, be the projection of a great 
circle of the sphere parallel to that 
plane ; let p be the centre of this 
circle, and, the line P^y being per- 
pendicular to ox, let pqa be the 
projection on zox of half a great 
circle parallel to that plane. 

Let the given point on the sur- ^ 
face of the sphere be designated M, 
and let m, m' be its projections on 
XOY, zox respectively; also, ima- 
gine a section parallel to xoy to 
pass through m : its projection on 
xot will he a circle whose circumference passes through m, 
and it has a line equal to pm for its acmi-diameter, while ba 
passing through m' perpendicularly to pq will be the pro- 
jection of a quadrant on zox. 

Now a tangent to the section through M, parallel to XOT, 
will be a tangent to the sphere at that point ; and its projection 
on xot will be the line mn drawn perpendicular to pjb. 
But the required tangent plane is to paae through h, it will 
therefore pass throng the tangent, mtose projection is mn. 
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and its intersection with XOY will be in a line parallel to 
mn. Draw ad touching the semicircle qab in a, and meet* 
ing ox in if ; then if pd passing through m be made equal 
to cdy and dn be drawn parallel to muy that line will be the 
intersection of the tangent plane with xoY, Next, since a 
tangent to the circular section passing through m, if con- 
ceived to be drawn from M till it meets zox, will be equal 
and parallel to mn, draw nE perpendicular to ox meeting 
ba produced in E ; then the point E will be the intersection 
of the tangent line with zox, and a line drawn through N, E 
will be the intersection of the tangent plane with that co- 
ordinate plane. 

The position of a plane touching any solid of revolution at 
a point given on that surface may be determined in like 
manner, if the axis of revolution be perpendicular to xoY, 
and a section passing through it parallel to zox be projected 
on the latter plane. 

231. Scholium. The projections on xoY, zox of a nor- 
mal, supposed to be drawn from a given point in a curve 
surface, are easily determined when the position of a plane 
touching the surface at that point has been found ; since the 
projections are merely those of a line drawn from a ^ven point 
in a plane perpendicularly to that plane. (See Art. 217.) 



Proposition XIX. 

232. To determine the pK)jection, on one of the 
co-ordinate planes, of the lines in which two cylinders 
may intersect one another. 

Let the axes of the cylinders be at right angles to one 
another, and let them be in the plane on which the projection 
is to be made. For simplicity, let the bases of both cylinders 
be circles, but let their diameters be unequaL 

Let XOY be the plane of projection, and in that plane let 
PQ, RS be the directions of the 
axes of the cylinders ; also, let 
the semicircle a^b^ on zox, be 
the projection of the base of one 
of the hemicylinders, and ay, 
on ZOY, that of part of the base 
of the other hemicylinder. 
Through the smaller of the two 
semicircles draw any number of 
lines cd, ef, &c., parallel to ox; and through the greater, at 

o 
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equal distancee from or, d&w aa many lines tfdl, ^J*, &c. 
perpendicular to ox. It ia evident that these will be the 

n'octions, on zox andzoT, of planes parallel to XOT; 
if OQ AQ etnught liuea be drawn, as in the fignr^ through 
e,e, &C., c',f', &C. parallel both to OX and OT, these will be 
the projections on xoy of lines supposed to be drawn on the 
surfaces of the cylinders parallel to the two axes ; the pcunis 
in which they intersect one another respectively, being joined 
by a curve line, as in the figure, will be the required pro- 
jection. A like curve must be understood to constitnte the 
projection of the curve line in which the hemic^linders inter- 
sect one another on the side opposite to ab. 

It is evident that those opposite curves will be nmilar to 
one another; it is also evident that if the diameters of the 
two circular cylinders wcro equal to one another, or if the 
buses of the cylinders were any similar and equal curves, the 
projection, on xor, of the curves in which the cylinders in- 
tersect one another, would be two straight lines constituting 
the diagonals of the square or parallelogram formed on that 
piano by the chords of the vertical sections agb, &c. 

If the axes of the two cylinders, though coinoi^ng with 
tho plane xov, form oblique angles with one another and 
with the other co-ordinate planes, the problem would be 
solved in a similar manner by means of semicircles agb, a't^^ 
described on diameters perpendicular to the axes, and by 
drawing, parallel to those axes, the lines which determine 
]>ointB m the curves of intersection. 

233. In the annexed figure, abcd represents on xoT the 
projection of a groined vault, formed by the intersection of 
two liomi cylinders having equal semicircidar bases, and having 
their axes in the directions pq and BS at right angles to one 
another. The figure within cB'i is a projection, on zox, of 
half the vault ; the curve c%'h is the semi-ellipse supposed to 
stand vertically over cb, which is here parallel to ox, and 
the straight lino a s' ia the projection 
of tho elliptical quadrant over AS; 
tlio curves cpK, xrb are semi- 
ollipses which constitute the projec- 
tions of the semicircles standing 
vertically over AC and ab. 

Since tho intersecting hemi- 
cylinders have equal diameters, 
each of tho heights as', ap, dr, is 
equal to ap or AE, the radius of 
the semioircle standing on cither 
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of those lines; Ab and Ac are each evidently equal to 
SB or sc. 

Whatever be the nature of the curves which, standing on 
AB and AC, form the bases of the intersecting hemicylinders, 
their projections on zox may be determined in the following 
manner: — Take any number of points, as m on ab, for ex- 
ample, and from each of them draw a line, as mn' perpen- 
dicular to ox; then mn being an ordinate to the given 
section An SB of the hemicylinder, (that section being sup- 
posed to stand vertically over ab) make m^n' equal to mn. 
The point n^ will be in the required projection of An SB. In 
like manner may any number of points in Ar^, and also in 
Ape and cB^b, be found. 



Proposition XX. 

234. To determine the projections, on one of the 
co-ordinate planes, of the curve line in which two 
cones may intersect one another. 

For simplicity let the cones have circular bases ; let their 
axes be at right angles to one another, and let them be in the 
plane of projection. ' 

Let ABC, a'b'c' be the projections of the cones on the 
plane YOX, ad and a'd' 
being the axes. Let a^b' 
on OX be the projection 
of a by in a'd', and on a'b^ 
as a diameter describe a 
semicircle ; this will be the 
projection on zox of a 
vertical section through 
the cone abc on the dia- 
meter ab. On oz make 
o H equal to d'b' the semi- 
diameter of the base of the 
cone ; and on ox make OK equal to d'a^; then the triangle 
HOK will be the projection on zox of the half cone a'b'c'. 
Lines drawn perpendicular to ox from r and t, where hk 
cuts the semicircle on a'b^, will cut a'd' in points r^ and f, 
through which the required curves are to pass. The points 
p and q are evidently those in which the projection of one of 
the curves of intersection will meet ab. 

Take any point, as E in b^c^, and draw ea^ cutting ab 
and AC in A and k; also, draw the ordinate ef to a semi- 
circle on B^c' as a diameter. Make of equal to ef, and 

o 2 
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<lraw/E. On ox project h k and the point e in which it is 
l)iwi'tc<l, in li', k', e', and describe a semi-eUipse on k'k' as & 
transverse axis, with a scmi-conjugatc axis e n equal to the or- 
dinate at e of a vertical section through the cone A B c, formed 
on a line drawn through e parallel to BC bb a diameter; thia 
curve will be intersected bv/K in the points m and t, which, 
being projected on A A, will give two other points, m' and ^, 
in the required curves. In like manner may any number of 
points be found. 



Phoposition XXI. 

235. To determme the projections, on ■ one of the 
co-ortlinuto planes, of the curve lines in which a 
cylintler may intersect a sphere. 

The cylinder ia supposed to have a circular base, and 
its axis to be parallel to the plane 
on which the projection is to be 
made. 

Let AB be the projection of a 
great circle of the sphere on xot, 
a'b' the projection of a great circle 
on zox, c and c' their centres, being 
in a line perpendicular to OS ; also, 
let the circle abed be the projection -r- 
of the base of the cylinder on the / 
latter plane, q" being its centre, and 
abf cd diameters respectively per- 
pendicular and parallel to o x. 

Parallel to ox let the lines ap, ch, 
bq, and any others, asetn, be drawn; 
these will represent the intersections 
on zox of the planes of circles of 
the sphere parallel to X o T. Let them intersect the line c c', 
produced if necessary, in a', d", b', g, &c., and touch or cut 
the circle acbdm. a, b, c, d,f, &c. 

Then, if lines perpendicular to ox be drawn through 
these last points, tlbey will represent on tox the projections 
of lines drawn on the surface of the cylinder parallel to its 
axis ; and cutting the surface of the sphere on the circum- 
ferences of the small circles whose planes are projected in ap, 
ch, ef, &c Therefore, with as a centre, and a radius 
equ^ to a'p, describe arcs intersecting ab produced in a, and 
(i„; also with c as a centre, and a radius equal to b'q, de- 
scribe arcs intfirsecting ah produced in ft, and b,^ Next, 
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with c as a centre and a radius equal to dfhy describe arcs 
crossing the line drawn through c in c, and c^^, and the 
line drawn through d in d^ and d^^} again, with c as a 
centre and a radius equal to ym, describe arcs crossing the 
line drawn through / in /^ and /^^; and so on. Curve lines 
a^ c^ &c., a^, c^, &c., drawn as in the figure, will be the 
required projections of the two curves in which the cylinder 
intersects the sphere. 

The two curve lines are evidently similar to one another ; 
they will touch the circumference of the circle ab in certain 
points near c^ and rf^, c^^ and d^,\ and it is evident that, if 
the eye of a spectator were above the plane vox, the parts 
Cj b, d, and c^j h^^ d^^ would be invisible. 

If the axis of the cylinder pass through the centre of the 
sphere, the curves of intersection will evidently be circles^ 
and their projections on XOY will be straight lines. 

236. The following problems relate to the orthogonal pro- 
jections, on vertical and horizontal planes, of the figures 
given to the voussoirs, or wrought stones which are employed 
in the construction of vaults of the most usual forms. 

In the formation of voussoirs, it is of the utmost import- 
ance, when the mutual pressures of the stones are consider- 
able, that the plane angles composing any solid angle should 
be either accurately, or as nearly as possible, right angles, 
or that the edges which are in the directions of the thickness 
of a vault should be in the positions of normals to the curve 
surface of the vault ; for if the angles which the faces in con- 
tact, or joints, of any two voussoirs make with the faces which 
meet them are unequal, one of them, being less than a right 
angle, will be weaker tiian the other, and consequently, at the 
line of meeting, the stone is in danger of being splintered. 

In simple vaults, such as the usual arches of a bridge, if 
the thickness be considered as equal throughout, the concave 
and the convex faces of each voussoir are parts of the cylin-* 
drical surfaces, circular or elliptical, of the vault ; the con- 
tact faces or joints are planes, two of them perpendicular to 
the axes of the cylinder, and the two others normals to its 
surface, so that if the cylinder were circular, the planes of 
the last faces would pass through the axis. If a vault have 
the form of an upright cone, with a circular base, and be of 
equal thickness throughout, the concave and convex faces of 
each voussoir are parts of the conical surfaces ; two of the 
joints are planes which, if produced, would pass through the 
axis of the vault, and each of the two others is a portion of 
the curve surface of a cone the circumference of whose base 
is the exterior edge of the horizontal course of voussoirs of 
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which the one considered is a part, and whose vertex b in 
the axis, all Uaee imagined to be drawn on these conical sur- 
faces from the baee to the vertex b^g normals to both sur- 
liacca of the vault. Again, if the vaiut be a spherical dome 
everywhere of equal thickness, the concave and convex faces 
of each voussoir will be portions of the spherical surfaces, 
while the joints will be similar to the corresponding joints 
of a conical vault, except that those which have the conical 
form will have the centre of the dome for their common 



Pboposition XXII. 

237. To describe the projections, on a vertical and 
a horizontal plane, of the key-voussoir in a hemi- 
cylindrical vault, the vertical plane of projection 
being perpendicular to the axis of the tylinder, which, 
for simplicity, is supposed to be circular. 

Let UK on zox be n vertical line meeting the axis of the 
vault in H s then n will be the centre of 
the circular area c D and A B, on the con- 
cave and convex faces of the vousBoir. 
The radii nc, ua are given; therefore 
the arcs can be described. The chord of 
half the arc c D or a b being given, when 
set on both sides of hk, it will deter- 
mine the points through which the radii ' 
HA, UB are to be drawn for the rades 
of the voussoir. The lines aa, cd, &c. 
drawn, as in the figure, through A,c, 
&c. perpendicularly to ox, if cut by the lines ah, a'}/ parallel 
to ox at distances from one another equal to the given depth 
of the vouBBoir, will determine the projection of thAt voussoir 
on the horizontal plane xot. 

If the cylindrical vault were elliptical, and if the arcs CD 
and AB had the same centre of curvature, the point H would 
have been the intersection of the produced sides AC and bd, 
each of which would have been in the direction of a normal 
to either of those area. 
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Proposition XXIIL 

238. To descTibe the projections, on a vertical and 
a horizontal plane, of a voussoir forming part of a 
hemispherical dome. 

Let ABCD be a vertical section through such a voussoir in 
a plane zox^ on which the 
vertical projection is to be 
made; let HV be the axis, 
and H the centre of the dome. 
Through a, c, b, d draw lines, 
as in the figure, perpendicu- 
lar to HV; these lines will 
represent the intersections 
on z ox of the planes of the 
circles between which the 
horizontal course of vous- 
soirs, of which abcd is a 
section, is contained. 

From any convenient point as a centre in the line vh 
produced, and with radii equal to the perpendicular distances 
of A,c,B,D from HV, draw the arcs at A', c', &c. ; these will 
be the projections on XOY of parts of the circles just men- 
tioned. Then a straight line a'f, being made equal to the 
given chord of the voussoir on the circumference of the circle 
passing through A^ (half the chord being set on each side of 
VH produced), and lines being drawn from the centre through 
A' and F, there will be determined the figure fd^, which is 
the projection of the voussoir on the plane xoY. 

Now if, parallel to vh, lines be drawn through A', C, B^, d' 
and the corresponding points on the opposite side of vh pro- 
duced tiU they meet the corresponding straight lines drawn 
through A, c, B, D as above ; they will determine the points 
rt, c, by d and a', c^, &', df in the projection on zox; but the 
normals ba, DC, &c. tending to the centre of the dome, it is 
evident that, in the projection on zox, hay V a^y dcy & d 
will be straight lines all tending to h. The circular arcs 
AC, BD, &c. wiU, in the projection on zox be evidently por- 
tions of ellipses, since they are orthogonal projections of parts 
of great circles of the sphere on a plane inclined to their own 
planes; but any number of points in those lines may be 
determined in the following manner : — Take a point as e in 
BD, and draw Ee' perpendicular to vh; with a radius equal 
to the perpendicular distance of E, from vh describe an arc 
e'f' concentric with a'f; then half the chord of that arc 
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Wing set on E ^, on each ade of vn, tte points e, e* will be 
ID the elliptical curve passing through b and d, i/ and <f. 
The figure ahdc a'b'd'c'is UK required projection of the 
voua^ir on the plane ZOX. 

The projection of a vouBsoir for a conical vault would 
difll-r from that which had been described only by the lines 
ba and dc, b'a' and cTc', which are perpendicular to the sur- 
tace of the conei being respectively parallel to one another, 
and by the lines corresponding to ac, bdj a'd, b'd', both in 
the \'ault and in the projection being etn^ht 



Proposition XXIV. 

239. To describe the projections, on a vertical and a 
liorizontal plane, of a voussoir at an angle of a groined 
vault, or one formed by the intersection of two hemi- 
cylindrical vaults. 

Let AV, AU he part of two sides of a square formed on 
a horizontal plane XOY when 
two hemicylindricol vaults of 
equal mognitudee intersect one 
another at right angles; XOY 
being the plane in which are 
the asea of the cylinders. 
For simplicity let the cylin- 
ders be circular, and let a'n, 
supposed to be in a plane pfep- 
pendicular to the paper and 
cutting it in a'p' parallel to 
AV, represent part of the arch 
line in a semicircular section 
taken vertically over av ; also, 
let MR, NT indicate the posi- 
tions of two voussoir joints 
which are normals to the hemi- 
cylinder of which a'n is a sec- 
tion. 

Let t'a produced he the direction of a diagonal of the 
square on av, au; and let the produced part represent the 
direction, on the plane 50T, of the curve line (ellipse in the 
present cose) in which the homicylinders intersect one 
another. Let Cabd, C'Eb'd be horizontal projections of 
the lower and upper surfaces of the voussoir which rests im- 
mediately on XOY, OE being in a line drawn through h 
parallel to AU, and eb' being parallel to Av. A sectioD 
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through this voussoir in a vertical plane passing through a 
line parallel to ay is represented by ha^p^b. Agam^ let 
GEFS9 G^E^F^s be a horizontal projection of the voussoir next 
above the other, g^'e^ being in a line drawn through N paral- 
lel to AU, and e^f^ being parallel to ay. A section through 
this voussoir in a vertic^ plane passing through ay is repre- 
sented by the figure nmh. 

Let the vertical plane zox, on which the groined voussoirs 
are to be represented, be perpendicular to the Hue at^ in 
Yox ; and on a t', produced to cut ox, let the point a be the 
representation of a. On a ^, in the direction of at' produced, 
make ae^ ae! equal, respectively, to the perpendicular dis- 
tances of M and N from P' A' produced ; and through e and e! 
draw indefinite lines parallel to ox ; these will be the pro- 
jections on z ox of the horizontal lines passing through points 
corresponding to M and N parallel to ab and ao on the inter- 
secting concave- faces of the vault. 

Making ah and ac, also eV and ed respectively equal to 
the perpendicular distances of B and c, b' and C^ from at'; 
the points h and c, V and c' will be representations of B and c. 
b' and c' on the lower and upper joints of the voussoir a'mbp'. 
The curves hVy ccf are representations of the lines in which 
the vertical joints of that voussoir meet the faces of the 
vaults; these being representations of portions of circles 
projected on a plane, which is oblique to their planes, are 
portions of ellipses ; and any number of points in them may 
be found by means of points, as K, taken in a'm, as V and d 
were found by means of the point m. 

To determine the projection, on zox, of the upper face of 
the voussoir ma'p'b; ovl at make op equal to p'b; then 
the straight line V p will be the projection of the edge verti- 
cally over b'p; draw pd parallel to ox, and make it equal 
to the perpendicular distance of B from at' ; this will be the 
projection of the (horizontal) edge vertically over pd ; and the 
straight line d d will be the projection of the edge vertically 
above c'd. 

In the upper surface of this voussoir, the plane, of which 
h' ejp is the projection, is one which if produced would pass 
through the axis of the hemicylinder vertically over the 
space u ab, that axis being parallel to yab ; and the plane 
of which epd& is the projection, is one which if produced 
would pass through the axis of the hemicylinder vertically 
over VAC, that axis being parallel to UAC. 

The figure gqsf \r the projection, on zox, of the inferior 
surface of the voussoir, of winch NHH is a section ; it is de- 
termined by first making ef and eg respectively equal to the 
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perpendicular distance of f and o from at^ ; next, by Tnaking 
aq equal to Q^B^ in the line Q T parallel to AC ; then drawing 
as parallel to OX, andtnaking it equal to the perpendicular 
distance of s from at. The line ffq (parallel to t/d) ib the 
projection of the edge vertically above gq, qs is the pro- 
jection of the (horizontal) edge above QS, and sf (parallel to 
pV^ is the projection of the edge above sp; the plane of 
which ffqeis the projection coincides with that of which cfjpde 
is the projection, and the plane oi eqsf with that of epV. 

The projection of the upper surface of the voussoir nmh 
is determined in a similar manner; thus, on the indefinite 
line drawn through e', parallel to ox, make effy e!g^ re- 
spectively equal to the perpendicular distances of F^ and g' 
from A T^ ; niake a t equal to Q^ T, then draw ts^ parallel to O x, 
and make it equal to qs, or the perpendicular distance of s 
from at'. The line ^^ is the projection of the edge vertically 
above G^Q, ts^ that of the (horizontal) edge above QS, and //' 
that of the edge above sf^ ; also, the plaiie of which g^te^ is 
the projection is one which if produced would pass through 
the axis of the hemicy Under over the space yac, and that 
of which e'ts^f^ is the projection is one which if produced 
would pass tlurough the axis of the cylinder over the space 
UAB. The curve lines ^', ffff\ like ft&', cc^, are portions of 
ellipses. 



THE END. 
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with numerous Engravings on Wood. [In the press. 

A CATECHISM OF CHURCH HISTORY : 

Designed for the use of Schools and Students in Theologv, whether preparine for 
University or Episcopal Examination. By the Rev. W. T. WilkmMra, A.M. 
Theological Tutor of Cheltenham College. Fcp. 8vo. [In the press. 



ANTHOLOGIA OXONIENSIS ; 

Bive, Florilegiom e Lusibus Poetieb diversomm Oxoniensium Grtrcis et I^tinis. 
Decerpstt Gulielmus Linwood, A.M. JEtl'a Christi Alumnus. 8vo. lis. cloth. 



MBSSKS. LONGMAN AND CO/s 



ELEMENTARY GREEK WORKS, LEXICONS, 
GRAMMARS, ETC. 

Kuhner's Elementary Greek Grammar. 

An ElemenUnr Onmmar of the Greek Langnage. Bt Dr. Raphael KfUmer, 
Oo- Hector of the L jceom at Haaover. Tranalated by J. H. MiUard, St. John's 
Course, Cambridge i late Seconl CUaaical Master at Mill Hill Grammar Sdiool . 
8to. 9i. cloth. 

Questions on Wordsworth's Greek Grammar. 

Examinatioii Qaestions on the Ur»e« Grammatica Rndimenta. In nsttm 
Scholamm. Br Cmi»i.m Eiioxumw, Master of the Kiiaoopal School, 
Haddincten. limo. 2b. 6d. cloth. 

Brasse's Greek Gradus. 

A Gredi Oradns ^ or, a Greek, Latin, and Easlisk Proeodial Lexicon: contamins 
the Interpretation, in Latin and Eajf^ith, of all words which occur in tlie Greek 
Poets, from the Earliest Period to the time of Ptolemy Philadriphns : with the 
Quantity of the Syllables Terified by Authorities : and combining the advantages 
of a Lexicon of the Greek Poets and a Greek Gradus. By flw late Rer. Dr. 
BaASSS. To which is added, a Synopsis of the Greek Metres, by the Rer. J. R. 
Migor, D.D. 3d Edition, leTised by Vbn Rer. F. E. J. Valpy, M.A. 8to. 
lfia.claCh. 

Giles's Greek and English Lexicon. 

A Lsxiooo of Che Greric Langnage, for the use of Colleges and Schools : containing 
—I. A Greek-Rngtith Lexicon, combining the adrantages of an A^ihabetkuu 
and Derirative Anrangement ; S. An Bnghah-Greek Lexicon, move copioas than 
any that has ever yet appeared. To whKhispreflxed,acoa«9seGrammarof the 
Oredk Language. By the Rer. J. A. Ou.n, LL.D. 2d Edit.8To. 31s. doth. 

*,* The English-Greek Lexicon, separately. 7s. (d. cloth. 

Pvcroft's Greek Grammar Practice. 

fn Three Parts : 1. Lessons in Yoeabulary, Nouns, A4iectiTeS| and Yerbs in 
Grammatical order ; 3. Greek, made out of each column for translation ; 
t. En glis h of the same fS»r retranslation. By the Rev. Jakxs Ptobovt, B.A. 
13mo. 8b. 6d. cloth. 

Moody's Eton Greek Grammar in English. 

The New Eton Greek Grammar; with the Marks of AooaS, and flw Quantity of 
the Penult : containing the Eton Greek Grammar in Tg^g***** : the fontax and 
Proeody as used at Etim ; alao, the Analogy between the Greek and Latin Lan- 
guages; Introductory Exereiaes and L e aso n i : with n u me r o u s Additions to the 
text. Ilia whole being accompanied by Practical and PhUoaophical Notes. By 
the Rer. Cuimkkt Moodt, A.M. 3d Edition, 13mo. 4s. clotL 

Valpy's Greek Grammar. 

The uemento of Greek Grammar: with Notes. By R. yALPT,D.D. New Edit. 
8to. 6s. fid. boards ; bound, 7s. fid. 

Valpy's Greek Delectus, and Key. 

Delectus Sententiarum Grscanun, ad usum lironum accommodatus: cum 
Notulis et Lexico. Auetore R. Yalpt, D.D. Editio Nora, eademque anete et 
emendata, ISmo 4s. doth. 

Kbt to the above, being a Literal TransUtion into En^ish, 13mo. 28. fid. sewed. 

Valpy's Second Greek Delectus. 

Second Greek Delectus ; or. New Analecta Minora: intended to b« read in Schools 
between Dr. Yalpy's Greek Delectus and the Third Greek Delectns: witii 
English Notes, and a copious Greek and English Lexicon. By the Rer. 
F. E. J. Yalpt, M.A. 3d Edition, 8vo. 8s. fid. bovmd. 

Valpy's Third Greek Delectus. 

TheThird Greek Delectus ; or. New Analecto Minora : witn English Notes. In 
Two Parts. By the Rev. F. E. J. Yau r,M.A. 8vo las^fidrSound. 

* .« The Parte may be had separately. 

Part 1. PROSE. 8vo. 8s. fid. bound. — Part 3. POETRY. 8to. 9s. fid. bound. 



STANDARD EDUCATIONAL WORKS. 



Valpy's Greek Exercises, and Key. 

Greek Ezerdaes; being an Introduction to Greek Composition, leading the 
■tndent from the Element* of Grammar to the hisher parts or Syntax, and 
referring the Greek of the words to a Lesioon at um end; with Specimeng of 
the Greek Dialects, and the Critical Canons of Dawes and Porson. ith Edition, 
with many Additions and Corrections. By the Rer. F. E. J. Yalpi, U.k. 
12mo. 6s. 6d. cloth. 

Kbt, ISmo. 8s. 6d. sewed. 

Neilson's Greek Exercises, and Key. 

Greek Eserdses, in Syntax, Ellipsis, Dialects, Prosody, and Metaphrasis. To 
which is prefixed, a concise hat oomprehensire Syntax; with Obserrations on 
some Idioms of the Greek Language. By the Bsr. W. Nnuox, D.D. New 
Edition, 8to. 6s. boards. — Kxx, 3s. boards. 

Howard's Introductory Greek Exercises, and Key. 

Introductory Greek Exercises to those of Huntingfbrd, Dnnbar, NeUson, and 
others ; arranged under Models, to assist the learner: with Exercises on the 
different Tenses of Verbs, extracted from the Table or Pictoie of Cebes. By 
N. HowAXo. New Edition. 12mo. 5s. M. cloth.— Kxt, ISmo. 2s. 6d. doth. 

Dr. Major's Greek Vocabulary. 

Greek Vocabulary ; or. Exercises on the Declinable Parts of Speceb. By the 
Rer. J. R. Majok, D.D. 2d Edition, 12mo. 2s. 6d. dotii. 

Collectanea Greeca Majora : 

Ad usimi Academica jurentntis accommodata^ Cum Noils PhUologids. quas 

Sartim collent, partim scripsit Amsaxas Dalsxl, A.M. New Editions, 
▼ols 8to. £i. 14s. 6d. bound. 
Vol. 1. Excerpts ex Variis Orationis Soluta Seriptoribus. ith Edition. 9ro. 

9s. 6d. bound. 
Vol. 2. Exeerpta ex Variis PoStis. 8th Edition. Edited by the Rer. Cavok 

Tatb. 8to. lis. bound. ' 
Vol. 3. Exeerpta ex duobus prindpibus Oratoribus et Variis PoStis. New Edit. 
8vo. 14s. bound. 



Dr. Major's Guide to the Greek Tragedians. 

A Guide to the Reading of the Greek Tragedisns: being a series of attidas on the 
Greek Drama, Greek lietres, and Canons of Criticism. Collected and arranged 
by the Rer. J. R. Majob, D.D. 2d Edition, enlaiged, 8vo. 9s. cloth. 



The Rev. /. 8eager*s DrantlaHont, 



Bos on the Greek Ellipsis. 

Professor SchaBffisr's Edition, with 
Notes. 8to . 9s. 6d. boards. 

Hermann's Elements of 

tlM Doctrine of lietres. Svo. 8s. fid. 
boards. 



Maittaire on the Greek 

Dialects. From the Edition of 
Storsius. 8to. 9s. fid. boards. 

Viger on the Greek 

Id&ms. Abridged and translated 
into English, from Professor Her- 
mann's Ust Edition, with Original 
Notes. 2d Edition, with Additions 
and Corrections. 8to. 9s. fid. boards. 



Hoogeveen on the Greek 

Particles. 8to. 7s. fid. boards. 

•,* The abov« Fire Works may be had in 2 vols. 8ro. £2. 2s. doth. 

Dr. Smithers' Classical Student's Manual. 

The Classical Student's Manual ; containing an Index to etarj Page, Section, 
and Note, in Matthiae's Greek Grammar— Hermann's Annotations to Viger 
on Idioms— Bos en Ellipses— Hoogeveen on the Partides— and Kuster on 
the Middle Verb : in which Thuoydides, Herodotus, iEschylus, Sophodss; 
Pindar. Homer's Iliad, Xenophon's Anabasis, and the four Plays of Euripides, 
edited by Professor Parson, are illustrated with Philological and ExplUMtory 
Obsenralions by the Rer. W. CoLUxn Skitksm, A.M. Ph.D. 8d Edition, 
8vo. 10s. fid. doth. 



1IB88RS. LONGMAN AND CO.'s 



LATIN WORKS, DICTIONARIES, GRAMMARS, ETC. 

Riddle and Arnold's English-Latin Lexicon. 

A. Copimu EnicHsh-Latia Lesion, compiled from the best Soarces. By the Rer. 
J. E. Riddle, M.A. Author of •< A Complete Latin-English Dictionary," ftc. ; 
•ad the Rer. T. Kercherer Arnold, M.A. Rector of Lyndon, and late Fellow 
of Trinity College, Cambridge, Author of" A Practical Introduction to Latin 
Prose Compoution," Ac. 8to. [In the press. 

Riddle's Latin Dictionaiy. 

A Complete Latin-Engltoh and Eu^sh-Latin Dictionary. For the use of Col- 
leges and Schools. From the bcsCsonrces, chiefly German. By the R«y. J. E. 
Riddle. If .A. of St. Edmund Hall, Ozfotd. 4th Edition, corrected and 
enlarged, Sre. Sis. 6d. doth. 

a * 1 / Th* English-Latin Dictionary, lOs. 6d. cloth. 

Svpu^Uij I The LaQn-English Dictionary, £1. Is. cloth. 

Riddle's Young Scholar's Latin Dictionary. 

TheTonng Scholar's Latin-En^ish and English- Latin Dictionary; heinit Mr. 
Riddle's Abridgment of his larser Dictionary. 4th Edition, corrected and 
enlarged, square 12bio. 12s. bound. 

funsr>«j>i« / "The Latin-English Dictionary, 7s. bound, 
oeparaxeiy ^ ^^^ Engiish^tin Dictionary, 6s. 6d. bound. 

Riddle^s Diamond Latin-English Dictionary. 

A Diamond Latin -Englbh Dictionary. A Guide to the Meaning, Quality, and 
right Accentuation of l<atio Classical Words. By the Kef. J. E. Riodlx, M.A. 
Mew Edition, royal SZmo. 4s. bound. 

A Grammar of the Latin Language. 

Bt C. G. Zdmpt, Ph. D. Professor in the University of Berlin, and Member 
of the Royal Academy of Berlin. Translated from the 9th Edition of the 
original, and adapted for the use of English students, by Lbomba.ro 
ScHMiTZ, Ph. D. Rector of the High School of Edinburgh; with numerous 
Additions and Corrections, communicated to the Translator by the Author. 
8to. 14s. cloth. 

Pvcroft's Latin Grammar Practice. 

Latin Grammar Practice: 1. Lessons in Tocabulary, Nouns, Adjectives, and 
Verbs, in Grammatical Order ; 2. Latin, made out of each column, for Trans- 
lation; 8. English of the same, for Re-translation. By the Rev. Jambs 
PtCBOVT.B.A. 12aao. 2s. 6d. cloth. 

Valpy's Latin Grammar. 

The Elements of Latin Grammar: with Notes. By R. Yalpt, D.D. New 
Edition, with numerous Additions and Corrections, i2mo. 2s. 6d. bound. 

Dr. Kennedy's Latin Grammar. 

Latina Granunatica Curriculum; or, a Progressive Grammar of the Latin 
Language, for the use of all Classes in Schools. By Rev. B. H. Kbnnbdt, D.D. 
Head Master of Shrewsbury School. Sd Edition. 12mo. 4s 6d. cloth. 

Moody's Eton Latin Grammar in English, &c. 

The New Eton Latin Grammar, with the Marks of Quantitv and the Rules of 
Accent; containing the Eton Latin Grammar as used at £ton, the Eton Latin 
Grammar in English : with important Additions, and easy esplanatorv Notes. 
By the Rer. Clbmxht Moodt, M A. 4th Edit, revised and enlarged, 2s. 6d. 
cloth. 

The Eton Latin Accidence : with Additions and Notes. 2d Edition, l2mo. Is. 

Graham's First Steps to Latin Writing. 

First Steps to Latin Writfaig : intended as a Practical lUustration of the Latin 
Accidence. To which are added, Examples on the principal Rules of Syntax. 
By G. F. Gbabam. 2d Edition, considerably enUrged, l&io. 4s. doth. 

Valpy's Latin Delectus, and Key. 

Delectus Sententiarum et Historiarum ; ad usum Tironum aocommodatus: cu n 
Notulis et Lexico. Auctore R. Yalpt, D.D. New Edition, with Explana- 
tions and Direction* ; and a Dictionary, in which the Genders of Nouns, and 
the principal parts of^ Verbs, are inserted. 12mo. 2s. 6d. cloth. 

Kxit; being a Literal Translation. By a Puvaib Tbacher. New Edition, 
careftilly revised, and adapted to the alterations in the new edition of the text, 
by W. R. BcaooM, 12mo. 3s. 6d. cloth. 



STANDARD EDUCATIONAL WORKS. 



Valpy's Second Latin Delectus. 

The Second Latin Delectiui; designed to be read In Schools after the Latin 
Delectus, and before the Anale^ Latins Ifigora: with English Notes. By 
the Rev. F. £. J. Talpt, M.A. ad Edition, 8vo. 6s. bound. 

Valpy's First Latin Exercises. 

First Exercises on the principal Rules of Grammar, to be translated into Latin : 
with familiar Explanations. By the late Rev. R. Yalft, D.D. New Edition, 
with many Additions, Itaio. Is. 6d. cloth. 

Valpy's Second Latin Exercises. 

Second Latin Exercises ; applicable to every Grammar, and intended as an Intro- 
duction to Yalpy's « Eleeantin Latinse." By the Rev. E. Yai^ T, B.D. 
6th Edit. 12mo. is. 6d. cloth. 

Valpy's Latin Vocabulary. 

A New Latin Yocabnlarr ; adapted to the best Latin Grammars : with Tables of 
Numeral Letters, Ensiish and Latin Abbreriations,^ and the Yalue of Roman 
and Grecian Coins. By R. Yai^y, D.D. 11th Edition, 12mo. 2s. bound. 

Valpy's Eiegantiae Latinse, and Key. 

Elegantiae Latins ; or. Rules and Exercises illustrative of Elegant Latin Style : 
intended for the use of the Middle and Higher Classes of Grammar Schools, 
With the Original Latin of the most difficult Phrases. By Rev. E. Yalpt, B.D. 
late Master of Norwich School. 11th Edition, corrected, 12mo. 4s. 6d. cloth. 

Kbt, being tile Original Passages, which hare been translated into English, to 
serte as Examples and Exercises in the above. 12mo. 2s. 6d. sewed. 



Valpy's Latin Dialogues. 



Collected from the best Latin Writers, for the use of Schools, as well as of 
Private Students. 7th edit. 12mo. 28. 6d. cloth. 



Butler's Praxis, and Key. 



A Praxis on the Latin Prepositions : being an attempt to illustrate their Origin, 
Signification, and Government, in the way of Exercise. By the late Bishop 
BcTLEB. 6th Edition, 8vo. 6s. 6d. boards. 

Key, 6s. boards. 

An Introduction to the Composition of Latin Verse ; 

containing Rules and Exercises intended to illustrate the Manners, Customs, 
and Opinions, mentioned by the Roman Poets, and to render fa m i l ia r the 
principal Idioms of the Latin Language. By the late Christopher Rapier, 
A.B. 2d Edition, carefull} revised by Thomas Ksrchever Arsolo, M.A. 
12mo. 3s. 6d. cloth. 
Kex to the Second Edition. 16mo. 2s. 6d. sewed. 

Howard's Introductory Latin Exercises. 

Introductorv Latin Exercises to those of Clarke, Ellis, Turner, and others: 
designed for the Younger Classes. By Nathamiel Howard. A New Edition, 
12mo. 2s. 6d. cloth. 

Howard's Latin Exercises extended. 

Latin Exercises Extended ; or, a Series of Latin Exercises, selected from the best 
Roman Writers, and adapt«i to the Rules of Syntax, particularly in the Eton 
Grammar. To which are added, En^ish Examples to be translated into Latin, 
immediately under the same rule. Arranged under Models. By Nathamibl 
Howard. New Edition. 12mo. 3s. 6d. cloth. 

Kbt. 2d Edition. 12mo. 2s. 6d. cloth. 

Bradley's Exercises, &c. on Latin Grammar. 

Series of Exercises and Questions; adapted to the best Latin Grammars, and 
designed as a Guide to Parsing, and an Introduction to the Exercises of Yalpy , 
Turner, Clarke, ElUs, &c. &. By the Rev. C. Braolet. 4th Edition. 
12mo. 2s. 6d. bound. 

Bradley's Latin Prosody, and Key. 

Exercises in Latin Prosody and Yersification. 8th Edition, with an Appendix on 

Lyric and Dramatic Measures, 12mo. Ss. 6d. doth. 
Key , 5th Edition, 12mo. 28. 6d. sewed. 



MKssms. LoireiiAK aiCd co/s 



The London Vocabulary, English and Latin ; 



for the Uw «r Schools. Br Jambs GmmnrooD. Bewiaadimad 



tjnMtaaaOeaOjtto miwwmtBtmtltmntr ia wintifle m i*«U •• verbal 
kwiwledgv. By MATmuiisL HovABB. Nev Editkm, Ubbo. U. 6d. doth. 



Beza's Latin Testament. 

Howai Ttattamtmtmm Daniai Kootri J«oa CSimtL tBtoprBte Thxoboba Bku.. 
Editto SlrreotyiMU Uteo. Sa. 6d. bood. 

Valpy's Epitome Sacrse Historis. 

Smam HktoriB E|atane, ia mmm 8ehefau«m: c«m Note AagUds. By the 
B«T. F. E. J. Yalpt, V.A. 7tti EditioB, ISmo. 2k doth. 



EDITIONS OF GREEK CLASSIC AUTHORS. 

Barker's Demosthenes. 

Du u o oU Mi i M O r«tioP1uli|Mieml.,OiTiitt>i>e>I.n.«ndni.,DtP«cg.iEBdrfne» 
fMotrmDnnaotfanicn.De&fOBa. With Ea^ish Mote*. By E. H. Bakxxr. 
ad Edit. |MMt 8n>. 8s. 6d. boards. 

Major's Euripides. 

EaiipidM. Prom the Test, sad with s Trsaslstana of the Notes, PrefiMS. sad 
SopplcsarBt, of Porsoa; Critical sad Esplsastory Bemsrks, origiasl sad 
selected ; niastratioM sad IdioaMfroa Mstthiat. Dawes, YtMr, Ac ; sad a 
Syaopsis of Metrical Systems. By Dr. MAJtoa. 8vo. Ms. dotli. 
Sold scpsiately ss follow, 6s. each :— 
Aurasm, | Mmdba, iOi Edit. I PacBiinsji.MEdit. 

HaccsA.kbEdit. | OaxsTBs.Sd Edit. | 

Burges's iEschylus. 

Esenylas— The Prometheat 
CoUiege, Csmbridge. 2d Editioa, post 8to. '5s. 



JSscEylas— The Prametheas : Eaflish Note*, Ac. Br 6. Boson, A.M. Triaity 



Linwood's Sophocles. 

SophocUs Trsradis simerstites. Receasait et breri Aaaetetioae iastraxit 
GcuButrsLnwooDjMJk. .£disChristi sn«d OaeaieBscs AhoBaas. 8to. 
16s. doth. ^ 

Brasse's Sophocles. 

FitMB 

llish Nol 
. P. Tau 
Sold separatdy as toUow, ds. eadi >- 



Sophodes, eomplete. Prmb th« Text of Hermaaa, Ertedt. Ac. ; with origiaal 
Esptaaatflory Eaglish Notes, Qaestioas, sad ladicm. By Dr. Bbassb, Mr. 
BcBOBS, sad RcT. P. Taixt. 2 mikt. postSro. S4s. doth. 
~ "* " ssloUow.r 



(Eoirvs Cou>XBOS,2d Edit. I FHiuMrrBTBS.SdEdit. I tttJ^iflaiMi* 
<EDirc.R.B,3dEiit. | T«acb««. id Edit. | SjSST.idlS!^ 

Balfour's Xenophon's Anabasis. 

The Aaabasto of Xeaophon. Chiefly aeoordiac to the Text of Hafeehias<Mi. 
With Explanatory Notes, sad Illastrataoas of Idiesw IWna Yifcrt fte., copioas 
Indexes, snd Examination Questions. By F. CuBBnoHAM BAi.ffoUB, M.A. 
Oxon. F.R.A.S. LL.D. late Professor of Arable ia the Oredi UairersitT of 
Corfu. 4th Edit, with Corrections sad Improrenwnts, post 8to. 8m. 6d. bds. 

Barker's Xenophon's Cyrops^a. 

The CTTopcedia of ^nopbon. Chiefly from the text of Diadorf. With Notes, 
Crittcalaad £xplaaatory,fh>m Uindorf , Fisher^ Hntdiinion , Poppo, Schaeider , 
Starts, and other eminent scholars, secompanied by the editor's comBMnts. 
To which are added, Examination Qnestions, and copiou Indices. By E. H . 
Babkbb, late of Trinity ColL Camb. Post 8to.9b. 6d. Vds. 

Stocker's Herodotus. 

Herodotns ; contsining the Continuous History alone of the Persian Wars : 
with English Notes. By the Rev. C. W. Stockbb. D.D. Yice-FriBcipal of 
St. Alban's Hall, Oxford ; and late Principal of Elisabeth College, Guernsey . 
A New and greaUy Improved Edition, 2 vols, post 8vo. 18s. doth. 

Valpy's Homer. 

Homer's Iliad, complete : EngliKb Notes, and Questions to flrst Eight Books. 
Text of Heyne. By the Rev. E. Yalpt, B.D. Iste Master of Norwich 5tchool. 
0th Edition. Rvo. lOo. 6d, bound.— Text onIy,5th Edition, Hvo. 6s. 6d. bound. 



STANDARD EDUCATIONAL WORKS. 
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EDITIONS OF LATIN CLASSIC AUTHORS. 

Valpy's Tacitus, with English Notes. 

C. Corndii Taciti Open. From the Text of Brotier ; with his Explanatory 
Notes, traaalated into English. Bjr A. J. Yalpt, M.A. 3 vols. poatSro. 248. bds. 

Barker's Tacitus — Germany and Agricola. 

The Germany of C. C. Tacitus, from Passow's Text; and the Agricola, from 
Brotier'sl^xt: with Critical and Philological Remarks, partly original asd 



partly collected. By E. H. Babker, late of Trinity College, Cambridge. 
£dition, reriaed, 12mo. 5s. 6d. cloth. 



C. Crispi Salluptii Opera. 



6th 



By 



Wieh an English Commentary, and Geographical and Historical Indexes. 
Chaxles Anthon, LL.D. 9th Edit. f2mo. Ss. cloth. 

P. Terentii Afri ComoediBB Sex. 

Ex Editione Th. Fain. God. Rzimbajidt. With Explanatory Notes, by 
D. B. HicKiK, LL.D. 2d Edition. 12mo. with Portrait, 9b. 8d. doUi. 

Valpy's Ovid's Epistles and Tibullus. 

Electa ex Oridio et TibuUo : cnm Notis Anglicis. By the Rer. F. E. J. Yalpy , 
M.A. Master of Burton-on-Trent School. 4th Edition, 12mo. 4s. 6d. cloth. 



Bradley's Ovid's Metamorphoses. 

Ovidii li^tamorphoses ; in nsnm Scholarom excerptn : qi 
Anglicae et Qtuestiones. Stadio C. B&jlduet, A.m. 



cloth. 



uibna acoedont Notoln 
Editio Nona, 12mo. 



Bradley's Phsedrus. 

Phcdri Fabulte; in nsnm Scholarom expurgata: anibns accedunt Notuln 
AngliccetQutestiones. StndioC.BKADUtT,A.M. Editio Nona, 12mo. 2s. 6d.cl. 

Valpy's Juvenal and Persius. 

Decmii J. Javenalis et Persii Flacd Satirs. Ex edd. Ruperti et Koenig expur- 

Btae. Accedont, in gratiam Jnventntis, Note quaedam Anglicae scriptc. 
[tied by A. J. Yxvpy, M.A. Sd Edit. 12mo. 6s. 6d. bd.— Text only, 3s. bd. 

Valpy's Virgil. 

P.'^rgilii Maronis Bncolica,Georgica,^neis. Accedtmt,in erattam Jnventatis, 
Notae qutedam Anglice scriptc. Edited by A. J. Vai;.pt, M.A. New Edition, 
18mo. 78. 6d. bonnd. — The Text only. New Edition, Ss. 6d. bound. 

Valpy's Virgil, Improved. 

The iEneid, Georgios, and Bucolics of Yirgil : with Marginal References, and 
concise Notes from Wagner, Heyne, and Anthon. Edited, from the Text of 
Wagner, by the Rev. Jab. Pycxoft, B.A. Trin. Coll. Oxford. Fcp. bvo. It.fid. 
bonnd ; without Notes, Ss. 8d. bound. 

Valpy's Horace. 

Q. Uoratii Flacci Opera. Ad fidem optimorum exemplarium castigata ; cum 
Nctolis Anglicis. Edited by A. J . Valpt, M.A. New Edition, 18mo. 6s. bd. 
Tbe same, without Notes. New Edition, Ss. 6d. 

* / The objectionable odes and passages have been expunged. 

The Rev. Canon Tate's Edition of Horace. 

Horatius Restitutus ; or, the Books of Horace arranged in Chronological 
Order, according to the Scheme of Dr Bentley, from the Text of Oesner, cor- 
rected and improved : with a Preliminarr Dissertation, very mndi enlarged . 
on tiie Chronology of the Works, on tne Localities, and on the Life and 
Character of tliat Poet. By Jakes Tate, M.A. 2d edition, to which is now 
added, an original Treatise on the Metres of Horace, 8vo. cloth, 12s. 

M. Tallii Ciceronis Orationes Selects. 

Ex recensione Jo. Avo. Exmebti. With an English Commentary, and 
Historical, Geographical, and Legal Indexes. By Chaju,B8 Anthon, LL.D. 
3d Edition. 12mo. Ss. cloth. 



8 KBSSRlt. LONGMAN AND CO.'s 

Barker's Cicero de Amicitia, &c. 

CSccro'i Cato Valor, mad liVUna : with E^Ush Esj^nator j and Phikriogical 
NoCea: and with an Eaglbh Eaaay on the Bcapect paid to Old Age b; the 
Enrpuaas .the Per8iaiu,the Spartaaa, the Greeks, and the Boman*. BV the 
Ute E. H. BikAKxm, Eaq. of Trinity Colkgc, Cambridge. Sth Edition, 12bo. 
4a. 6d. doth. 

Valpy's Cicero's Offices. 

M. TvUii Cioeronto de Ofllciis Libri Tree. Aocedant, in m-mm Jarentatk, Nols 
qwedan Ang^ica scriplB. Edited by A. J. Yaltt, M.A. Editio Quiata, 
avcta et emcndata, IZmo. 6a. 6d. doth. 

Valpy's Cicero's Twelve Orations. 

TwAve Select Orationa of M. Tulliua Cicero. Prom the Text of Jo. Caap. 
OreUiua; with Eng^h Notea. Edited by A. i Vai.ft, UJi. Sd Edition, 
post 8to. 7s. fid. boards 

C. Julii Cssaris Commentarii de Bello Gallico. 

Ex reoensiooe Fa. OroaxDoani. With Explanatory Notes, and Historical, 
Geoffraphical, and Ardusological Indexes. By CaaauM Axraoa, LL.D. 
8d Edition. I2mo. la. fid. d<^. 

Bradley's Cornelius Nepos. 

Comelii Nepotis Tit« Excdlentinm Imperatomm: qnibos acoednat Notnla 
Aa^icseetQnastioncs. 8tadioC.Baai>uiT,A.M.EdttioOctaTa,I2mo.SB.8d.cL 

Bradley's Eutropius. 

Entropii Historiae Romana Libri Septem : qnibns aooedmnt Notnla AngUca et 
Qiuestioncs. StodioCBaAOUtT, A.M. EditioDaodecima, 12mo.2s.fi. doth. 

Hickie's Livy. 

The First Five Books of Livy: with Enrlish Exdaaatory Notes, and Examina- 
tion Questions. By D. B. Hickib, LL.D. 2d Edition, post 8to. 8s. fid. boards. 

Fasciculus Primus HistoriaB Britannicie. 

The First Chapter of tiie History of England, selected from the Writings of 



CBsat and Tacitos. To which are added. Explanatory Notes for the ase of 
Schools. By W. Daaaa, M.A. 12mo. Ss. fid. doth. 



WORKS BY THE REV. 8. T. BLOOMFIELO, D4>. F.8 J\. 

Bloomfield's New Greek Vocabulary. 

Lexilogns Scholasticas ; or, a Greek and English vocabulary on a new and 
improred plan : comprising all the Primitives, with some select DeriTataves ; 
and presenting a brief Epitome in outline of tne Greek Language. 18mo. Ss. 
doth. 

Bloomfield's Epitome of the Greek Gospels. 

Epitome Erangelica; being Selections from thf Four Greek Gospels: with a 
Clavis and Grammatical Notes. Intended as a Companion to the Author's 
** Lexilogus Sctiolastictu," and as an Introduction to his *< College and School 
Greek Testament" 18mo. 4s. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and En^h Lexicon to the New Testament; especially adapted to the 
use of Colleges and the higher Classes in the Public Scnools, out auo intended 
as a convenient Manual for Biblical Students in generaL 2a Edition, greatly 
enlarged and improred. Fcp. 8to. 10b. fid. doth. 

Bloomfield's College and School Greek Testament. 

The Greek Testament : witt brief English Notes, Philological and Exfdanatory. 
EspeciallT formed for the use of Colleges and the Public Schools, but also 
adapted for general purposes, where a larger work is not requisite. 4Ut 
Edition, greatly enlarged and improred, 12mo. 10s. fid. doth. 

Bloomfield's Greek Testament. 

The Greek Testament : with copious English Notes, Critical, Philological, and 
Explanatory. 6th Edition, greatly enhu-ged and improved. 2 vols. bvo. with 
Map of Palestine, £2, cloth. 



STANDARD EDUCATIONAL WORKS. 



Bloomficld's Greek Thucydides. 

The History of the PeloponnesUB War, by Thucydides. A New Recensioa of 
the Text; with acarefully amended Panctnation ; and copione Notes, Critical. 
Philological, and Explanatory ; almost entirely orifpnal, but putly selectedf 
and arranged from the best Expmitors, and forming a oontannoos Commen- 
tary : accompanied with full Indices, both of Greek Words and Phrases ex- 
f lamed, and matters discussed in the Notes. 2 vols. Sto. with Maps sad 
lans,»te.cloth. 

Bloomfield's Translation of Thucydides. 

The History of the Pel<qMmnesian War. By Thuctdidbs. Newly translated 
into Engush, and accompanied with very coptons Notes, Philological uid 
Explanatory, Historical and Geogr^thical ; with Maps and Plates. S vols. 8vo. 
£3. 5s. boanU. 



HISTORY, CHRONOLOGY, AND MYTHOLOGY. 

Lempriere's Classical Dictionary, abridged 

For Public and Private Schools of both Sexes. By the late £. H. BA.KKn. Tri- 
nity College, Cambridge. A New Edition, revised and corrected throngiiont. 
By J. Cautiw. 8vo. 12s. bound. 

Blair's Chronological and Historical Tables. 

Fnmi the Creation to thie Present Time : with Additions and Corrections from 
the most Authentic Writers : including the Computation of St. Paul, as con- 
necting the Period from the Exode to tne Temple. Under the superintendence 
of Sir Hbmst Ellis, K.H. Principal Librarian of the British Museum. Imp. 
8vo. 31s. 6d. half-bound morocco. 

Mang^alPs Questions.— thbomlt GsHtmB amd coxplbtb editiom.. 

Historical and Miscellaneous Questions, for the Ose of Younff People ; with a 
Selection of British and General Biography, &c. &c. Bv R. Maxonall. New 
Edition, with the Author's last Corrections, and other very considerable 
Additions and Improvements, l&no. 4s. 6d. bound. 

Corner's Sequel to Mangnall's Questions. 

Questions on the History of Europe : a Sequel to Mangnall's Historica Ques- 
tions ; comprising Questions on the History of the Nations of Continental 
Europe not c(mi^«hend«l in that work. By Jouu. Cobnbb. New Edition, 
12mo. 6s. bound. 

Hort's Pantheon. 

The New Pantbe<m; or, an Introduction to the Mythology of the Ancients, in 
Question and Answer : compiled for the Use of Young Persons. To which are 
added, an Accentuated Index, Questions for Exercise, and Poetical Olnstra- 
tions of Grecian Mythology, trom Homer and TirgiL By W. J. Uobt. New 
Edition, enlarged, lltoo. 17 Plates, 5s. 6d. bound. 

Hort's Chronology. 

An Introduction to the Study of Chroaudogy and Ancient History: in Question 
and Answer. New Edition, Umo. 4s. bound. 

The Treasury of History ; 

Ccnnprising a General iBtroduetory Outline of Universal History, Ancient 
and Modem, and a Series of serarate Histories of every principal Nation that 
exists: developing tbeir Rise, Progress, and Present Condition, the Moral 
and Social Character of their respei^ve mhabitants. their Religion, Mannen, 
and Customs, ftc. Ac By S^iirBi. Maubdbb. So Edit. 1 thick voL fcap. 
8vo. 10s. doth ; bound in roan, 12s. 

Knapp's Universal History. 

An Abndgmentof Universal Histonr,adapted tothe Useof Families and ScfK>ols ; 
with appropriate Questions at tne eira of each Section. By the Rev. H. J. 
Kkapp, M.A. New Edition, with the series of events brought down to the 
present time. 12mo. Ss. bound. 
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Bigland's Letters on the Study of History. 

On the Stawly and Use of Ancieiit and Modern Hbtory ; eonUming Olwenrations 
and Reflcctkma on the Cauaee and Cooseqnences of tboee Eventa whkb haTe 
prodnced oonspkwma Changes in the aspect of the World, and the general 
state of HninanAlIiurs. BjJonn Bioijoid. 7th Edition, lTri.lSnM.Os.bds. 

Keightley's Outlines of History. 

On&ies of Historj, from the Earliest Period. Bj Thox4S KxisariST. Esq. 
New Edition, corrected and considerably inproTed, fiep. 8to. 6s. dotn; or 
Os.td. bonnd. 

Sir Walter Scott's History of Scotland. 

History of Scotland. By Sir WAXJBm Scott, Bart. New E4itiMi,2 vols. fcp.8TO. 
with Vignette Titles, 19s. cloth. 

Cooper's History of England. 

The History of England, from the Earliest Period to the Present Time. On a 

ein reoommendKl by the Earl of Chesterfield. Bv the Rer. W. Coopxk. 23d 
ition, ooBsidsrably improved. 18ao. 2s. Id. doth. 

Lady Fitzroy's Scriptural Conversations. 

Scriptural ConTersations between Charles and his Mother. By Ladi CnAmi^xa 
Fmnoi . Fcp. 8to. 4s. 6d. cloth. 

Valpy's Elements of Mythology. 

Elements of Mythology ; or, an Easy History of Um Pagan Deities : intended to 
enable the yoong to nndmtand cne Ancient Writers of Greece and BiOmc. By 
B. VA.LPT, D.D. 8th Edition, 12mo. as. bonad. 

School Chronology ; or, the Great Dates of History. 

Drawn np for the use of the CoUegiatA Schools, LiT«-pooL Thiid Edition. 
Square 12mo. Is. stitched. 

Valpy's Poetical Chronology. 

Poetical Chronology of Ancient and Engluh History : with Historical and Exfda- 
natory Notes. By R. Yxuer, D.D. New Edit 12mo. 2s. 6d. cloth. 

Howlett's Tables of Chronology and Reg^l Gene- 
alogies, combined and separate. By the Rct. J. H. Howunr, M.A. 2d 
Edition, 4to. 6s. 6d. cloth. 



GEOMETRY, ARITHMETIC, LAND-SURVEYING, ETC. 

Sandhurst College Arithmetic and Algebra. 

Elements of Arithmetic and Algebra. By W. Scott, Esq. A Ji. and FJ&JL.S. 
Second Mathematical Professor in the Institution, oro. I6s. bound. 

Sandhurst College Trigonometry. 

Plain Trigonometry and Mensuration. By W. Scott, Esq. A.M. and F.B.A.S. 
8to. 9s. 6d. cloth. 

Sandhurst College Astronomy and Geodesy. 

Practical Astronomy and Geodesy : includ&g the Projections of the Sphere and 
Spherical Trigonometry. For the use of the Royal Military College, Sand- 
burst. By John Nauribm, F.R.S. & R.A.S. Professor of Mathematics, &c. 
in the Institution. 8to. lis. 

Sandhurst College Elements of Euclid. 

Elements of Geometry : consisting of the first four, and the sixth. Books o f 
Euclid, chiefly from the Text of Dr. Robert Simson ; with the principal 
Theorems m Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracts relating to Circles, Planes, and Solids ; with one on 
Spherical Geometry. By JuUN Nauubk, F.R.S. and R.A.S. 8to. with many 
diagrams, lOs. 6d. bouna. 

Professor Thomson's Elementary Algebra. 

An ElemenUry Treatise on Algebra. Theoretical and Practical. By JAMBb 
Thomson, liL.D. Profeiwor oT Mathematics in the University of Glasgow, 
ad Edition. 12mo. 6s. cloth. 
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Crocker's Land Surveying. 

Crocker's Elenmits of Laad Svanjing. Mew Editkm, eon«eted ttaMmghoai, 
and consMenbW improved and modemiaed, by T. 6. Bomt, Land-Sumyor, 
Bristeri. To whtiBh are added. Tablea of Siz-oigiure Lonritiuns, aiqteriiitendea 
by Richard Farley, of the Nautical Almanac EatablUuaMnt. Poet 8vo. with 
Plan of the Manor of North Hill, Somerset, beloQsing to J. W. Antoni, Eaq., 
nmnennis Diagrams, a Field-book, Plan of piart of ue City of Bath, &c. i2a. cL 

Illustrations of Practical Mechanics. 

By the Rev. H. Mobxxbi, M JL Profinsor of Natoral Fhiloaophy and Astronomy 
in Kin^s College, London. Being the First Tolnme of Ittostnitions ^ Sdaice, 
by the Professors of King's C<dlege. ad Edition, 1 rtA. fcp. 8to. with numerous 
Woodcuts, 8e. doth. 

Keith on the Globes, and Key. 

A New Treatise on the Use of the Globes; or, a PhOoaopliieal Yiew of tiie Earth 
and Heavens: comprehending an Aoeonnt of the Fignre, liaputnde, and 
Motion of the Eartn : with tne Natural Changes of ns Surfiux, caused by 
Floods, Earthquakes, Ac By Thomas Kxith. New Edition, considerably 
improved, by J. Rowbothax, FJI.A.S. and W. H. Pkiok. 12mo. witn 
7 Plates, 6s. Bd. bound. 

Kbt, by Pkios, revised by J. Rowbotham, 12mo. 2s. 6d.doth. 

Keith's Trigonometry. 

An Introduction totbe Theory'and Practice of Plane and Spherical TrigonometrT, 
and the Stereograpbic ProjecUim of the Sfriiere, including the Theory of Navi- 
gation ; comprehending a variety of Rules, Formula, Ac with their Practical 
Applications to the Mensuration of Heights and Distances, to determine the 
Latitude by two Altitudes of the Sun, the Longitude by the Lunar Observations, 
and to other important Problems on the Sphne; and on Nautical Astronomy. 
By Thomas Kxith. 7th Edition, corrected by S. Matxakd, 8vo. 14s. cloth. 

Taylor's Arithmetic, and Key. 

The Arithmetician's Guide ; cmt, a complete Exercise Book: for Public Schools 
and Private Teachers. By W. Taixor. New Edition, 12mo. 2s. 6d. bound. 

Key to the same. By W. H. Whitb, of the Commercial and Mathematical 
School, Bedford. l»no. 4s. bound. 

Molineux's Arithmetic, and Key. 

An Introduction to Practical Arithmetic ; in Two Parts : with various Notes, and 
occasional Directions for the use of Learners. By T. Moukxux, many years 
Teacher of Accounts and the Mathematics in Maccleeiield. In Two Parts. 
Part 1, New Edition, 12mo. 28. 6d. bound.'Part 2, 6th Edit. 12mo. 2s. 6d. bd. 

KxT to Part 1, 6d.— Kxt to Part 2, 6d. 

Hall's Key to Molineux's Arithmetic. 

A Key to the First Part of Molineux's Practical Arithmetie; containing Solu- 
tions of all the Questions at ftill length, with Answers. By Jobxth Haix, 
Teacher of Mathamatics. 12mo. Ss. bound. 

Simson's Euclid. 

The Elements of Euclid : vis. the First Six Books, together with the Eleventh 
and Twelfth; also the Book of Euclid's Data. By Roxbrt Sixsok, M.D. 
Emeritus Professor of Mathematics in the University <tf Glasgow To which 
are added, the Elements of Plane and Spherical Trigon om e tr y; and a Treatise 
on the Constructi<m of Trigonometicail Canon: also, a concise Account of 
Logarithms. By the Rev. A. Robbstsok, D.D. F.R.S. 2Sth Edition, revised 
and corrected by S. Matkaed, 8vo. 9s. bound. — ^Also. 

The Elements of Euclid : vis. the First Six Books, together with the Eleventh and 
Twelfth. Printed, with a few variations and additional referenees, from the 
Text of Dr. Simson. New Edition, earefUly oonreeted by 8. Mathabd, ISmo. 
5s. bound. — Also, 

The same work, edited, in the Symbolical form, by R.Bt.AKBLO€Kpf .A. late Fellow 
and Assistant- Tutor of Catherine Hall, Cambridge. New Edit. 18mo. 6s. cloth. 

Joyce's Arithmetic, and Key. 

A System of Practical Arithmetic, applicable to the present state of Trade and 
Money Transactions : illustrated by numerous Examples under each Rule. By 
theRev. J. JoTCB. New Edition, corrected and improved by S. Matharo. 
l2mo. 38. bound. 

Kbt ; containing Solutions and Answers to all the Questions in the work. New 
Edition, corrected and enlarged by S. Maymaxo, 18mo. 3s. bound. 
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Morrison's Book-Eeeping, and Forms. 

TtM Elemnito of Book-keeping. t>7 Sin^ and Doable Entrr ; Goin|irisuig wrenil 
Seta of Books, arrmngcd araMtling to Present Practice, and designed for the nae 
of Schools. By Jambs Mokusos, Acconntant. New Edition, conakienbly 
improred, Bro. 8s. half-boond. 

Seta of Blank Books, ruled to correspond with the Poor Seta contained in the 
aborework: Set A, Single Entry, 9s : Set B, Double Entry, As.; Set C, Com- 
mission Trade, 128. ; Set D, Partnership Concerns, 4s. 6d. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Arithmetic. Bt J. Momusok, Aeeonntant. 

New Edition, rerised and improired, l2mo. is. €d. bound. 
Kby. 3d Edition, corrected and improred by S. Matmako, Editor of ** Kdth's 

Matliematical Works." 12mo.8s. bound. 

Nesbit's Mensuration, and Key. 

A Treatise on Practical Mensuration * containmjr the most approved Methods of 
drswinir Geometrical Fisures ; Mensuration of Superficies ; Land Surveying ; 
Mensuration of Solids : the Use of the Carpenter's Rule ; Timber Measure, Sk. 
By A. Nesbit. 13th Edition, corrected and greatly improved, with nearly 700 
Practical Examples and nearly SCO Woodcuto, 12mo. 6s. bound. 

Ket. 7th Edition, 12mo. 6s bound. 

Nesbit's Land Surveying. 

A Complete Treatise on Practical Land Surveying. By A. Nbsbit. 7th Edition, 
gieutly enlarxed, 8vo. with Plates, Woodcuts, and Field-book, 13s. boards. 

Farley's Six-Figure Logarithms. 

Tables of Six-figure Logarithms ; containing the I<og;arithms of Numbers from 
1 to lOfillO. snd of Sines and TangrnU for every Minute of the Quadrant and 
every Six Seconds of the first Two Dwrees : with a Table of Constanta, and 
Formulc for the Solution of Plane and Spherical Triangles. Superintended by 
RiCHABD Fablby, of the Nautical Almanac Establishment. PostSvo. (unenu- 
merated,) 4s. 6d. cloth. 

Nesbit's Arithmetic, and Key. 

A Treatise on Practical Arithmetic. By A. Nbsbit. 8d Edition, 12mo. 5a. bd. 
A Kby to the same. 12mo. 6s. bound. 

P«RT II. of Nesbit's Practical Arithmetic. ISmo. 7s. bd. bound. 
Kxi to part IL 12mo. 7s. bound. 

Balmain's Lessons on Chemistry. 

Lessons on Chemistry ; for the use of Pupils in Schools, Junior Stndenta in the 
Universities, and Readers who wish to learn the f^mdamental Principles and 
leading Facta. By Willxax H. Baxjcaim. Fcp. 8vo. 6s. cloth. 

Mrs. Lee's Natural History for Schools. 

Elementa of Natural History, for the use of Schools and Young Persons ; com- 
prising the Principles of Classification, interspersed with amusing and in- 
structive Original Acconnta of the most remarkable Animals. By Mrs. Lbb 
12nM>. with 66 Woodcuto, 78. 6d. bound. 



WORKS FOR YOUNG PEOPLE, BY MRS. MARCET. 

Mrs. Marcet's New Spelling Book. 

The Mother's First Book ; containing the Reading made Easy, and Spelling 
Book. New Edition, 12mo. Is. fid. cloth. 

Mrs. Marcet's New Grammar for Boys. 

Willy's Grammar, interspersed with Stories, and intended for the use of Young 
Boys. New Edition, 12mo. 2s. 6d. cloth. 

Lessons on Animals, Vegetables, and Minerals. 

New Edition, 18mo. 2s. cloth. 

Conversations on the History of England. 

For the Use of Children. New Edition, with additions, continuing the His- 
tory to the Reign of George III. IHmo. ds. cloth. 
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Interspersed with Storips, and intended for the UBe of Children. 6th Edition, 
ised aj " " 



Mary's Grammar : 

Interspersed with Storips, 

revised and enlarged, li^o. 3s. 6d. half-bound 

The Game of Grammar : 

With a Book of Conversations (fcp. 8vo.) shewing the Rules of the Game, 
and affording E xamples of the manner of playing at it. In a varnished box , or 
dune up as a post 8vo. volume in cloth, 8s. 

Conversations on Language, for Children. 

Fcp. 8vo. 4s. 6d. cloth. 

Willy's Stories for Young Children : 

Containing The House-Building— The Three Pits: TheChalk Pit, The Coal Pit, 
and tlie Gravel Pit)— and The Land without Laws. New Edition, 18mo. 
2s. half-bd. 

Willy's Holidays : 

Or, Conversations on different Kinds of Governments : intended for Yonng 
Children. New Edition, 18mo. 2s. half-bound. 

The Seasons : 

stories for very Toung Children. New Editions. 4 vols. 18mo. 2s. each, 
half-bound. 



GEOGRAPHY AND ATLASES. 
Butler's Ancient and Modern Geography. 

A Sketch of Ancient and Modem Geography. BySAMust, BrrLca, D.O. late 
Bishop of Lichfield, formerly Head Master of Shrewsbury School. New Edition, 
revised by his Son, 8vo. 9s. boards ; bound in roan, lOs. 

Butler's Ancient and Modern Atlases. 

An Atlas of Modem Geographv; consisting of Twenty-three Coloured Maps.flrom 
a new set of plates, corrected, with a complete Index. By the late Or. Butlbk. 
8vo. 12s. hall-bound. — By the same Author, 

An Atlas of Ancient Geography ; consisting of Twenty-two Coloured Maps, with 
a complete Accentuated Index. 8vo. 12s. half-bound. 

A General Atlas of Ancient and Modem Geocrraphy ; consisting of Forty-flve 
coloured Maps, and Indices. 4to. 24s. half-bound. 

*/ The Latitude and Longitude are given in the Indices. 
The Plates of the present new edition have been re-engraved, with corrections 
fh>m the government surveys and the most recent sources of information. 

Edited by the Author's Son. 

Abridgment of Butler's Geography. 

An Abridgment of Bishop Butler's Modem and Ancient Geography: arranged in 
the form of Question and Answer, for the use of Beginners. By Mabt 
Cdnmimohax. Sd Edition, fcp. 8vo. 2s. cloth. 



Butler's Geographical Copy Books. 



Outline Geographical Copy- Books, Ancient and Modem : with the Lines of Lati- 
tude and Longitude only, for the Pupil to fill up, and designed to accompany 
tlie above. 4to. each 4s. ; or together, sewed, Ts. 6d. • 

Goldsmith's Popular Geography. 

Geography on a Popular Plan. New ESt. including Extracts ttom recent Vojrages 
and Travels, with Engravings, Maps, &c. By Rev. J. Goldsmith. 12mo.l4B.bd. 

Bowling's Introduction to Goldsmith's Geography. 

Introduction to Goldsmith's Grammar of Geography : for the use of Junior Pupils. 
By J. Do wLiMO, Master of Woodstock Boa/ding School. New Edit. 18mo. 9d. sd. 

By the same Author, 

Five Hundred Questions on the Maps of Europe, Asia, AfHca, North and South 
America, and the British Isles: principally from the Maps in Goldsmith's 
Grammar of Geography. New Edition, 18mo. 8d. — Key, 9d. 
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Groldsmith's Greography Improved. 

GmmnarerOeBenlOcafrapnj: DdnsaalBtroduction and Compankm to the 
larger Work of the ■une Aotnor. Bj the Rer. J. Goldsmith'. New Bditkm. 
improred. Rerted thronclMmt and corrected by Hugh Murray, Eaq. Royal 
ISmo. with New Views, Maps, Ac. Ss. 6d. bonnd. — KjiT,6d. sewed. 

MangnalPs Geography, revised. 

A Compendhim of Geography ; for the aseof Schools, Private FamUict, te. By 
R. MA.xoMA.LL. A new Ed it ion , rerised ~ 



7s. 6d. bound. 



and corrected throoghovt. 12nM>. 



Hartley's Greography 

Geogra|»y for Youth. By the! 



and Outlines. 

BTtneRav.J.IliKn.sT. New Edit, (the 8Ui),ooBtainhig 
tlM latsist Changes. Ivno. is. 6d. bound.— By the same Author, 
OutUnes of Geography : tiM First Course for Chudren. New Edit. 18Bio.M.sd. 



THE FRENCH LANGUAGE. 

Charabaud's Grammar of the French Tongae : 

With a Pre&ce, containing an Essay on the proper Method oT Teadiiiw and 
Leam^ that Language. Revised and corrected agreeablr to the Dicnonary 

*"'''■" 8to. OS. 8d. bound. 



_ _ Revised and 

of the French Academy, by M. Des Carriires 



HamePs French Grammar and Exercises, by Lambert. 

Hamel's French Grammar and Exercises. A New Edition, in one volume. 
Careftilly corrected, neatly improved, enlarged, and re-arranged. By N. 
Lambert, lltaio. 5s. od. bound. 

Hamel's French Grammar.— (The Original Edition.) 

A New Universal French Grammar ; being an accurate System of French Acci- 
dence sad Syntax. By N. Ha.icbl. New Edit, greatly improved, 12mo. 
4s. bd. 

Hamel's French Exercises, Key, and Questions. 

French Grammatical Exercises. By N. Haxbl. New EditioB, carefUly revised 
andjrreatlv im|voved, 12mo. 4s. bonnd. 
r, Hmo. Ss. ' 



Kbt, 



bound.— QvnanoKS, with Key, M. sewed. 



HameVs World in Miniature. 

The World in Miniature ; containing a ftithfU Aoeount of tiie Sitnattoa, Extent, 



Productions. Government, Poonluion. Manners. Curiosities, ftc of the'diflferent 
Countries of the World : for Translation into French. By N. Hajcbl. New 
Edition, corrected and brought down to the present time, 12mo. 4s. 6d. bd. 

Tardy's French Dictionary. 

An Explanatory Pronouncing Dictionary of the French Language, in Frea^ and 
English; wherein the exact Sound of every SyUaUe is d&ttnctly marked, 
according to the method adopted in Walker's Pronouncing Dicti<ttarr. To 
which are prefixed, the Principles of the French Pronunciauon, Ao. By the 
Abb4 Tardt. New Edit. careAiIly revised, ISmo. 6s. bound. 
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ENGLISH GRAMMARS, READING BOOKS, ETC. 

Mrs. Felix Summerly's Mother's Primer. 

The Mother's Primer. A LitUe Child's First Steps in many ways. By Mis. Pblix 
SumcBULT. Fcp. 8vo. printed in Colours, with a Frontispiece drawn on Zinc 
by William Mulready, R.A. Is. sewed. 

Maunder*s Universal C lass-Book : 

A New Series of Reading Lessons (original and selected) for Every Day in the 
Year : each Lesson recordmg some important Event in General History, Bio- 

Maundw^ Author of '< The 
12mo. M. bonnd. 




STANDARD EDUCATIONAL WORKS. 
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The Rev. J. Pycroft's Course of English Reading. 

A Coarse of English KeAdinff. sdaptod to every Taste and Capacity: with Anee- 
dotps of Men of Genims. qj the Rev. Jakss Prcmorr, B.A. Trinity College, 
Oxford, Antbor of " Latin Grammar Practiee," and " Greek Grammar Prac- 
tice." Fcp. 8to. «s. 6d. cloth. 

Lindley Murray's Works. 



ThB OKKT GBKUnrx EdITIOIIS, with TBB AVTaOK*S UUIT COMlBCTIOlVt. 



1. First Book fSor Children, Mth edition, 

18mo. 6d. ad. 

2. English Spelling-Book, 47th edition, 

l8mo. 18d.bd. 

3. Introdvction to the English Reader, 

34th edit. 12no. isTu. bd. 

4. The English Besder, Stth edit ISmo. 

3s76d.bd. 

5. Sequel toditto,7th edit. 12mo. 4b. 6d. 

bound. 

6. Em^ish Grammar, 63d edit. I2mo. 

as.6d.bd. 

7. English Grammar abridged, lf7th 

edit. 18mo. Is. bd. 

8. English Exercises, 60th edit ISmo. 

2s. bound. 
9. KeytoExercises,2Bthed.Umo.9s.bd. 
10. Exercises and tej, 60th and 26th 
editions, in 1 toI.Ss. 6d. bound. 



11. Introdafction au Leetenr Fnagois, 

«th editioB, 12mo. Ss. 6d. bound. 

12. Lecteur Frangoia, 6th edit Uano. 

6s. bound. 

13. Library EditiflB of Grammar, Bzer- 

dseiL awl Key, 7th edit 2 vols. 
8TDw21a.bds. 



First Lessons in English Grammar, 
Mew edit revised and enlaned, 
18mo.9d.bd. 

Grammatical QuestioBs, adanled to 
the Grammar of Lindley Murray : 
with Motes. Br C BaADLBT, 
A.M. 801 edit unproved, 12mo. 
2s.6d.bd. 

Enlaned Edit of Murray's Abridged 
Rnglish Grammar, by Dr. Gelm. 
18mo. Is. 6d. doth. 



Mayor's Spelling Book. 

The English Spelling-Book : accompanied by a Progressive Series of easy and 
fltmiliar Lessons: mtendea as an Introduction to the Reading and Spellma of 
t^ English Language. By Dr. Matok. 46Uh Edition, with various revisions 
and improvements of Dr. Mavor, 12ino. with Frontispieoe, and 44 Wood 
Engravings by Harvey. Is. 6d. boupd. 

Carpenter's Spelling-Book. 

The^chdar's Spdling Assistant; whereia the Words are arrannd according to 
their principles of Accentua t ion. By T. CAsrxjiTmB. New Edition, corrected 
throughout 12mo. Is. 6d. bound. 

Walker's Dictionary Remodelled. 

Walker's Pronouiicing Dictionary of the English Language, adapted to the 
present state of Literature and Science. By B. H. 8]Ia.kt. Second Edition. 
To which are now added|HQ Enlarged Etymological Index, and a Supplement, 
containing neariy Three ThousandWotds not iaelnded in the previous edition 
of the Dictionary. 8vo. 16s. doth. 

'•« The Supplement, with the Etymdogical LmIcx, may be had separatdy. 

8vo. 8s. 6d. sewed. 

Walker's Dictionary Epitomised. 

Walker's Pronouncing Dietumary of the Ena^ish Language, Epitomised on a 

Slan whldi allows or fUl Definitions to the leadinfr Words, and large additions 
> the Terms of Modem Science: with a Key to the Pronunciation of Greek, 
Latin, and Scripture Proper Names. By B. H. Sxakt. New Edition. 
16mo. 7s. 6d. doth. 

Smart's English Grammar, and Accidence. 

The Acddenee and Prindples of English Grammar. By B. H. Sxakt. 12mo. 
4s. doth. 

The Accidence separately. Is. sewed ia doth. 

Smart's Practice of Elocution. 

The Practice of Elocution ; or, a Course of Exerdses for acquiring the several 
requisites of a good Delivery. By H. B. Sxakt. 4th Edition, 12bo. 6e. doth. 

Progressive Exercises in English Composition. 

By Se Rev. R. G. Parker, A.M. 14th Edition. 12mo, Is. 6d. cloth. 
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(jniham's Art of English CompOKition. 

Ent^iak ; or. The Art ai CoaipopHJoo nplaiacd ia • Krin of 
Rsampln. By G. F. Gkajiam. M Edition^ rrriiad and eonccted. 
7B.cloUa. 

Graham's Helps to English Grammar. 

HelfM to Eodiao GnuniBAr ; or, tMjExetcmnlor Toanc Chikfaca lUaatntcd 
br EnffniTiaitB oa Wood. By G. F. GaASAii. Sd Edhiod, llkas. fc. doth. 

English Synonymes classified and explained : 

Whh PnMstieU Ewrdmm, dniin»ed tor Schools mad PriTste Taitioa. 
G. F. Geabah. Fep. ftvo. 7*. cloth. 

Aikin's British* Poets. 

IMwt Works of the British Potts. From Bca Joaaoa to Bcattie. With Bioftra 



and 

Fcp. 9vo. 



Bj 



pliical sad Critical Prvftecs, bT Dr. Aranr. A Mew Editioa, with Saonlfnunt, 
Of Lrc V AiaiM, eontaiainc atlditloaal Selections from the Works oi Crabfae, 
Scott. Coleridge, Priagle, Charlotte Sauth, aad Mrs. Barbaald. Medium two. 
las. cloth. 

Aikin's Poetry for Children. 

Portrr for Childica ; consisting of Selettians of eosj aad i a t e wat i ag Pieces from 
the best PoeU. iatarspersed with Orisiaal Pieces. By Mim Aiux. New Edit, 
uoasideimbly improved, IMao. with Proatispiece, 28. dolh. 

Bullar's Questions on the Scriptures. 

Qopstions OB the Holy Scriptares, to be aaswered ia Wtitiaii, as Exercises At 
School, or in the coarse of Private Isstractiaa. By Joan BcLLAa. Kew Edit. 
Umo. 2s. 6d. doth. 

Works by Paop. Robbkt Sullivan. A.M. T.C.D. of the 
Education Boards Dublin. 



1. 



2. 



Geography Generalised. 

New Editioa, I2mo. 2s. 

Introdaction to Geogra- 
phy New Edition, IBmo. Is. 

3. Dictionary of Deriva- 

tions. New Edition, 12mo. 
88. 6d. 

4. The Spelling- book Super- 

seded. New Edition, Itaoo. 
Is 4d. 



5. 



6. 



Encliah Grammar Sim- 
plified. New Edition, 18mo. 8d. 
Lectures on Popular 

Edneatioa. 12nM».as.6d. 

7. OutlineoftheMethodsof 

Teaehingia the National Model 
Schools, Ireland. iHmo. 8d. 

8. School Dictionary of the 

Engl.di Laagnafre. 

[latiie press. 



Works bt Ricbakd Hllbt. 
I. Elementary, 

1. OutUnes of English Granunar. Ittno. 9d. 

II. Adapted to the Junior Claeeee, 

2. Abridinnent of English Granunar, with Questions and Exercises, SthEdltion, 

iHmo Is. 6d. 

3. Etymoloincal Ezerrives, adapted to the Abridgment. [In preparation. 

4. PmgrcMivr Enxlish Composition. Part 1. fin preparation. 
6. ProgretwiTe Dictations Part 1. [In preparation. 

6. ProgreKiti\e Geography. 18mo. Is. 6d. 

7. Latm Grammar, a»ed in IHirham Grammar School, and Camberwell College 

Scliool, London. 2d Edition, 12mo. 2s. 6d. 

• ,* This ia adapted both to Junior and Middle Forms. 

8. Progressive Latin Exercises. Part 1. 2d Edit. 12mo. 2s. |.In preparation. 

III. Adapted to the Middle Claseee, 

9. English Grammar, Style, and Poetry. 4th Edition, 12mo. Ss. 6d. 

10. English Exercises to Ditto. 3d Edition. 12mo. 28. 

11. Progressive English Composition. 3d Edition, 12mo. Is. 6d. 

12. Key to English Exercises. 12mo. 3s. 

13. Arithmetical Exercises, or Companion to all Tutors. 2d Edit. 18mo. Is. fid. 

14. Key to Ditto. 2d Edition, liimo. Is. 6d. 

.* The preceding are intended to form a progressively connected series of 

superior works. 



Wilson and Ogilvy, Skinner Street, Snowhill, London. 
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